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Mixture TVP Model

» BITTO (2017) Regularisation and Shrinkage Estimation for
Dynamic Linear Models Dissertation.

» BITTO & FRUHWIRTH-SCHNATTER (2018). Achieving
Shrinkage in a TVP framework. Journal of Econometrics.

» BITTO & FRUHWIRTH-SCHNATTER. Mixture TVP Working
paper.
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Cross-fertilization - please take this home from Oaxaca!

Usefulness of switching parameterizations

Shrinkage in state space models for the process variance
Spike-and-slab priors - posterior inclusion probabilities
Boosting by interweaving

Algorithm available - R package out soon

vV vVvYyVvVvyy

Comparison of different priors Tails of different priors

“=-= GDP
——- Hs
- Lasso
— ne
NiG

Figure 1 : Comparison of different shrinkage priors: generalized double
Pareto prior, horseshoe prior, Bayesian Lasso, normal-gamma prior,
normal-inverse Gaussian prior.



Centered State Space Model (TVP)

Observation equation:
Y = xXiBiteu,
State equation:

By = Bi-1+wy,

with @ = Diag(61,...,04).

Et NN(O,O’?) s

WtNNd(OaQ)a
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Non-centered** state space model

Observation equation:
Yy = Xt/@—’—XtDia.(J(\/elv"':\/ed>lét+€t7 €tNN<0701f2>7
State equations (independent), j =1,... d:

Bit = Bii-1, +@p, @p~N(0,1),

» 3 — initial value of the regression coefficients,
» 0,...,0; — process variances.

(Frihwirth-Schnatter and Wagner, 2010) (**Papaspiliopoulos,
Gareth O. Roberts and Skold (2007)).

5/49



Classification of parameters

B = B + \/97'33%
3; — initial value of the regression coefficients in the TVP model;
V01,...,1/0, — square root of the process variance.
» 3=0& \/9.7 = 0 insignificant parameter
> 3, # 0 & v/0; = 0 constant parameter
» 5 #0& \/éj # 0 time varying parameter



Where to induce shrinkage?

yr = X¢3 + x¢Diag <\/a7 cees \/‘Trl)Bt +eper~ N (070'?> ;

\/97J|zj ~ (1 - Zj)pspike(\/gjln) + ijslab(\/‘gj’n)a

ﬁj‘Z; ~(1- z;)pszlikewj‘n*) + z}kpslab(ﬁjm*)-
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Spike-and-slab priors

» Useful prior in context of variable selection (Mitchell and
Beauchamp, 1988, George and McCulloch 1993,1997)

» Finite mixture distribution with two components
» Use spike-and-slab smoothing priors for the process variances

» Posterior inclusion probabilities can be used for classification

. Var(spike(/6;)
~ Var(slab(,/9;)

<< 1.

p(z =1w) = w,

p(\/@bj) = (1_Zj)p5pike( 9j)+szslab( HJ)
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Normal-gamma prior in detail

k%= 0.1

Figure 2 :  Log of the prior density logp(\/éjmz) for different values of
k% and a® = 0.1 (solid line), a® = 1/3 (dashed line) and a¢ = 1 (dotted
line).
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Mixture TVP models - the essential slide

(LSK/Q
VB ~ N (0.8), gﬂa&,ﬂ?,zng(as, )

2r(z)
with
1 if 2 =1,
r(z) = o
r<<1l if z=0,
Thus if z; = 1 the prior variance is Var(¢7) = ﬁ, while the prior

472
aé Kt

variance Var(ﬁjz) = decrease if z; = 0.
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Posterior inclusion probabilities

For classification we can thus work with the marginal densities

Pr(r(z) = 11/05,2) o p(\/015% o, r(z) = 1),
Pr(r(z) = rl\/05. %) o p(/0;]s% af,r(z) = 1),

The marginal density p(\/§j|/<;2), where §j2 is integrated out can be

written as
VEZSTZ | g jas1/2 NETINr
p(\/§j|/§2) _ a~kK ‘ ]" - (af-1/2) a>K |\/7|
ﬁ2a§—1/2r(a§> r(zj)1/2(a +1/2) ()

where /C,)() is the modified Bessel function of the second kind with
index p.
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Algorithm (TVP plus shrinkage)

(a)

(b)

(b*)
(new-1)

(new-2)

=

(e

Sample all latent states B = (B_o, . 7;E_BT) B_\B, Q, 02, Po ~ N(T+1)~d (Q—lc7 Q_l).

Joint sampling of & = (81, - -, B, /01, - \/02)' @lB, 7?6, 0%,y ~ Nag (ar, Ar) .

Boosting through ASIS. (Yu and Meng, (2011))

Sample z; from

Pr(z =14/ 6j, ) 1 . pspikc<\/;j|K27 o,z = 0)
(2 = W) = — ; .
1+ =1L pslu,b(\/;j‘NQ,ag,zjzl)

d

Sample w from w|z1,...,29 ~ B(aw +n1,bw +d—mn1), nyg = Z]__l 2.

Sample the prior variances
5]-2\9j,a£,n2 ~ GIg (ag —1/2,(1&&2,9]) s
w2165,a7, A2~ gIG (aT —1/2, a*A2,5j2) .
Sample (for the homoscedastic model) the error variance
~ _ T
o2y, B,a,Co ~ G71 (Co + L. ¢+ 1 thl(m - zf,a)2) .

Sample the scale parameters of the initial distribution, from
3 —1 1 132
Po,jilBjo ~ G (VP+§»(VP*1)CP+ §Bj0)-
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Algorithm (ASIS for TVP models)

(b*-1) Move to the centered parameterization,; Store the sign of \/0;,

B =B+ /0By, t=0,....T.

(b*-2) Update 3; and \/8;,
(b*-2a) Draw 07° from the conditional posterior
0; ‘ﬂ]a ﬁ]Oa s 75]T7£] ) PO,]]

gzg( 23§2v2t 1(/Bjt_ﬂjt 1) +(ﬁ700ﬂ) )
(b*-2b) Draw ﬁnew from the conditional posterior
BjoT; 77 0;Po j;
BilBjo. 63, Po jj. 77 o< N (TerJngo,ﬁ’ Tj2+9j}go-,]jj)'
(b*-2c) Calculate /07", use the same (stored) sign as V5.
(b*-3) Move back to the non-centered:

BN = (B — B\ JOreY, t=0,...,T.
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ASIS - illustration

Sample path without interweaving With interweaving
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Figure 3 : ECB data. Sample paths comparing the MCMC schemes
without interweaving a® = a™ = 1 (top row) and a® = a”™ = 0.2 (bottom
row). M =100,000 draws, only every tenth draw is shown.
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Simulation study- visual inspection
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Figure 4 : Posterior densities of 3; and \/@ together with the true
values, a” = a® = 0.1 (solid line) and a” = a¢ = 1 (dashed line).
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Simulation study- visual inspection

Bu.a’=1.0 Bi a’=0.1

Figure 5 : Pointwise quantiles of the posterior paths 3;; = §; + \/07-5]-5
left hand side: a”™ = a = 1, right hand side: a” = af = 0.1.
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Simulation study

a” =af =0.1 am =af =1
Name avMSE  awVAR avBIAS? avMSE avVAR avBIAS?
51 7.7E-03  6.9E-03 7.7E-04 1.6E-02 1.5E-02 9.4E-04
Ba 1.8E-01  6.0E-02 1.2E-01 1.5E-01 5.5E-02 9.3E-02
B3 29E-03 25E-03 4.0E-04 27E-02 20E-02 6.5E-03
|v0:] 6.9E-05 6.8E-05 1.7E-06 2.7E-04 1.9E-04 8.3E-05
|\/972\ 9.0E-04 6.2E-04 2.8E-04 6.4E-04 4.9E-04 1.5E-04
|[v0s] 1.5 E-04 1.1E-04 3.8E-05 7.0E-04 3.0E-04 4.0E-04

Table 1 : Simulated data. Average mean squared error (avMSE),
average variance (avVAR), and average squared bias (avBIAS?) over
100 simulated time series.
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Simulation study - posterior inclusion probabilities
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Application - EU-area inflation modeling

» EU area inflation modeling based on generalized Phillips curve
BELMONTE ET AL. (2014))

p—1
Yi+h = Ct + Z Gjt - Yt—j + Xy + S+ Erpn
J=0

> Inflation depends on 37 possibly time-varying coefficients
» lags of inflation (p=12)
» 11 monthly seasonal dummies
» 13 other predictors x; (1-month Euribor, 1-year Euribor, A in
industrial production index, A in monetary aggregate M3,
Unemployment rate, A oil price )

> Monthly data from February 1994 until November 2010
(t =190)
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Classification based on visual inspection

1-1MO, By 1-1MO, [6
o - - o= TN ]
= 15 200 -015 0710 005 000 005 0.0 0.15
I-1YR, /6

o5 o0 05 10 15 15 0.10 005  0.00 0.06 0.10 0.15

M3, B; M3, [o;

0 ¢ 8 1
%
v
i
/\
|
i
i
|
i

0 20 4
\

\
\
\\
|
/
\
i
'

0 5 10 15
|
|
\
.
%
2y
v‘\
|
|
05015
)
\
)
[

12

12468
L
[

1

"

I

124538 1R
>

Bl [ i 2 0115 0110 -0/05 000 005 0.10 0.15

Figure 6 : ECB data. Posterior densities of 3; (left hand side) and +/6;
(right hand side)



Classification based on visual inspection
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Figure 7 :

ECB data. Quantiles of the posterior paths of

Bjt = B; + \/a_ijt
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Classification based on posterior inclusion probabilities

post inclusion prob sqrt theta_j
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Figure 8 : ECB data. Posterior inclusion probabilities of /6,
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Interweaving matters

o =af =0.2 a" =at =1

no ASIS ASIS no ASIS ASIS
B WOl B Vo Bi WOl B 1Vl
1 3641 211 133 94 1749 158 97 67
14 248 271 82 149 84 110 38 83
15 101 240 70 134 110 135 55 76
22 172 220 64 140 119 96 45 63
26 630 412 89 238 485 158 63 55
Table 2 : ECB data. Inefficiency factors of MCMC posterior draws of

selected parameters with and without interweaving under shrinkage priors

with di = do = e; = e = 1 and, respectively, a” = a¢ = 0.2 and

a” = at = 1.
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Predictive Evaluation for EU-area inflation modelling

LDPS
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time index (t-t,)
Figure 9 : ECB data. Cumulative log predictive scores for the last 100
points in time obtained through the conditionally optimal Kalman
mixture approximation under a” = a¢ = 0.1 (solid line) and a™ = a = 1
(dashed Iine) with d; = dy = e; = e; = 0.001.
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Predictive Evaluation for EU-area inflation modelling
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Figure 10 : ECB data. lllustration of the naive mixture approximation
and the conditionally optimal Kalman mixture approximation for the
predictive density at t = ty + 40 for a” = a = 0.1 (left hand side) and
a” = a® = 1 (right hand side) for d; = dy = €; = e3 = 0.001.
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Conclusion - what to take away?

v

Introduction
» Discuss different shrinkage priors

Introduce shrinkage for the process variances 6; through
normal-gamma prior.
Propose an efficient MCMC scheme for TVP models with
shrinkage

» Boost this algorithm with an interweaving strategy
Discuss the approximation of the one-step ahead predictive
densities

» Conditionally optimal Kalman filter approximation

» Naive Gaussian mixture approximation.
Applications - simulations study, univariate data

Mixture TVP model

26
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Generalized inverse Gaussian distribution

The conditionally normal prior /8; ~ N (0,&?) leads to a
J J

posterior of £J2|\/07 where the likelihood is the kernel of an inverted
Gamma density in 5]2 which is combined with the Gamma prior

€2 ~ G (o, ak2/2) - this leads to the GIG.
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Generalized inverse Gaussian distribution

Y ~GZIG (p,a,b),a>0,b>0is a three parameter family with
support on y € R™.

_ @/ ey ey
p(y)_QKp(\/%)y € € 9

and K,(z) is the modified Bessel function of the second kind.
Very useful implementation: [Hérmann & Leydold (2015)].
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Forecasting details

LPDS = log p(yio 41, -- > yrly™) =

T T
> logp(wly™") = > LPDS],
t=to+1 t=to+1

[Good (1952)], [Diebold et al. (1998)],[Diks et al. (2011)][Gneiting
(2011)],[Gneiting and Ranjan (2011)],[Geweke and Keane
(2007)],[Villani et al. (2009)]
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