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Motivation

Carter’s ansatz for the Klein—-Gordon separable metric

P Zy — P Z 2 PZy - P Z 2
— 1 2X1 2 l(dLEl) + 2 1X2 1 Q(d.TQ)

X1 X2

+7(P2d¢0 + Zde1)2 + m

2
PiZs — P27, (Prdpo + Z1dyn)

Separability condition:
P Zy — PoZy = Wi+ Wa
where P, = P.(x,), Zu = Zu(z,), Wy = Wy(z,), X = X,u(z,)
— Carter’s classification: [A], [B£], [Ct], [D]

Important case:
P,, are nonzero constants

coordinate transformation — P, =1

B. Carter, Commun. Math. Phys. 10, 280 (1968).
B. Carter, General Relativity and Gravitation 41, 2873 (2009). O
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Motivation

Kerr—NUT—(A)dS spacetime

Kerr—=NUT—(A)dS metric (D = 2N):
g= Z [ (dz,.)? + —(ZA“WJ) ]

where

Uo=TL0 ) AD=Ye e,

v <,
ViFW

Coordinates: . o o

Ty p=1....n radial and latitudinal directions

P j=0,....n—1 temporal and longitudinal directions
Metric functions:

X, = Xu(zp) off-shell

Xu= 3 eu(—22)" + bz, on-shell

k=0

¢k, bu: cosmological constant, angular momenta, mass, and NUT charges

W. Chen et al., Class. Quantum Grav. 23, 5323 (2006), eprint: hep-th/0604125. O
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Motivation

Kerr—NUT—(A)dS spacetime

Properties:
« integrability of geodesic motion’
e separability of the Hamilton—Jacobi, Dirac, and Klein-Gordon equations?
« tower of Killing vectors and Killing tensors®

¢ uniquely determined by the existence of a principal conformal
Killing—Yano tensor*
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Motivation
Carter’s ansatz in higher dimensions

Could Carter’s ansatz be generalized to higher dimensions?
Yes, by introducing a functional freedom in each coordinate z,,
= Zu(wy)

o separability of the Klein—Gordon equation?
e Killing vectors, Killing tensors, and CKY?
¢ solutions of the Einstein equations?



Klein—Gordon simple separable spacetimes
Off-shell metric

Klein—Gordon simple separable metric (D = 2N):

g=> {U (de)” (ZA“)de)]

“w

where X, = X, (z,)

Ue=1[(2-2,) AP => Z,...2,

v Viyenny vj
v#p v <<y
Vg FEL
and

’ZH:ZH(mﬂ) ZL?’EO‘

Alternative form:



Klein—Gordon simple separable spacetimes

Off-shell metric

Orthonormal frame e ,, &, and coframe e, é":

N-1—k
&, = %3 (=2 9
Un axu s Xu & Un Yy,
YR e
k

_)g:ZM (e“e“—&— Auw

Ricci tensor:

Svu X 15,-85, |X,X, v
Ric = T,e"e" + T, + bR etet e =Y P Yele

Z Z 2 Zl, U, uZ; 22,2, \| Uy Uy
#u vFER
where
" 7~ 7* 1 X} Spw X,, L [Z.X) - ZiXy  ZyXy - Z)X,
Su=Zitd. g =5 2 z 2Z [ Z,— 2, | 2,2 ]
K#p u#n u#ﬂ



Klein—Gordon simple separable spacetimes
Off-shell metric

Killing vectors:
9 8

J
1=
9Y;

Rank-two Killing tensors:

k= AP (e, +¢,e,)
I

GCCKY 2-form with torsion:®

h=> \/Z.e" ne
12

5T. Houri et al., Class. Quantum Grav. 29, 165001 (2012), eprint: 1203.0393 [hep-th]. O
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Klein—Gordon simple separable spacetimes

Separability of the Klein—Gordon equation

Operators:
Ki=-Vk"Y Lj=-il'V

a

here Ko =0

Operators in coordinates z,, v;:

_ A 0 N 1k 2 _ .0
6= T | - e e I I

Mutual commutation:

[LJ'?L]C}:O [szKk}:O [Kijk]:O
ﬂ eigenfunctions ¢
Ki¢p =E;¢
Li¢p=T;¢

where Z; and ¥; are eigenvalues



Klein—Gordon simple separable spacetimes

Separability of the Klein—Gordon equation

Separability ansatz:

¢ =[] Ru[]exp (i0rn)
w k

— R, = R,(z,) satisfy ordinary differential equations

(XHRL)I + (éu - E)RH ~0

where

[1]c

i/# _ Z\Ilk(_ZM)Nflfk
k

p= ZEk(_Zu)Nflfk
k



Klein—Gordon simple separable spacetimes

Solutions of the Einstein equations

Vacuum Einstein equations:

Ric= — —
1C N*lg

Solution (off-diagonal part — trace — diagonal part):

N+1
k
Zy :Pxi+%xu+7"u Xy =apzy + By + de(*zu)
k=1
qf; —dpr, =r ouqu —2Bup =s
d 0 p#0
N+1 =
_N2271% p:O,T#U
1 A
dy = d DT P70
const. € R p=0,7#0

dy—1 = const. € R

d; = const. € R



Klein—Gordon simple separable spacetimes

Solutions of the Einstein equations

‘Zuszi—l—qumu—km p#0

New coordinates &, ¥; (linear transformation):

o= [{@n )+ 3 (S AP e
13 J

where

X =Y (i) + budy
k=0

TN

N

¢

N

— Kerr—NUT—(A)dS spacetime



Klein—Gordon simple separable spacetimes

Solutions of the Einstein equations

‘Zuquu+ru Q#OI

New coordinates Z,,, v; (linear transformation):

g=> L(?; (dz. ) + %‘(ZAEZH@Y}
® J

where
N+1 i
Zy =&, Xp=> e(—&u) +by
k=1
o 2A
CNHLT TN

e scaling limit of the Kerr—NUT—(A)dS spacetime®
o Kéhler 2-form @ = 3° e A é"
e Euclidean signature

8D. Kubiznak, Phys. Lett. B675, 110 (2009), eprint: 0902.1999 [hep-th]. O
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Warped Klein—Gordon separable spacetimes
Warped geometry

Manifold (D = D + D):

M=MxM
Metric:
g=g+1°g
Ricci tensor:
Ric = Ric — gﬁJrR_icfﬁ)Q(g + (D — 1)5\2>§
w w
where

H=VVe H=g"H, X=dhao N=g§"3\X

Rank-two Killing tensors:’

if k, k are Killing tensors and V*A = 2(A§“b - k“b)Ab

7P. Krtou$ et al., Phys. Rev. D 93, 024057 (2015), eprint: 1508.02642 [gr-qc]. O
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Warped Klein—Gordon separable spacetimes
Off-shell metric

Warped Klein—Gordon separable metric:

g=3+1u°g

where

and

g, g are Klein—Gordon simple separable metrics

Killing vectors:

Rank-two Killing tensors:

- -~ AW a1 o _
'k ="k + 2 g

where



Warped Klein—Gordon separable spacetimes
Separability of the Klein—Gordon equation

Operators:

Ki=-Vk"Y, Lj=-il'V

Operators in coordinates Z, 1237 Za, Y5

A@ 1 0 85 0 1 =~ \N-1-k AD
K: = L Z2 Xp = —Zz) L —
I
AT o . o 1
SED -'/
I

Mutual commutation:

[Ljvl-k}zo [Lijk}ZO [Kijk]zo

ﬂ eigenfunctions ¢
Kj¢ =59

Li¢=¥;¢
where =; and ¥; are eigenvalues




Warped Klein—Gordon separable spacetimes

Separability of the Klein—Gordon equation

Separability ansatz:

¢= H Ry H Ry H exp (10 y) HGXP (1% 5 5 ¥R)
A R k k

— Ry = Ru(%;), Ry = Ru(&,) satisfy ordinary differential equations

where



Warped Klein—Gordon separable spacetimes
Solutions of the Einstein equations

Vacuum Einstein equations:

~ D 20 = o H s 2A Y L
Rlc_qDH+D—29 RIC—’UJ( +(D-1)A +D—2)
YT =const.
Solution of tilded equations:
ba A T
2N -1

N

> _ oNE 7 o _ T

Xﬁ:Zc,;(fx%) + baZp CN = N —1
k=0

— limit of vanishing rotations of the Kerr—NUT—(A)dS spacetime®

i1

_ B kR - _ 2T

Xp = e (—%a) +ba g = N1

8P, Krtous et al., Class. Quantum Grav. 33, 115016 (2016), eprint: 1511.02536 [hep-th].
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Weak electromagnetic field in the Kerr—NUT—(A)dS

Separability of the charged Hamilton—Jacobi equation

‘Charged’ classical observables:

qu = (pa - qAa)jk:ab (pb - qAb)
qu — jlap

here A is a vector potential, ¢ is a charge, Ko = H

£jl A=0
vV ‘K;, ‘L mutually Poisson-commute < i
ch(aFCdkk ) -0

Solution:

Azme

where f, = fu(z,.)
Maxwell tensor FF = d A:

flll 1 fu_fu v Al
F = g — 4 2x, — A
- <Ul,+ “ — Uy af — 3 e ne

pF#V




Weak electromagnetic field in the Kerr—NUT—(A)dS

Separability of the charged Hamilton—Jacobi equation

Special cases:

b
e aligned with the primary Killing vector® ¢ = (ai)

A=ef fu=eX,

where e is a constant parameter
e solution of source-free Maxwell’'s equations’®

A= Z e%:c;( e fu=euzy

where e, are constant parameters

9V. P. Frolov and P. Krtous, Phys. Rev. D 83, 024016 (2011), eprint: 1010.2266 [hep-th].
M. Cariglia et al., Phys. Rev. D 87, 064003 (2013), eprint: 1211.4631 [gr-qcl.
0P Krtous, Phys. Rev. D 76, 084035 (2007), eprint: 0707.0002 [hep-th]. O
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Weak electromagnetic field in the Kerr—NUT—(A)dS

Separability of the charged Hamilton—Jacobi equation

Conserved quantities:
Kj=%8 L;=Y;

ﬂp%VS

(V.5 —4A,) k" (V5 —q4,) =5,
VS =,

Separability ansatz:

S=3 Suty Vi
" k

— Sy = Su(x,) satisfy ordinary differential equations
7 \2 é 1 ~ 2
(Su) = TZ - XTQL(‘I’M —afu)

where

by = ZEk(ixi)Nflfk
k

(ST
S
I
S
kol
I
T v
i
T
kol
[1]c



Weak electromagnetic field in the Kerr—NUT—(A)dS

Separability of the charged Klein—Gordon equation

‘Charged field operators (p — —iV):

Ky =—[V, —iqA,] k" [ —iqA,]

ql_j — _ijlaVa
£le =0
Vv 9K;, ‘L, mutually commute <= N A "R
Va(Jkabe(VC(kkchd)) _ (] o k)) -0
Solution:
A=
Z ﬁU K

anomalous condition is automatically satisfied



Weak electromagnetic field in the Kerr—NUT—(A)dS

Separability of the charged Klein—Gordon equation

Eigenfunctions ¢:

Ko =E;¢
Li¢p=V;¢

Separability ansatz:

¢ =1 Ru L exp (iatin)
7 k

— R, = R,(x,) satisfy ordinary differential equations
n

SN ~, 1, 2 _
(X#Ru) + (:u - Z(Wu - (Ifu) )RM =0

where

[1]¢

= 3w ()

k

A
k



Conclusions

Klein—Gordon simple separable spacetimes:
¢ generalization of Carter’s ansatz to higher dimensions
o separability of the Klein—Gordon equation
¢ solutions of the Einstein equations (Kerr—-NUT—(A)dS, scaling limit)

Warped Klein—Gordon separable spacetimes:
o separability of the Klein—Gordon equation
¢ solutions of the Einstein equations (limit of vanishing rotations, ?)

Weak electromagnetic field in the Kerr—-NUT-(A)dS:
e charged Hamilton—Jacobi equation
¢ charged Klein—Gordon equation
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