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Coxeter-Dynkin di
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f(x1y...,xn) € Op = C{xq,...,xn} convergent power series
f0)=0&fem,
f isolated singularity at 0

of of

: df = —,...
< gra <8x1’ " Oxy

) has isolated 0 at O

Definition

f,g € m,. f ~ g (right equivalent) :< 3 holomorphic coordinate
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin diagrams

Chains of categories

f(x1y...,xn) € Op = C{xq,...,xn} convergent power series
f0)=0&fem,
f isolated singularity at 0

of of

: df = —,...
< gra <8x1’ " Oxy

) has isolated 0 at O

Definition

f,g € m,. f ~ g (right equivalent) :< 3 holomorphic coordinate
change ¢ : C" — C"
f=goyp

f € m, isolated singularity at 0 = f ~ polynomial

Wolfgang Ebeling Strange duality




The hierarchy of singularities Arnold’s classification
Coxete i a

Can assume:
f(x1,...,xn) € C[x1,...,xa], f(0) =0, isolated sing. at 0

Definition

of o

w:=dimc O,/ <8>q""’8x ) < oo Milnor number
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin diagrams

Chains of categories

Can assume:
f(x1,...,xn) € C[x1,...,xa], f(0) =0, isolated sing. at 0

Definition

w:=dimc O,/ ((;9:1, ey gj) < oo Milnor number

e Unfolding of f: F(x,t) € C{x,t}, F(x,0) = f(x)
KZ(Xl,...X,-,), t= (tl,...,tk)
@ Universal unfolding F of f:

© Every unfolding of f equivalent to an unfolding induced from F
@ k minimal
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The hierarchy of singularities

o f simple :< only finitely many right equivalence classes in
universal unfolding
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin di ms

Chains of categories

o f simple :< only finitely many right equivalence classes in
universal unfolding

@ Modality of f: smallest number m such that universal
unfolding falls into finitely many families (u-constant strata)
of right equivalence classes, depending on at most m
parameters
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin di ms

Chains of categories

o f simple :< only finitely many right equivalence classes in
universal unfolding

@ Modality of f: smallest number m such that universal
unfolding falls into finitely many families (u-constant strata)
of right equivalence classes, depending on at most m
parameters

e f simple & f 0-modal
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin di ms

Chains of categories

o f simple :< only finitely many right equivalence classes in
universal unfolding

@ Modality of f: smallest number m such that universal
unfolding falls into finitely many families (u-constant strata)
of right equivalence classes, depending on at most m
parameters

e f simple & f 0-modal

@ singularity class = p-constant stratum

Wolfgang Ebeling Strange duality



The hierarchy of singularities Arnold’s classification

Coxete

Definition
K, L singularity classes.

K < L (L is adjacent to K) :< every f € L can be deformed to a
geEK
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin diagrams
Chains of categories

Definition
K, L singularity classes.

K < L (L is adjacent to K) :< every f € L can be deformed to a
geEK

Theorem
K+ L=
Q uk <L
Q@ mxk <m

© a Coxeter-Dynkin diagram of K is a subgraph of a
Coxeter-Dynkin diagram of L
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin diagrams
Chains of categories

Definition

K, L singularity classes.
K < L (L is adjacent to K) :< every f € L can be deformed to a
geK

Theorem
K+ L=
Q uk < prL
Q@ mxk <m

© a Coxeter-Dynkin diagram of K is a subgraph of a
Coxeter-Dynkin diagram of L

v

K<L mgk<mg= pux <pp—2
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin diagrams

Chains of categories

Theorem (Arnold 1975)
Modality m =

0: ADE singularities
1. simple elliptic J19, Xo, Pg;

cusp singularities Tpqr, A(p, q,r) := pqr — pq — pr — qr > 0;
14 exceptional unimodal:

Eio Zi1 Qo Wiz Sui U
Eis Zip Quu Wiz Si2
Ew Ziz Qu2

2: 8 infinite series

Bk 21k Q2,6 Wik, Stk Uk, k >0, and Wf,kysf,k, k> 1,

14 exceptional bimodal
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The hierarchy of singularities Arnold’s classification

Coxeter-Dynkin diagrams
Chains of categories

Name f a1,02,03 | V1,772,773 | Dual
Epr x> +y3+ 2z 2,3,7 2,3,7 Ep»
Ei3 x>+ y3 4 yzd 2,4,5 2,3,8 Z11
Eia x3+y? 4+ yt 3,3,4 2,3,9 Q1o
Z11 x2 + zy3 + 20 2,3,8 2,45 Eis
Z12 X%+ zy3 + yz* 2,4,6 2,4,6 AD)
Zi3 X%+ xy3 4+ yz3 3,3,5 2,47 Qu
Q1o x3 —l—zy2 + z4 2,3,9 3,3,4 Eis
Q11 X%y +y3z+4 23 2,4, 7 3,3,5 VAR
Q12 X3+ zy? +yz3 3,3,6 3,3,6 Q12
Wio x>+ y? +yz? 2,5,5 2,5,5 Wio
Wis x? + xy? + yz* 3,4,4 2,5,6 511
S11 X2y 4+ y?z+ 24 2,5,6 3,4,4 Wis
Sio | X3y + y?z+ 2°x 3,4,5 3,4,5 S
U | x*+ zy? + yz? 4,44 4,44 Ui
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin di

Chains of categor

f(x,y, z) weighted homogeneous polynomial, W := (wy, wp, ws; d)
reduced system of weights attached to f.

af::d—Wl—WQ—W3 (eW:—af)

Gorenstein parameter of f.
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The hierarchy of singularities Arnold’s classification

Coxeter-Dynkin diagrams
Chains of categories

Definition

f(x,y, z) weighted homogeneous polynomial, W := (wy, wp, ws; d)
reduced system of weights attached to f.

ar=d—w; —wy—ws (ew = —ar)

Gorenstein parameter of f.

Theorem
ar

< 0: ADE singularities

=0: simple elliptic singularities Pg, Xy, J10

=1: 14 exceptional unimodal, J3 9, Z10, @2,0, Wi,0, 51,0, U1,0
+ 11 others
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The hierarchy of singularities Arnold’s classification

Coxeter-Dynkin diagrams
Chains of categories

Coxeter-Dynkin diagrams of the ADE singularities:

2 3
5% 672*1 On 67371 5%

1
671*1

i
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The hierarchy of singularities Arnold’s classification

Coxeter-Dynkin diagrams
Chains of categories

The graph TW1,727’73

Ui
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The hierarchy of singularities Arnold’s classification

Coxeter-Dynkin diagrams
Chains of categories

The graph 5’717’727’}’3 :
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin diagrams

Chains of categories

Coxeter-Dynkin diagram of type
e tree & ADE
® T v,; < simple elliptic Tyze, Toaa, T333 (A(71,72,73) =0);
cusp singularity (A(y1,72,7v3) > 0)
® 5 1y & 14 exceptional unimodal

237 245 334 255 344 444
Y1723 = 238 246 335 256 345
239 247 336
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The hierarchy of singularities Arnold’s cla:
Coxeter-D:

Chains of categories

e ADE diagram ~ path algebra of ADE-quiver
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The hierarchy of singularities Arnold'’s

Chains of categories

e ADE diagram ~ path algebra of ADE-quiver

1

® Ty, v, = canonical algebra >~ coh-F~, ..
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The hierarchy of singularities Arnold’s classi
Coxete| in

Chains of categorie:

e ADE diagram ~ path algebra of ADE-quiver

1

® Ty, v, = canonical algebra >~ coh-F~, ..

® S, 1,4 = extended canonical algebra
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The hierarchy of singularities

Chains of categories

ADE diagram ~ path algebra of ADE-quiver

1

Ty 40,43 = canonical algebra >~ coh-IP ..

S,y = extended canonical algebra
J0: CHy3 422 5 A A~ Vect—]P%&g
Wio: Xyt 42 5 A3 As ~ vect—IP’%Aﬁ
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin diagrams

Chains of categories

ADE diagram ~ path algebra of ADE-quiver

1

Ty 40,43 = canonical algebra >~ coh-IP ..

S,y = extended canonical algebra
J0: CHy3 422 5 A A~ Vect—]P%&g
e Wip: Xyt 42 5 A3 As ~ vect—IP’%Aﬁ

Two distinguished bases of vanishing cycles are related by sequence
of Gabrielov transformations
Gabrielov transformations <+ mutations of the category
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin diagrams

Chains of categories

Example: S

Ax ® Ag
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin diagrams

Chains of categories

Example: S

AN AN AN AN AN AN AN A2 ® A8
AN AN AN AN AN AN AN
AN AN AN AN AN AN AN
AN AN N\ AN AN N\ AN
% % % 523,10
AN AN AN AN AN AN AN
AN AN AN AN AN AN AN
AN AN N\ AN AN N\ \e
N N N N N N 5239
AN AN AN AN AN AN
AN AN AN AN AN AN
N\ AN AN N\ AN \e °

Wolfgang Ebeli

Strange




The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin diagrams

Chains of categories

N N N N N T239
AN AN AN AN AN
AN AN AN AN AN
N\ N\ N\ N\ N\

T239 C S239 C 523,10 C A2 ® Ag
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The hierarchy of singularities Arnold’s classi
Coxete| in

Chains of categorie:

N N N N N Ta39
AN AN AN AN AN
AN AN AN AN AN
N\ N\ N\ N\ N\

T239 C S239 C 523,10 C A2 ® Ag

Corresponding categories:

coh-P 39 C Sp39 C Sz3,10 C vect-Pj 34
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin diagrams

Chains of categories

N N N N N T239
AN AN AN AN AN
AN AN AN AN AN
N\ N\ N\ N\ N\

T239 C S239 C 523,10 C A2 ® Ag

Corresponding categories:
COh—P%S’g C Sx39 C 523710 C M_P%,lg
Corresponding singularities:

T23g < E14 — 77?7 J37o
—_——

unimodal bimodal
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin di ms

Chains of categorieé

Example: W1

So66

CA3®A
Sos7 3 >

Tos6 C Szae C Sase C
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The hierarchy of singularities

Example: W1
AN AN AN AN ®
AN AN AN AN
AN AN AN AN
N\ N\ \, N
N N N N i
AN AN AN AN
AN AN AN AN
N\ N\ \ N
So66
Tose C Saa6 C Sas6 C C A3 ® As
Sos7
1 S266 1
COh—IP27476 C Soae C Sps6 C Sper C VeCt—P2’476
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The hierarchy of singularities Arnold’s classification
Coxeter-Dynkin diagrams

Chains of categories

Example: W1
AN AN AN AN ®
AN AN AN AN
AN AN AN AN
N\ N\ N\, N
N N N N i
AN AN AN AN
AN AN AN AN
\, \, AN \‘.
So66
Tose C Saa6 C Sas6 C C A3 ® As
Sos7
COh—IP%Aﬁ C Soae C Sps6 C 52:3 C VeCt—IP%Aﬁ

N

Tose < Z12 <+ Wi3 7 Wi
unimodal bimodal
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The notion
Virtual singularities Virtual singularities exist

Construction from ghted projective lines

E., Wall 1985:
Example: bimodal series J3 s, k =0,1,2,...

2 4 6 8 10 12 14 16

AN AN AN AN AN AN AN AN

AN N AN AN N AN AN N
N AN N N AN N N AN
\, \, \, \, \, \, \, N\g . °

1 3 5 7 9 11 13 15 16+1 16-+k

— J3,_1 virtual singularity
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

E., Wall 1985:
Example: bimodal series J3 s, k =0,1,2,...

2 4 6 8 10 12 14 16
N \ N \ N N \ \
\ \ \ \ \ \ \ \
\ \ \ \ \ \ \ \
\ \ \ \ N\ N\ N\ \g . .
1 3 5 7 9 11 13 15 16+1 164k

— J3,_1 virtual singularity

To3g < E14 <+ 31+ o
—_———

unimodal bimodal
v Wi N
To46 < Z12 < Wi3 ’ Wi
; N Wlﬁ,—l e S~~~
unimodal bimodal
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

Theorem (E., Wall 1985)

Name Dol Gab Dol Gab Dual
b1 |2,2,2,3(2,3,10 || 2,3,10 | 2,2,2,3 | J
Zi1 | 2,2,2,4| 2,48 || 2,48 | 22,24 J
Q.1 22,25 3,37 | 3,37 |2225]| J,
Wi1|2,2,3,3]| 2,66 || 2,66 |223,3| Kl
Wi 12,3,2,3] 2,57 || 2,57 |23,23]| L
Si_1 2234|355 | 3,55 |2234| K,
Sty 12324346 | 3,46 |2324| Ly
U1 12,3,3,3]| 4,45 | 44,5 |2,3,3,3| My

14 exceptional unimodal 4 8 bimodal S, -, +;
+> extended canonical algebras with t =3
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

Virtual singularities exist:

Series Arnold’s equation
J1 | Xy 42248
Zi1 | Xy +x3y3+ 224 y0
2,—1 x3 + X2y2 + yz2 +y°
Wi_1 | x322+4+y2+ 2%+ x5
WE | 3+ 2224y 4 Xz
Si_1 | xy? +x22% + yz% + x*
Sf 1| By x4y 4 X3z
U1 | X%y +y3 +y2% +x°2

Isolated singularity at the origin, but additional A; singularities.
Considered as global polynomial, Coxeter-Dynkin diagram as above
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

Recall:
f(x1,...,xp) invertible polynomial, qi, ..., g, rational weights

Definition

maximal group of diagonal symmetries

Gr ={(A1,---,\n) € (C)": F(Aixt, ..oy Anxn) = F(x1, .., xn) }

@ Gr always contains the exponential grading operator
go = (e[qi],....elgn]), e[o] :=exp(2mV—1"9).

Denote by Gy the subgroup of Gy generated by go.
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

Heads of the bimodal series (k = 0):
Given by invertible polynomials with [Gf : Go] = 2

Name F A(£.Go)
J.0 X3+ xy®+ 22 +ax’y3 a£+2 | 2,2,2,3
Zig | Xy +xyd+ 224+ ax?y3 a£+2|2,2,2,4
Qo | B +xyt+yz?+ax?y? a# £2 | 2,2,2,5
Wio | x0+y?+yz2+axdy, a#£+2 |2,23,3
Si0 XS+ xy? +yz2?2 +axdy, a#£ +£2 | 2,2,3,4
Uog | X3+xy?>+yz2+ax’y,a#+2 | 2,3,3,3

Correspond to weighted projective lines with 4 isotropic points of
orders A(f g,) = (@1, @2, a3, a4) (a modulus)

Exponent matrix: 4 x 3-matrix E = (E;j);ii’g’g"l
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

E,

Definition
f(xt, ... %) = 2211 ai [[[_; x;7 invertible polynomial

@ maximal grading of the invertible polynomial f:
n
L = Pzs & Zf /I,
i=1
I¢ is the subgroup generated by

n
f— g Ejx;, i=1,...,n
j=1

o Gf := Spec(CLy)
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

° 80 subgroup of ?;f defined by
(C*
((:*

{1} G G {1}

{1} Gy Gy {1}

@ Ly quotient of Ls corresponding to 60
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

Classification of non-degenerate invertible polynomials f(x, y, z)
with [Gr : Go] = 2

There are the following non-degenerate invertible polynomials
f(x,y,z) with [Gf : G| = 2:

I f(x,y,z) = xPt + yP2 + zP3; py, py even,

ITA: f(x,y,z) = xP> + xyP3/P> 4+ zP\; py odd, p3/ps even,

1IB: f(x,y,z) = xP' + yP + yzP3/P2: p1 py even,

1L f(x,y,z) = x2Ty £ xyB+L 4 zP1: g5 g3 even,

IV: f(x,y,z) = xP + xy% + yz%; p2/p1 even, p; odd.
(Coordinates are chosen so that the action of Go = Z]2Z on fis
given by (x,y,z) — (—x,—y,z).)
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

We shall now classify 4 x 3-matrices E = (E,ﬂj’jgg“ such that

IR DLy ®LZDLF)(EnR+ Eny + EnZ="Ff,i=1,...,4) = L,

and C(r g, = [(F1(0) \ {0})/Go], where

F .= Z?Zl ajxFinyEizzEis is a smooth projective line with 4
isotropic points whose orders are a1, ap, sz, g, Where

A(f,G,) = (a1, a2, a3, a4) are the Dolgachev numbers of the pair
(f, Gp), for general aj, ap, as, as.
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

The possible matrices E are classified into the following types up
to a permutation of the rows:

)
I: a;xPt + agy”2 + a3zP3 + agx2 y 2
p2+1 P3
ITA: ajxP2 + azxy*’z + a3zPl + agx 2 y?2
P3 P2

IIB: a;xPt + agy”2 + a3yz"2 + asx 3 y2
IIB*: (pp =2) alx727 + ary? + a3y27 + a4xp71y

9
IIT: alquHy + agxy"3+1 + a3zP* + agx +1y z 1
P2 P3 pi+l P2
IV: a1xPt + apxyr + agsz2 + agx 2 y2P1
17 p]_+1
IvH: (% =2) ajx 2 zn + asxy? +a3sz2 +agx 2 y

(The matrices are described by the corresponding polynomials F.)
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The notion
Virtual singularities Virtual singularities exist

Construc from weighted projective lines

@ Choose for each of the matrices E special values a1, as, a3, a4
such that the corresponding polynomial F has a non-isolated
singularity. Denote this polynomial by f.
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

@ Choose for each of the matrices E special values a1, as, a3, a4
such that the corresponding polynomial F has a non-isolated
singularity. Denote this polynomial by f.

@ In all cases except IIB and IV, choose conditions such that

f(vavz) = U(X,y,Z)+V(X,y,Z)(X*ye)2 or
f(x,y,2) = u(x,y,2)+v(xy,2)(y —x°)
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

@ Choose for each of the matrices E special values a1, as, a3, a4
such that the corresponding polynomial F has a non-isolated
singularity. Denote this polynomial by f.

@ In all cases except IIB and IV, choose conditions such that

f(vavz) = U(X,y,Z)+V(X,y,Z)(X*ye)2 or
f(x,y,2) = u(x,y,2)+v(xy,2)(y —x°)

© Consider the cusp singularity f(x,y, z) — xyz and perform a
coordinate change x — x + y€ or y — y + x©:

f(X,y,Z) —Xyz — h(X,y,Z) —Xyz

h has 3 or 4 monomials. Consider only those with 4
monomials: virtual singularities
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

Virtual singularities:

Type | Conditions h(x,y, z)
A p=3 —y%ﬂz—i—z”l —i—x3+x2y%3
1B p =2 —xTHz 42 42T 4 X325
Bt p2 =2 —x3 11z +y?+ yzp?3 + x%ly
" g =2 —yq73+1z—|—zp1—{—x3y—|—x2yq73+1
p3
IV p1=3 —y%z"'lz +x3 4+ sz2 + x%y
p1+1 p—1 1 ‘L3
IV, %:2 —x 2 z+ xy? +sz2+x 7 zP2
V4 2 =2 —xl;lz—i—x + z"z—i—xpl2+1
2 b1 Yy Ty y
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

X y’ E aX lly I2Z i3

Supp(h) = {(Ai1, Ai2. Ais) € Z% —1,...,4)

A (h) = conv.clos.gs(Supp(h) U {0}) has two faces ¥; and X,
which do not contain the origin.

I = {i S {1, . ,4} ‘ (A,’l,A,'z,A,'g,) S Zk}, k=12

he = E al.XAilyAf2ZAi3'

iE/k

hy invertible polynomial with a non-isolated singularity at the
origin:
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The notion
Virtual singularities Virtual singularities exist

Construction from weighted projective lines

Type hl(Xayaz) hZ(vavz)
P P P
A | pp=3| —ystlz4zn4x2y% ZP 43+ X2y e
A 2 L Ry 2 L} APy
1B p2 =2 —X2"z4+y +x22z2 Yy +yz? +x22z22
f — LN | L3 a1 2 e i
IIB* | pp=2| —x2""z+yz2 +x2y Ve +yz2 +x2y

N | qp=2| —y5tlz4+2P 4 x2y 5+ | 2P 453y 4 x2y 5 11

P3 p3
IVi | p1=3 y%z"rlz + yzPr2 4 xzy%2 x3 + szz + xzy%2

p1+1 p1—1 P3 p1—1 P3

1V, %:2 —x 2 z4+xy>+x 2z zR2 | xy? —i—sz2 +x 2 zm
# P2 p1+1 P3 pr+1 P3 p1+1
IV; E:2 —Xx 2 z—i—szz—i—xzy xy? +sz2—|—x2y
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Transpose matrix
Dolgachev and Gabrielov numbers

Strange duality Main result

3 X 4-matrix ET —

?(X’ y,z,w) = XE11yE21ZE31 WE41—|—XE12yE222E32 WE42+XE13yE23ZE33 wks
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Transpose matrix
Dolgachev and Gabrielov numbers

Strange duality Main result

3 X 4-matrix ET —

?(X’ y,z,w) = XE11yE21ZE31 WE41—|—XE12yE222E32 WE42+XE13yE232533 wks

@ ker ET yields another C*-action on . induces Z-grading
R=@®;c; Rion R:=C[x,y,z,w|

o fc Ry, written in invariant coordinates X, Y, Z, W:

fi(X,Y,Z, W) relation, (X, Y,Z, W) :=f(X,Y,Z, W)

yields complete intersection singularity Fl = Fz =0
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Transpose matrix
Dolgachev and Gabrielov numbers

Strange duality Main result

@ kerET =((1,1,0,—-2)T) (I, NA, 1B, IlI, IV)
Mk (x,y,z,w) = (Ax, Ay, z, \"2w) for A € C*.

feR = C[x*w, y?w, z, xyw]
X :=x*w, Y= y2W, =z, W:=xyw.
X, Y, Z,W)=XY-W?2, &(X,Y,Z,W)=Ff(X,Y,Z,W).
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Transpose matrix
Dolgachev and Gabrielov numbers

Strange duality Main result

@ kerET =((1,1,0,—-2)T) (I, NA, 1B, IlI, IV)
Mk (x,y,z,w) = (Ax, Ay, z, \"2w) for A € C*.

feR = C[x*w, y?w, z, xyw]
X :=x*w, Y= y2W, =z, W:=xyw.
X, Y, Z,W)=XY-W?2, &(X,Y,Z,W)=Ff(X,Y,Z,W).

Q kerET =((1,1,-1,-1)7) (IIBF, TV¥)
Ak (x,y,z,w) = (Ax, Ay, Atz \7tw)  for A e C*.
feR = Clxw, yz, xz, yw]
X=xw, Y:i=yz, Z:=xz W:=yw.
(X, Y, Z,W)=XY-ZW, &(X,Y,Z,W)=Ff(X,Y,Z, W).



Transpose matrix

Dolgachev and Gabrielov numbers
Strange duality Main result

Dolgachev and Gabrielov numbers for (?1,?2):

Definition

G = [(X?J2 \ {0})/C*] smooth projective curve with three

isotropic_points of orders s, ap, a3: Dolgachev numbers of the
pair (fl, f2)
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Dolgachev and Gabrielov numbers for (?1,?2):

G = [(X?J2 \ {0})/C*] smooth projective curve with three
isotropic_points of orders s, ap, a3: Dolgachev numbers of the
pair (fl, f2)

(W, X,Y,2) { XY — 701 — W }
(W, X,Y,Z2) - ZW XB LY - ZW

cusp singularity of type

2
T’Yl Y3572,74

(71,72 73,7a) Gabrielov numbers of the pair (?1,?2).

v
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Dolgachev and Gabrielov numbers for h:

Definition

Gabrielov numbers as for invertible polynomials

Wolfgang Ebeling Strange duality
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Dolgachev and Gabrielov numbers for h

Definition
Gabrielov numbers as for invertible polynomials

V; = {(x,y,2) € C*|hj(x,y,z) = 0}, i = 1,2, has C*-action

exceptional orbit of this action is called principal :<—-

(A) V; contains a coordinate hyperplane: not contained in that
hyperplane

(B) V; does not contain a coordinate hyperplane: not contained in
the singular locus

Dolgachev numbers of h: ai, ap; a3, ag orders of isotropy groups
of principal exceptional orbits of h; and h;

v
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Theorem (E., Takahashi)

The Gabrielov numbers of the polynomial h corresponding to a
virtual singularity coincide with the Dolgachev numbers of the dual
pair (fl, f2) and, vice versa, the Gabrielov numbers of a pair (fl, f2)
coincide with the Dolgachev numbers of the dual polynomial h.
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Name | Dol(h) | Gab(h) || Dol(fi,f2) | Gab(fy,f2) | Dual
b1 2,223 23,10 | 2,3,10 | 2,2,2,3 | J
Zi1 | 2,2,2,4 | 2,4,8 2,4,8 2,224 | U,
Q-1 |2,2,2,5]| 3,3,7 3,3,7 2,2,2,5 | J,
Wi_1 | 2,2,3,3| 2,6,6 2,6,6 2,2:3,3 | Kl
WE 12,323 25,7 2,5,7 2,3:2,3 | Lo
Si1]2234]| 3,55 3,5,5 2,2:3,4 | Ki,
St 12,324 3,46 3,4,6 2,3;2,4 | Ly
Ur_1 | 2,33,3| 4,45 4,45 2,3:3,3 | My

Wolfgang Ebeling Strange duality
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2 2 4 4
61 672_1 5p73 5p71 574_1 61
1 3
671 -1 673 -1
[ ) [ ]
o 6
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