p-adic L-functions obtained by Eisenstein
measure for unitary groups |lI: Katz's p-adic
L-function
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F = totally real number field. K = CM quadratic extension of F.
x : K*\Ag — C* algebraic with co-type
r

k+d;_—d;
Ak o= (C) 3 (x1,. ey xe) ij+ 7, r=[F:Ql
j=1
Consider L(s, x), the L-function attached to x. s =0 is a critical
pointif forall1 <j<r
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F = totally real number field. K = CM quadratic extension of F.
x : K*\Ag — C* algebraic with co-type
r

k+d;i_—d;
AR o = (C) 3 (x1,. ey xe) ij X7, r=[F:Q]
j=1
Consider L(s, x), the L-function attached to x. s =0 is a critical
pointif forall1 <j<r

k+di>1>02>—d or —di>1>02>k+dj

d F(l—s—min{k—kdj,—dj}))

j=1
The cases addressed in the main theorem in Katz's paper are
k>1andd >0

(half of the critical points satisfying k + d>1>02>—d;, or
more precisely those to the right of the center).
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Fix embeddings
(/(C 7
Q \
Q,
through which we view embeddings of F (resp. K) into Q also as

embeddings into C and @p. Accordingly, there are natural action

by Gal(C/R) and Gal(Q,/Q,) on these embeddings, and the
orbits correspond to archimedean places and places above p of F
(resp. K).

Assume that all places of F above p split in K.
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(p-adic) CM type

{archimedean places of F}

{o:F < Q}

%

{places of F above p}

2:1
{archimedean places of K}
YIEZ={r: K= Q}
U %
)X {places of K above p} =% ,[[%,
\ U

Note: ¥ = half of embeddings, 1 : 1 to archimedean places
Y, = set of places, half of places above p in K
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p-adic avatar of Hecke characters

Given x : K*\Ag — C*, algebraic Hecke character of co-type

(k + d‘n 7dT)TEZ’
define its p-adic avatar as
X p-adic KX\A;J — @X

X — xr(x H H )Hd

wEY, TEX

Wr=w

(x) %"
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Some auxiliary data

Fix additive character 9 : Q\Ag — C* to be the one (1) fixed by
7, (2) sending x» € R to 2™/,

Fix S, a finite set of places of K containing all places above p and
archimedean places. For simplicity we also assume that S does not
contain any place ramified over F or dividing 2.

Let SF be the set consisting of places F induced by places in S.
Fixanideal c = [] Pg C Ok, cw € Z>1.

weSpP>®

vr=1J0x% x [[ 1+P“Ox.,.

wiS weSP®

Let
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Goal

Define a p-adic measure £. on K*\Ay ,/UP (Zp-rank equal to
[F : Q] + 1 + Leopoldt defect) with interpolation property:

If x : K*\Aj/UP — C* is algbraic with co-type (k + d-, —d;)-ex
and k> 1, d; > 0, then

Lc(Xp-adic) = period - E5(0, x) - LS(Oa X);
with

Eo(s:x) = T w (0.x. 4 o Trr, jq,)

wEXp

as conjectured by Coates—Perrin-Riou.



Doubling method formula

The doubling method (Garrett, Piatetski-Shapiro—Rallis, Shimura
...) specialized to the case

U(1) x U(1) = U (*_4)

provides a nice integral representation to study the critical L-values
we are interested in.
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Fix D € F such that K = F(v/—D) (o(D) > 0 for all &), and
D € Of forall v|p.
Fix the embedding of algebraic groups
(1 V=D )‘1* (1 V=D )
1-—V/-D 1-—V/-D
R

1o U(1) x U(1) — U (! ) G=U(_1).

(a,0) — (%)



Doubling method formula

LG

Fix D € F such that K = F(v/—D) (o(D) > 0 for all &), and
D € Of forall v|p.
Fix the embedding of algebraic groups

(G5 (G5

U1 x U(L) — U (*_,) - G=U(_1).
(a,b) — (%)

For each gr € G(Af), we can also define a map

1. UL AF) x U(L, Ap) < G(Ap) "BV 8 o L),

(g ((a,b)(a, b)) =

LG(a, b)l,Gmgrf(a/7 b,).)

Later gr = Q
vip




Doubling method formula

_k
Let xo = x |- [, (unitary character), inducing a character on the
Siegel parabolic subgroup of G

R={("51)('y):ae K*,xe F} CG.



Doubling method formula

_k
Let xo = x |- [, (unitary character), inducing a character on the
Siegel parabolic subgroup of G

R={("51)('y):ae K*,xe F} CG.
Given

(s, x0) = ®f,(s,x0) € Indggi‘;; Xo | - |° (normalized induction),

define the Siegel Eisenstein series as

E(gv f(S,Xo)) = Z f(S, XO)(ng)a g€ G(AF)
YEQ(F)\G(F)



Doubling method formula

_k
Let xo = x |- [, (unitary character), inducing a character on the
Siegel parabolic subgroup of G

R={("51)('y):ae K*,xe F} CG.
Given
_ G(AF) NE ed i :
(s, x0) = ®f,(s,x0) € IndQ(ar) Xo | - |° (normalized induction),

define the Siegel Eisenstein series as

E(gv f(S7X0)) = Z f(S, XO)(ng)a g€ G(AF)
YEQ(F)\G(F)

Then / E (16, (2,1), £(5, X0)) da =77
U(l,F)\ U(l,A)



Doubling method formula

_k
Let xo = x |- [, (unitary character), inducing a character on the
Siegel parabolic subgroup of G

R={("51)('y):ae K*,xe F} CG.
Given
_ G(AF) NE ed i :
(s, x0) = ®f,(s,x0) € IndQ(ar) Xo | - |° (normalized induction),

define the Siegel Eisenstein series as

E(gv f(S7X0)) = Z f(S, XO)(ng)a g€ G(AF)
YEQ(F)\G(F)

Then / E (16, (2,1), £(5, X0)) da =77
U(l,F)\ U(l,A)

This is a special case of doubling method formula for trivial
representation on U(1).
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In our special case, because

QIFNG(F) = 16 (U(1, F) x 1),

the unfolding of doubling method is particularly easy.

/ E (16,6, (2,1), F(s, x0)) da
(1,F)\ U(1,A)

f(S, XO) (LG,gf(av 1)) da
U(1,F)\ U(1,A) ’VGQ( NG(F)

J

:/ f(s,x0) (tc(M\ 1) L6 g (a 1)) da
/
=11=

U(1,F)\ U(1,A) Aeu(lF)

f(s,x0) (t6.¢(a,1)) da

(s, x0), triv)

With 7, (£,(s. o). triv) = / o (60 (e g(a.1)) 0o
U(1,F,

In general Q(F)\G(F)/(Imtg)(F) has more than one orbit, some
analysis is needed to throw away orbits other than 1.
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*)
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. 1
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(%) is a purely local problem and is via either directly computing

the locla zeta integral Z, (f,(s, xo0), triv) (as we will see later), or
citing results from general theory of doubling method for place v
where everything is unramified.




Doubling method formula

*)

1,A)

Z, (fV(S, X0)7 triv) = / f(57 XO) (LG7gf(a’ 1)) da
U(1,F,)

. 1
[ Eeala.f(sx0) de =2 (flsino) i) W Ls+ 0
U(1,F)\ U( v

)

= One can p-adically interpolate L-values by p-adically
interpolating Eisenstein series.

(%) is a purely local problem and is via either directly computing

the locla zeta integral Z, (f,(s, xo0), triv) (as we will see later), or
citing results from general theory of doubling method for place v
where everything is unramified.
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Strategy for constructing £,

(1)

()

(3)

(4)

(5)

For each  of our interest, pick 7,(s, x0)€ Indg%:g Yol - |° (only
_k
dependent on xo = x| [4/)-

Compute the S-th Fourier coefficients (8 € F) of

E ('7 fv(57 XO))|5:§7%
and show that (after suitable normalization) they are interpolated
by a p-adic measure on K*\Ag ;/U?.

Theory of p-adic forms + unit root/ C*-splitting = p-adic measure
valued in p-adic forms on G.

Unit root/CM splitting = geometric interpretation of integration
over U(1, F)\ U(1,Af) = p-adic measure valued in Q,. (In fact the
integral is a finite sum over U(1, F)\ U(1,Af)/U¢ x [],, OF ,)-

vip

Compute local zeta integrals to get exact evaluation formulas.

(5) for archimedean nonvanishing = (1) for archimedean,
(1) for archimedean+(2) p-adic interpolatablity = (1) for places above p,
(3)(4) mostly about geometry



Choice of f,(s, xo0): unramified & archimedean

Set mp,, = [%(D)}
. (s:x0 ")
v ¢ S, split o Moy
or ramified or | f,(s, x0)(g) = £,"(s; X0) <<w wjl) g (wv w;l) | >
inert & v {2
1\ -1 @, —mp,y
fu(s,x0)(g) = fv“r(s,Xo)( ((1) i) ( wrl) )
v | 2 inert

w, mp.v 1
g(T=r) o

(TN

v=oc=rT|F
archimedean,
TEL

)
fu(s,xo) (6 = (24))

~(detg)“*" (er(v-D) +d) "ler(v-D) +dlc" "
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Unramified sections

Recall the embedding
(0%) (%)
1-v—D 1VD), - _|, (1)
=U(_,Y).

Siegel Eisenstein se-
ries usually studied

U(1) x U(1) <—U (' ;)

local zeta integrals com-
puted in references of
representation theory

R

The map R does not send standard maximal compact subgroups
to standard maximal compact subgroups.

mp,y
The conjugation by (wv w;1> " is to balance the fact that D

might not be an optimal choice. The conjugation by é

v | 2 inert is to deal with det (1 vV—D ) = —2y/-D.

N[= N[ =
<]
(i

1 —/=D



Archimedean sections

For an archimedean place 0 : F < Q and 7 € &, 7|f = 0,

Xo(x) = xktdrx—dr,

We want a section in Indggg Xo fixed by the right translation of

t6 (U(L,R),1).



Archimedean sections

For an archimedean place 0 : F < Q and 7 € &, 7|f = 0,

Xo(x) = xktdrx—dr,

We want a section in Indgg; Xo fixed by the right translation of

t6 (U(L,R),1). Write g = (25).

action by weight (in usual

U(1) % U(1)) sense) for Siegel
e (VD) (1)) Eisenstein series

(det g)k+d-
(CT(\/j)—i-d)_k (dry k+d,) k
(detg)k+2d’”
fo(s.x0)lsms1(8) = (cr(v=D)+d) | (0, k+2d;) k +2d,
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Archimedean sections

For an archimedean place 0 : F < Q and 7 € &, 7|f = 0,

Xo(x) = xktdrx—dr,

We want a section in Indgg; Xo fixed by the right translation of

t6 (U(L,R),1). Write g = (25).

action by weight (in usual

U(1) % U(1)) sense) for Siegel
e (VD) (1)) Eisenstein series

(det g)k+d-

_ dr, k+d; k
(er(V=D) +d) g ( )
diff operator /

Lie alg action (detg)k”d*

f(s,X0)ls=s _1(8) = (c7(v=D) +d) 7| (0. k+2d;) k+2d,
|e(r(v=D) + d|¢x
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Given Schwartz function a, on F)¢, define (writing g = (24) € G(F,))

v !

> v = ww split,

1
S+§

F(s, xo)(g) = av(c™"d) - xow(c ™' detg) xomw(c ™) [ detgl,

(Here 6(F) = 6L, Fo), (1nd§ xol - 2,), = InSHES™ (ol s xal - [2°) )
» v = w inert. Define

1
£ (s, x0)(8) = av(c1d) - xow(c L detg) [c  detgln 2 |.
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v

> v = ww split,
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Sections at places in 5S¢, “big cell” sections

Given Schwartz function a, on F)¢, define (writing g = (24) € G(F,))

v

> v = ww split,

£ (5, x0)() = 0 (1) - Xom(cF detg) xomw(c™}) [c 2 det g| 2|

(Here G(R) = 6L F), (Ind§ x| - [1,), = Indg(E5™ (ol 17, X bl - 1) )
» v = w inert. Define

1
£ (s, x0)(8) = av(c 1d) - xow(c L detg) [c ! detgly

=QF) [T QF) (1) QF)

big cell

Later we will see that the local Fourier coefficient indexed by
B € F for the “big cell” section is simply &, (3).



Choice of f,(s,x0): v € 5

Set xF = x|a,
QXxo,v
= W A
v | p, v = ww, (XO,W(2 /—D)ﬂox 'XO.w)
w e Zp Fy
- . ” —cw(s+3)
wes, | X (=™ VD) xowl@) ™ [l
veSt, WS x1 - .
vt poo, w, PY/=D (1+w OF,)
V= ww, — 3} .
split w, w X(’J:,V(z) |wv|v—2smax{cw,cw} o I 0x XO y
es
— ﬁU(l,K}‘,) —1
v e Sf{: inert Xg—,v(2) |wV|v25CW7 : ]l”x CWOX XO v

iy




(p-adic) Fourier coefficients of Siegel Eisenstein series

Given g € F, let

Eﬂ (g7 f(57X0)) - /

o, EC D230 & (~Trapagx) o



(p-adic) Fourier coefficients of Siegel Eisenstein series

Given g € F, let

Eﬁ (g7 f(57X0)) = /

o, EC D230 & (~Trapagx) o

For p-adic interpolation, it suffices to look at
Es (g, f(57XO))‘5:§_% ,

for g = (82) € G(Af) with a, =1 for all v | p.



(p-adic) Fourier coefficients of Siegel Eisenstein series
Our choice of sections at places above p =

» If =0, then Eg(g, f(s,x0)) =0 if g, is upper triangular for
some v|p.
» If B #0, then

Es (g,f(s,X0)) HW,BV 8v fu(s, xo))

Ws.v (gv, f.(5, X0)) / fu(s,x0) ((97) &) v, (_TI"FV/quﬁX) dx



(p-adic) Fourier coefficients of Siegel Eisenstein series
Our choice of sections at places above p =

» If =0, then Eg(g, f(s,x0)) =0 if g, is upper triangular for
some v|p.
» If B #0, then

Es (g,f(s,X0)) HW,BV 8v fu(s, xo))

Ws.v (gv, f.(5, X0)) / fu(s,x0) ((97) &) v, (_TFFV/quﬁX) dx

Our choice of archimedean sections sections =
> Wso (8, fa(57X0))|s:K_l =0 unless o(5) >0
2 2



(p-adic) Fourier coefficients of Siegel Eisenstein series
Our choice of sections at places above p =

» If =0, then Eg(g, f(s,x0)) =0 if g, is upper triangular for
some v|p.

> If B #0, then

Es (g, (s, x0)) = [ [ Wa.v (&v, (s, x0))
Ws. (8v, fu(s; x0)) / fu(s,x0) ((31) &) Ya, (—Tr, s, Bx) dx

Our choice of archimedean sections sections =
> Wso (8, fa(57X0))|s:K_l =0 unless o(5) >0
2 2

In the following, we assume
a, =1 forall v |p, o(f)>0forallo: F—R.

Define
dy (s, x0) == Ly(2s + 1, x§).



Fourier coefficient: unramified places
0 = differential ideal of F.

W@»V ((av dv) ) fV(S, XO))
1 s—1 _1 —s+1
v ¢ SF split, dv(5>X0) 'XO,w(dv)|dv|v . XO,W(av) |av|v
vV = ww valv(dv’lﬂav.av)
_ j—2mp
X 10;1(w5mo,vdv 163V) Z (X(I):.v(WV)‘WV‘ES)J "
j=0
Vi | s ™ vow(@) Ma
inert&v {2 | 7 AT o
or ramified 2 vl (G baeo) F j—2mp
' mp y— — v
w|v X ]lav‘l(wv "'a,Bay) Z (Xo,v(WVNWV‘es)
=0
eyl
dy(s.x0) ™"+ xo.w(23,) |22,y "7 - a(—Trr, )0, 8/2)
v | 2 inert val, (23, Ba,-0,)
_ j—2mp
X 112wy ™ 58a) Y. (X (@)@ )T
j=0



Fourier coefficients: archimedean places

o =7|r, 7 € . Denote

frot (g =(25)) = (detg)™ (CT(\/j) + d)t2\c7'(\/j) +d|¢



Fourier coefficients: archimedean places

o =7|r, 7 € . Denote
7% (g = (25)) = (detg)" (cr(v=D) +d)“|er(vV=D) + d

Then

fa’(57 XO)’5:§_% — fo'k+2dT’ —k—2d-,d-



Fourier coefficients: archimedean places

o =7|r, 7 € . Denote

fit (g = (2b)) = (detg)" (c7(v/=D) + d) ?|cr(vV=D) + d|

Then

fg(S,X0)|$:§ — fak+2d7’_k_2dmd7

1
~3
Well known: o(3) > 0 for all o,

Wea (25 159) =CTZo(5) 70 (detg) (er(V=D) + )

% e27ri-cr(B) (aT(\/j)er) (CT(\/j)+d) - '




Fourier coefficients: archimedean places

o =7|r, 7 € . Denote
frot (g =(25)) = (detg)™ (CT(\/j) +d) t2\c7'(\/j) +d|¢
Then

fo (s, X0)s—k_1
Well known: o(3) > 0 for all o,

— fk+2d7a _k_2d7«,d7
o

:(ﬁ?i)tz; o(8)"27" - (detg)" (cr(V=D) + d)”

% e27ri-cr(ﬂ) (aT(\/j)er) (CT(\/j)+d) - '

Wyo ((25), 6

How to obtain Wj, for t3 # 0 from results on t3 = 07



Differential operator/Lie algebra action

Recall R:U (' ;) = U(; ). Let

I IO E:A

)= (




Differential operator/Lie algebra action

Recall R:U (' ;) = U(; ). Let
1
L=ROH=(05%) (1 05) = <

The action of Ly € Lie G by right translation is (g
10 0 (c 5 _

=2 (VDB (VD g o)y

l\)\r—l




Differential operator/Lie algebra action

Recall R: U (! ;) = U(; ). Let

-1
Lo=R(38)= (1 5) (‘1’8)(1‘7%)—< :
The action of Ly € Lie G by right translation is (g = ( 3))
10 0 -10 0
= 5@V B) (V7D ot )+ 5 (VD - ) (VD e+ ).

l\)\r—l

In particular,
M—t—ts3+d) ftitd, b—2d, ts+d
g

T L d . ft17t2:t3 —




Differential operator/Lie algebra action

action by
v (U(1) x U(1))

weight (in usual
sense) for Siegel
Eisenstein series

detg )ftd
dr, k + d; k
V=D)+d) " ( dv)
dr
) detg k+2d-
fo(s:%0)ls=s - (8) = (c7(vV=D) +d) (0, k +2d,) k+2d,

—D )+ d|




Differential operator/Lie algebra action

action by weight (in u_sual
16 (U(1) x U(1)) se.nse) fc?r Slegel
Eisenstein series
detg )ftd
dr, k+d; k
V-D)+d) ‘ ( +dr)
Ly)*r
detg k+2d-
fo(s:%0)ls=s - (8) = (c7(vV=D) +d) (0, k +2d,) k+2d,
—D )+ d|
=
. —k—2d,. d: r(k) -
fo(s Xo)lsog_y = £ 20 i2dnd = Pk + ) r(Ly )T e TR0
r(k) d- k+d-, —k,0
Wﬁ,a (ga fcr(sa XO))| :gf T(L+) : Wﬂﬁ (g’ fa / ' )

Pkt dy)



Fourier coefficients: archimedean places

Mk _
Ws .o (g, fo (s, Xo))|5:§,% = F(k(—i—)d) T(Ly)? Wpg,o (g, flrdr k’o)
(2mi)k k

Wﬁ,a ((g 3) ; f,—k+d77 —k70) _ J(B)k_l . (detg)”d* (CT(E) I d),

r(k)
. -1
« e27rl-0(5) (a'r(\/jH»b) (CT(\/j)er)



Fourier coefficients: archimedean places

_ T(k) d- k+dy, —k,0
=51 T T(k+ d) (L) - W, (g, ff )

W (28, 70 =0) = B o)t et g (er(/=D) +.0)

« e27ri-0(,3) (a'r(\/jH»b) (CT(\/j)er) -

Ly (C\/—D n d) =0, Li(cv/—D+d)=(—detg) (C\/—D n d)) ,
i 3av/—D+b i a/—D+b
L, (ezm ﬁm/TDj:d) =27i-B-2v/-D detg (c /D + d)_2 L /Toj:d




Fourier coefficients: archimedean places

Ws .o (g, fo (s, Xo))|5:§,% = F(kr(—i/—()dT) (L)Y W, (g, FEHE—R0)
= BT (51 (det ) (er(v D) + o)

k

e27ri-0(,3) (a'r(\/jH»b) (CT(\/j)er) -

X
Ly (cx/j—&- d) =0, Li(cvV—D+d)=(—detg) (C\/j-‘r d)) )
aV/=Dtb

- gay/—D+b i
Lo (e Pe/mba) = 2. B-2v/—Ddetg (cv/—D + d) 2 ™ v

-
Wﬁ-,a’ (g7 fo’(sa XO))|5:§,%

(2mi)ktdr .(2T(\ﬁD))df U(ﬁ)kerT—l_(detg)k+2d7(c7_(\/$)+d)fk72d7

TT(k+2d,)
ler(V=D) +dlc lcr(v=D) +d|c \*
X <1—|—)\1 471_0_(\/5) + +)\d7- ( 47'('0(\/5) ) )

»« 27i-0(8) (ar(V=D)+b) (er(v=D)+d)



Fourier coefficients: archimedean places

W.o (8, F:(5,X0)) s -

1
2

= m (27(5))d7 0(ﬂ)k+dffl(detg)k+2df(CT(E)+d)7k72d1.

ler(vV=D) + d|c ler(v—D) + d|c\ "
X (1 + M 471-0-(\/5) 4ot )\dT < 471_0_(\/5) >

% eZ'n'iAU(ﬁ) (a'r(\/j)er) (c‘r(\/j)%»d) -



Fourier coefficients: archimedean places

W.o (8, F:(5,X0)) s -

1
2

- m . (27(\/3))d7 0(ﬂ)k+dffl(detg)k+2df(CT(E)+d)7k72d1.

———
divide to normalize
Eis series
appearing in period

leT(v/—=D) + d|c 4, <|CT(m)+dc>dT

. (1 o 4ro(v/D) * 470(v/D)

% eZ'n'iAU(ﬁ) (a'r(\/j)er) (c‘r(\/j)%»d) -



Fourier coefficients: archimedean places

W.o (8, F:(5,X0)) s -

1
2

(2mi)ktd- d- i1 ci2, o
= Tk+2d) (2r(v=D)) " o8y~ (det g)* 2 (cr(v=D) + d)
divide to normalize 2aPPpe€aring 'n_P-adlC

Eis series g-expansion
appearing in period

ler(vV=D) + d|c¢ 4, <|CT(m)+dc>dT

X (]. + A1 471-0.(\/5) + - 47_[_0_(\/5)

% eZ'n'iAU(ﬁ) (a'r(\/j)er) (c‘r(\/j)%»d) -



Fourier coefficients: archimedean places

W,o (g F-(5.x0)lo—s

1
2

- m . (27(\/3))6# 0(6)k+d771(detg)k+2dr(CT(E)+d)fk72d.,

divide to normalize 2aPPe€aring 'n_P-adIC
Eis series g-expansion
appearing in period
dT
lerV=D) +dle . M, <|cT(m) + dc> )
47"‘7(\@) ! 4#0(\5)

irrelevant/disappearing when viewed as p-adic form

% e27ri<cr(ﬁ) (a'r(\/j)er) (c‘r(\/j)%»d) -

X (1+)\1




Fourier coefficients: v € SF:

Easy computation shows

Wi (7 4) (s, x0))
s+%

1 — .

:av(d;lﬁ)av) : {XO)W(dV)|dV|i z__zioiW(aV)71|a‘I|v ’ Y spllt
2

)

Xo,w(5v)71\3v\w v inert

where
ay(x) :/F ay(y) Vg, (—TrFV/quxy) dy.



[b-th coefficient in p-adic g-expansion

Combining above results at each place, we get formula for the S-th
Fourier coefficient in the p-adic g-expansion of

[Irk+2d,) o
aripEarsa @ (5x0) EC (s x0)les s

(nearly holomorphic form viewed as p-adic form)

at the (p-adic) cusp corresponding to (7 4);.



[b-th coefficient in p-adic g-expansion

B-th coefficient of %ds (s,x0) E(-,f(s ,xo))|s_77; at (7 4)(av =1, v|p)

2

H Xp adic, v 1|2| ’(/)V( ’I‘ro/Qzﬁ/2) ' XP-adiC(didf'gé

v|2 inert
Iy
. _1 .
l+2mDv 1 J—2mD7V o valy(2d, " Bay, Dv) , v|2 inert
XH]IOFv(wV Xp adic,v wV |wv| ) /v— —
1

valy (d, lﬁav Dv) , otherwise
viSF j=

X H Xw(dy) Gy, (d)18) H (27(\/TD)) o ()< 1

vip o=7|F:F—=Q
wlv,wex, Vo=V, TEXL

x H aXO,V (d;lﬁaXoyv)

veSF, vipoo



[b-th coefficient in p-adic g-expansion

B-th coefficient of M%ds (s,x0) E (-, f(s, XO))L:gfl at (7 4)(av =1, v|p)

2

H Xp adic, v 1|2| ’(/)V( ’I‘I.Fv/Qzﬁ/2) ' XP-adiC(didtﬂgé

v|2 inert
Iy
. _1 .
I +2mD v 1 _]—2mD,V o valy(2d, " Bay, Dv) , v|2 inert
X H]lon(w ! Xp adic,v wV)|wV| ) /v— —
1

valy (d, lﬁav Dv) , otherwise
viSF j=

X H Xw(dv) axo,v (d;lb)) H <2T(\/—7D)) o O—(ﬁ)kera*l

vlp

factor from Fourier o=T|r:FQ ; i
b . — factor from Fourier coefficient
wlv,wEL, coefficient at v|p Vo=v,TEL at archimedean place o
~ 1
X I I ay (d, 'Bay)
| —
veSF, vipoo

factors from Fourier
coefficient at veS”, vipoo



Choice of &y, ,, v | p
The criterion for choosing &y, v, v | p, is to make

Xp-adic = xw(dy) G (d78) ] (27(@))%—(5)“‘*‘1

o=T7|F:F—=Q
Vo=V, TEL

interpolated by a p-adic measure on K*\Ay /U?.



Choice of &y, ,, v | p
The criterion for choosing &y, v, v | p, is to make

Xp-adic = xw(dy) G (d78) ] (2T(m>)d*a(5)k+d"—l

o=T7|F:F—=Q
Vo=V, TEL

interpolated by a p-adic measure on K*\Ax ./UP.
Rewrite the above expression as

Xw(dyB) 7 Gy, (dv_lﬁ) Xw(B) H (27-(\/3)) dTO.(B)k-Q-d,,—l

o:T\F:F‘—>@
Vo=V, TEL



Choice of &y, ,, v | p
The criterion for choosing &y, v, v | p, is to make

Xp-adic = xw(dy) G (d78) ] (2T(m>)d*a(5)k+d"—l

o=T7|F:F—=Q
Vo=V, TEL

interpolated by a p-adic measure on K*\Ax ./UP.
Rewrite the above expression as

Xw(d,'B) 7 Qxo,v (dv_lﬁ) Xw(5) H (27-(\/5)) d’a(ﬂ)k+dﬂ—1

o:T\F:F‘—>@
Vo=V, TEL



Choice of &y, ,, v | p
The criterion for choosing &y, v, v | p, is to make

Xp-adic = xw(dy) G (d78) ] (27(@))%—(5)“‘*‘1

o=T7|F:F—=Q
Vo=V, TEL

interpolated by a p-adic measure on K*\Ax ./UP.
Rewrite the above expression as

Xw(d,'B) 7 Qxo,v (dv_lﬁ) Xw(5) H (27-(\/3)) d’a(ﬂ)kwﬂ—l

o:T\F:F‘—>@
Vo=V, TEL

Consider the 6-measure at 5 € K,, and 2/—D € Ky,
38w (Xp-adic) = Xp-adiew(B) = xw (B) [ o(B)F

52\/j,w (Xp-adic) = Xp-adic,W(zm) = XWV(E%) H <2T(\/TD)> -

mK—=Q
Wr=w,TEL



Choice of &y, ,, v | p
The criterion for choosing &y, v, v | p, is to make

Xp-adic = xw(dy) G (d78) ] (2T(m>)d*a(5)k+d"—l

o=T7|F:F—=Q
Vo=V, TEL

interpolated by a p-adic measure on K*\Ax ./UP.
Rewrite the above expression as

Xw(d,'B) 7 Qxo,v (dv_lﬁ) Xw(5) H (27-(\/5)) d’a(ﬂ)k+dﬂ—1

o:T\F:F‘—>@
Vo=V, TEL

Consider the 6-measure at 5 € K,, and 2/—D € Ky,
38w (Xp-adic) = Xp-adiew(B) = xw (B) [ o(B)F

o:F—=Q
Vo=V .
2y=D (Xpratc) = Xpradiew(2V=D) = xw(2v=D) []  (2r(v=D))
mK—=Q
Wr=w,TEL
= want: Xw(dv—lﬂ)—l axo,v (dv_lﬁ) — XW(z\/j)

= a natural choice: Qv = Xw(2V—D) - ]IOFX “Xw




Choice of &y, ,, v | p

want: Xw(dy tB) ™t Gy (dy 18) = xw(2v/=D)
a natural choice: Qyov = Xw(2V—=D) - Tox - Xw

Essentially we want @, ~ Xxw. However, In order to make x,, a

Schwartz function on F,,, one must cut off in the direction towards

both 0 and infinity. One natural choice for this cut-off is by 1 ,x .
Fu



[b-th coefficient in p-adic g-expansion

H X;_—adic,v(z)_1|2|v ’I/JV(_TrFV/@Zﬁ/z) : XP‘adiC(drI’)”dfP'g‘;l

v|2 inert I

< 1 tor, (@27 8) Y- (Xpagien(@ ) "
vISF j=1

X H Xp-adic.w(2\/j) : IL@FXV (d;lg) : Xp-adic.,w(ﬁ)

W\v‘,lvlvaZp

X H xo,v (dy ' Bay)

veSF.poo



[b-th coefficient in p-adic g-expansion

H Xp—adlC v 1|2| ’I/JV( TrFV/QZﬁ/z) : XP‘adiC(drI’)”dfP'g‘;l
v|2 inert I

% IT ton, (@2 8) D" (Xpadiew (@)l )"
viSF Jj=1
X H Xp-adic.W(2 \% *D) . IL@;?/ (d;lg) : Xp-adi(:.,w(,g)

vip
wlv,wex,

~ —1
X H Oy, (d, ' Bay)
veSF.poo

From our choice of ay, ., calculation of Fourier transform gives

axg.w (d " Bay)

F(_—"D,v —q < —
X5 (@ P VD) X)W |9 g, (< T, g, B) 1_—cyy-1(B), wES, WES
_1xfo- (0 x5, WPq, © TTFV/QqV) 'Ilwrnax{cw,cw}fcx,vD—lo,;( (B) - Xf(OVB), WaWES, wHEW
v

u(1, b —
XV()% (nyfyquOTro/qu)']l w—ex,walo ><( vB), weES w=w
v



[b-th coefficient in p-adic g-expansion

H Xp—adlC v 1|2| 1/’v( TrFV/QZﬂ/z) : XP‘adiC(drl’)”dfP'g‘;l
v|2 inert I

_1\J—2mp,,
<[] Tor, (@2 5) Y (Xpadien (@)@l 1)

VISF j=1

X H Xp-adic.W(2 \% *D) . ILO;?/ (d;13> : Xp-adic.w(ﬁ)
W\v‘,/vlu/pEZp

X H xo,v (dy ' Bay)

veSF.poo

From our choice of ay, ., calculation of Fourier transform gives
axg.w (d " Bay)

—mp — —
X5 (@ P VD) X)W |9 g, (< T, g, B) 1_—cyy-1(B), wES, WES
;

F F -
—Ix,(2) € (0 Xvs¥q, © TrF, /0

X ()ﬁU(l Ey)

i
» L max{encgt —exw o tox (1) X (OVB), wwe s, waw
v
. _
v fr (O’XV’quOTro/QqV)']l w—ex.woto X(VB) wES, w=w
v

Every term can be realized as J-measure at 3, powers of w,
Their products can be achieved by convolution of p-adic measures.



Choice of o, ,:

> At v | p, we choose @, such that it aligns with factor from
archimedean Fourier coefficient to constitute a p-adic measure

X p
on K*\Aj (/U
> At v € SFP we choose Qtyo,v SO that the local zeta

integrals give the desired factors. (In general case, this has
not yet been achieved. A coarse “volume section” is used.)



Eisenstein measure and p-adic L-function

By our choice of (s, x0) € IndgE% xol - |3, the Eisenstein series
onG=U(_,!)
E (-, f(s, Xo))|5:§,

is nearly holomorphic (of weight (k 4 2d; ) cx).

1
2



Eisenstein measure and p-adic L-function

By our choice of (s, x0) € IndgE% xol - |3, the Eisenstein series
onG=U(_,!)
E (-, f(s, Xo))|5:§,

is nearly holomorphic (of weight (k + 2d;),¢cx). View

[IT(k+2d;) sF
(2 KIFQ+S dr d” (s, x0) E (- (s, x0))l o= -

1
2

(1)

1
2
as p-adic form.

The above discussion shows that when x varies among all algebraic
characters on K*\Ay /U? with oo ~ (k+d;, —d;)rex, k > 1,d; >0,



Eisenstein measure and p-adic L-function

By our choice of (s, x0) € IndgE% xol - |3, the Eisenstein series
onG=U(_,!)
E('7 f(S, XO))|5:§,l

2

is nearly holomorphic (of weight (k + 2d;),¢cx). View

(Ql}r,giﬁrlg]iél dSF(s,Xo) E (-, f(s, XO))’st_l (1)

2

as p-adic form.

The above discussion shows that when x varies among all algebraic
characters on K*\Ay /U? with oo ~ (k+d;, —d;)rex, k > 1,d; >0,
the B-th Fourier coefficient in the p-adic g-expansion of (1) at
(?4)f (B F,a, =1forall v|p)isinterpolated by a p-adic
measure on K*\Aj f/Up



Eisenstein measure and p-adic L-function
By our analysis of the Fourier coefficients and the g-expansion principle
for p-adic forms on U (_; 1),
[Tkt2dr) ysF (s v o) | X K*\Aj/U? — C*
(@mi)reie er ' algebraic with infinite type
X E( s xols=t 3 | (k+ dpy—dy)rex, k> 1.d, >0

i interpolating g-expansions

HE ¢ € Meas (KX\A;EJ/U& VG,H(C),p—adic)
p-adic measures valued in Vi r (o), p-adic, the space
of p-adic forms on G = U (_; ') of tame level [';(c)



Eisenstein measure and p-adic L-function

By our analysis of the Fourier coefficients and the g-expansion principle
for p-adic forms on U (_; 1),

[Tkt2dr) ysF (s v o) | X K*\Aj/U? — C*
(@mi)reie er ' algebraic with infinite type
X E(of(s,xols=s-3 | (k+dp,—d))rex, k>1,d, >0

i interpolating g-expansions
HE ¢ € Meas (KX\A;EJ/U& VG,H(C),p—adic)

p-adic measures valued in Vi r (o), p-adic, the space
of p-adic forms on G = U (_; ') of tame level [';(c)

j/ via our picked 7 : [U(1)] = [Glora

Res (o) € Meas (K*\AX /UL, C (U(L, F\U(L, Ar)/Uo))
full level at p, finit set



Eisenstein measure and p-adic L-function

By our analysis of the Fourier coefficients and the g-expansion principle
for p-adic forms on U (_; 1),

[Tkt2dr) ysF (s v o) | X K*\Aj/U? — C*
(@mi)reie er ' algebraic with infinite type
X E(of(s,xols=s-3 | (k+dp,—d))rex, k>1,d, >0

i interpolating g-expansions

HE ¢ € Meas (KX\A;EJ/U& VG,H(C),p—adic)
p-adic measures valued in Vi r (o), p-adic, the space
of p-adic forms on G = U (_; ') of tame level [';(c)

j/ via our picked 7 : [U(1)] = [Glora

Res (o) € Meas (K*\AX /UL, C (U(L, F\U(L, Ar)/Uo))
full level at p, finit set

i sum over U(1, F)\U(1,AFr)/ U,

£. € Meas (KX\A;?f/Uf, @p)



Evaluations of £,

We pick 16 = tG g,

g =Q

vip

.




Evaluations of £,
. ~ l m
We pick 16 =tgg & =Q (_\/%1 ) :

vip 2 1

Assume that the Hecke character y : K*\A;/U? — C* is algebraic
with co-type (k + d-, —d;)rex, k > 1,d; > 0, and p-adic avatar

—X
X p-adic - KX\A;EJ’/UE — Qp .



Evaluations of £,
. ~ l \/j
We pick 76 =tG g & =& (_\/27’l 1 ) ‘

vip 2

Assume that the Hecke character y : K*\A;/U? — C* is algebraic
with co-type (k + d-, —d;)rex, k > 1,d; > 0, and p-adic avatar
Xpadic - KA /UP Q.

By our construction,

Q, \FA22 9 (k4 2d,
> - ) 'dSF(57X0)

Lc (Xpadic) = <27“QOO (2ri)HFOTS d;

« / E (16(a,1), £(s, x0)) da
U(l,F)\ U(I,AF)

NES
Nl

s=



Evaluations of £,

1
We pick  Tc =t6g, & =Q (_\/%1
v=o!

vip

v-D >
. .

Assume that the Hecke character y : K*\A;/U? — C* is algebraic
with co-type (k + d-, —d;)rex, k > 1,d; > 0, and p-adic avatar

X p-adic - KX\A;ng/Uf - @:

By our construction,

Q )"[F:QWZ 4 TIT(k+2d,)

. F
Le (Xp-adic) = <2m§2; Qi) FaTs o -d® (s, xo0)

></ E (tg(a 1), f(s, x0)) da
(1,F)\U(1,4r)

NES
Nl

s=

In fact
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Evaluations of £,

1
We pick  Tc =t6g, & =Q (_\/%1
v=o!

vip

v-D >
. .

Assume that the Hecke character y : K*\A;/U? — C* is algebraic
with co-type (k + d-, —d;)rex, k > 1,d; > 0, and p-adic avatar
Xp-adic - KX\A;XH/UE — @:

By our construction,

Q )"[F:@WZC’T 1T (k +2d,)

. F
Le (Xp-adic) = <2m§2; Qi) FaTs o -d® (s, xo0)

></ E (tg(a 1), f(s, x0)) da
(1,F)\U(1,4r)

NES
Nl

s=

In fact

k[F Ql+2> d-

Ec(Xp-adic)' S dicHT = red part - ek[F@]+2Ed

€Tate = 27 - €upper-half-plane,

eécM = Qoo * €upper-half-plane = Qp * €p-adic-HT



Evaluations of £,

Q, \MFUR22 9 TTr(k+2d,) o
£c (Xp-adic) = (27”Qoo> (27Ti)k[F:Q]+z d. d (57X0)

x / E(16(a, 1), f(s. x0)) da
U(l,F)\ U(l,A,:)

N—=

_k_
5=3



Evaluations of £,

Q, \MFUR22 9 TTr(k+2d,) o
£c (Xp-adic) = <27”Qoo> (27Ti)k[F:Q]+z d. d (57X0)

<[ E(16(2,1), £(5, x0)) da
U(1,F)\ U(1,AF)

N—=

_k_
5=3

Recall Doubling method formula
/ E (16(a, 1), f(s, x0)) da= ][ Zv (£.(s, x0), triv),
U(1,F)\ U(1,AF) v

Z, (£.(5. xo). triv) = / f,(5, x0) (i(a, 1)) da.
U(1,F)



Evaluations of £,

Q, \MFUR22 9 TTr(k+2d,) o
£c (Xp-adic) = <27”Qoo> (27Tl')k[F:Q]+z d. d (57X0)

<[ E(16(2,1), £(5, x0)) da
U(1,F)\ U(1,AF)

N—=

_k_
5=3

Recall Doubling method formula
/ E (16(a, 1), f(s, x0)) da= ][ Zv (£.(s, x0), triv),
U(1,F)\ U(1,AF) v

Z, (£.(5. xo). triv) = / f,(5, x0) (i(a, 1)) da.
U(1,F)

= Formulas for interpolation property of £, reduce to computing local
zeta integrals.



Local zeta integrals

Z, (£.(5, o), triv) = / fu(5. x0) (10(a,1)) da
U(L1,F))



Local zeta integrals

Z, (£.(5, o), triv) = / fu(5. x0) (10(a,1)) da
U(L1,F))

> v ¢ SF v=wwsplit
> v ¢ SFinert, w|v
> vi2
> v |2 (extra conjugation by (;

Nl M=

) in £u(s.x0))

> v ¢ SF, v =w? ramified



Local zeta integrals

Z, (£.(5, o), triv) = / fu(5. x0) (10(a,1)) da
U(L1,F))

> v ¢ SF v=wwsplit
> v ¢ SFinert, w|v
> vi2
> v |2 (extra conjugation by (;

Nl M=

) in fv(57X0))
> v ¢ SF, v =w? ramified

» v archimedean



Local zeta integrals

Z, (£.(5, o), triv) = / fu(5. x0) (10(a,1)) da
U(L1,F))

> v¢ SF v=wwsplit
> v ¢ SFinert, w|v
> vi2
> v |2 (extra conjugation by (;

Nl M=

) in fv(57X0))
> v ¢ SF, v =w? ramified

v archimedean

v

> v|p



Local zeta integrals

Z, (£.(5, x0), triv) = / (5, x0) (1n(, 1)) da
U(L1,F))
> v¢ SF v=wwsplit
> v ¢ SFinert, w|v
> vi2
> v |2 (extra conjugation by (;
vé SF, v = w? ramified
v archimedean
vip
veShpPo v —ww split

Nl M=

) in £u(s.x0))

vvyVvyy



Local zeta integrals

Z, (£.(5, o), triv) = / fu(5. x0) (10(a,1)) da
U(L1,F))

> v ¢ SF v=wwsplit
> v ¢ SFinert, w|v
> vi2
> v |2 (extra conjugation by (;
vé SF, v = w? ramified
v archimedean
vip
veShpPo v —ww split

> weS w¢Ss
> wwesS

Nl M=

) in £u(s.x0))

vvyVvyy



Local zeta integrals

Z, (£.(5, o), triv) = / fu(5. x0) (10(a,1)) da
U(L1,F))

> v ¢ SF v=wwsplit
> v ¢ SFinert, w|v
> vi2
> v |2 (extra conjugation by (;
vé SF, v = w? ramified
v archimedean
vip
veShpPo v —ww split

> weS w¢Ss
> wwesS

> v e SFP> inert

Nl M=

) in £u(s.x0))

vvyVvyy



Local zeta integrals

Z, (£.(5, o), triv) = / fu(5. x0) (10(a,1)) da
U(L1,F))

> v ¢ SF v=wwsplit
> v ¢ SFinert, w|v
> vi2
> v |2 (extra conjugation by (;

Nl M=

) in fv(57X0))
> v ¢ SF, v =w? ramified

» v archimedean



Local zeta integrals

Z, (£.(5, o), triv) = / fu(5. x0) (10(a,1)) da
U(L1,F))

> v ¢ SF v=wwsplit
> v ¢ SFinert, w|v
> vi2
> v |2 (extra conjugation by (;

Nl M=

) in fv(57X0))
> v ¢ SF, v =w? ramified

» v archimedean



Local zeta integrals

Z, (£(5, o), triv) = / fu(s. x0) (10(,1)) da
U(l,FVX)

> vgéSF,v:WWspIit

1
1— Xow(w@y)|w |y 2 Lu(s + 3, x0)Lw(s + 3, x0)

s+l s+l - v
(1 = xouw (@)= [572)(1 = xom(=)=]i?) (s, x0)

> v ¢ SFinert, w|v

> vi2

> v |2 (extra conjugation by (é
> v ¢ SF, v =w? ramified
» v archimedean

(TN

) in £u(s.x0))



Local zeta integrals

Z, (£(5, o), triv) = / fu(s. x0) (10(,1)) da
U(l,FVX)

> v¢ SF v=wwsplit

s+l
1— Xow(@) @] 2 _ Lu(s+ 3, x0)Lw(s + 3, x0)
5+2) dv(57X0)

(1= xow(@)l@li )1 = xow() ]

- LW l?
> v ¢ SFinert, w|v o blstaxo)

dv(S,X(])
> vi2
1
> v |2 (extra conjugation by ((1J i) in f,(s,x0))
2
e ]_ ]_ LW s+ ,
> v ¢ SF v =w? ramified | - = = ( 2 Xo)
2" 2 dv(s, xo)

» v archimedean



Local zeta integrals

Z, (£(5, o), triv) = / fu(s. x0) (10(,1)) da
U(l,FVX)

> v¢ SF v=wwsplit

s+l
1 — Xo,u (@) [0 2 _ Lu(s + 3, x0)Lw(s + 3, X0)
s+2) dV(S7X0)

(1= xow(@)l@li )1 = xow() ]

- LW l?
> v ¢ SFinert, w|v o blstaxo)

dv(S,X(])
> vi2
1
> v |2 (extra conjugation by ((1J i) in f,(s,x0))
2
e ]_ ]_ LW 5+ ,
> v ¢ SF v =w? ramified | - = = ( 2 Xo)
2”2 dv(s, xo)

. . w, mp,v 11 . .
The conjugation by ( wfl) and (0 %) (for v | 2 inert) in
v 2
f,(s, xo) simplifies computation and helps produce desired factors
» v archimedean



Local zeta integrals

Z, (£(5, o), triv) = / fu(s. x0) (10(,1)) da
U(l,FVX)

> v¢ SF v=wwsplit

s+l
1— Xow(@) @] 2 _ Lu(s+ 3, x0)Lw(s + 3, x0)
5+2) dv(57X0)

(1= xow(@)l@li )1 = xow() ]

- LW l?
> v ¢ SFinert, w|v o blstaxo)

dv(S,X(])
> vi2
1
> v |2 (extra conjugation by ((1J i) in f,(s,x0))
2
e ]_ ]_ LW s+ ,
> v ¢ SF v =w? ramified | - = = ( 2 Xo)
2" 2 dv(s, xo)

» v archimedean



Local zeta integrals

Z, (£(5, o), triv) = / fu(s. x0) (10(,1)) da
U(l,FVX)

> v¢ SF v=wwsplit

|s+%

1 — xo.w(@y)|@v | _ Lu(s+3,x0)Lw(s + 3, x0)

s+2) dV(S7X0)

(1= xow(@)l@li )1 = xow() ]

- LW l?
> v ¢ SFinert, w|v o blstaxo)

dv(S,X(])
> vi2
1
> v |2 (extra conjugation by ((1J i) in f,(s,x0))
2
o 1 1 Ly(s+ 5,
> v ¢ SF, v =w?ramified | = = = wl 2 Xo)
272 du(s, xo)

» v archimedean (The archimedean local zeta integral is particularly
simple here because U(1,R) is compact. However, it becomes difficult if
the unitary group is non-compact at infinity)



Local zeta integrals at v | p



Local zeta integrals at v | p

. 1 - _
Z, (fu(s,x0), triv) = x{ (—1) yw (s + 5 Xow, ¥p© Trm/@p) ,V=wW, wE L,




Local zeta integrals at v | p

. 1 - _
Z, (fu(s,x0), triv) = x{ (—1) yw (s + 5 Xow, ¥p© Trm/@p) ,V=wW, wE L,

> f(s.x0) (g =(25)) = F*o(s, x0)(g)

— — — — erl —
:Xo,lw(c 1)XO,W(C 1detg)|c 2dmg|v : 'O‘xo,\/(c ld)(?fi)




Local zeta integrals at v | p

. 1 - _
Z, (fu(s,x0), triv) = x{ (—1) yw (s + 5 Xow, ¥p© Trm@p) ,V=wW, wE L,

> f(s.x0) (g =(25)) = F*o(s, x0)(g)

— — — — erl —
=Xow(c ) Xow(cT detg) [c 2 det g[v 2 - gy u(c 7 d) (25)
>
6ZXO,V :XW(2\/*D)']10FX *Xws

0r0 () =52V D)+ [ e () x00() -0y (Tor 0, 9)

= Xw(2V=D) - xg.,(x) IXIJI/F Lox () xow(y) - o (Tre, s0,y) dy

v



Local zeta integrals at v | p

. 1 - _
Z, (fu(s,x0), triv) = x{ (—1) yw (s + 5 Xow, ¥p© Trm@p) ,V=wW, wE L,

> f(s.x0) (g =(25)) = F*o(s, x0)(g)

— — — — erl —
=Xow(c ) Xow(cT detg) [c 2 det g[v 2 - gy u(c 7 d) (25)
>
6ZXO,V :XW(2\/*D)']10FX *Xws

0r0 () =52V D)+ [ e () x00() -0y (Tor 0, 9)

= Xw(2V=D) - xg.,(x) IXIJI/F Lox () xow(y) - o (Tre, s0,y) dy

v

et = (2 5) 0 (05) 7 (L4 T)



Local zeta integrals at v | p :

. 1 ! _
ZV (fv(SaXO)atHV) = XC(_]')'YW (S + Ea X0,w> wp o r‘[‘I‘F\//Qp) , V=ww, wc Zp

| 2 _ _ _ _ s+1 _
f,(s,%0) (€) = xom(c™1) xow(c  det g) [c 2 det g[v 2 (¢ 71d) (25)

>
xo v (X) = xw(2V—=D) - X&h(x) |X\;1/F ﬂxogv () xow(¥) - ¥p (Tre, jq,y) dy

v

1 —
> Tva(avl) — < \/égfl av/ D>

— > a




Local zeta integrals at v | p :

. 1 ! _
ZV (fv(SaXO)atHV) = XC(_]')'YW (S + Ea X0,w> wp o r‘[‘I‘F\//Qp) , V=ww, wc Zp

| 2 _ _ _ _ s+1 _
f,(s,%0) (€) = xom(c™1) xow(c  det g) [c 2 det g[v 2 (¢ 71d) (25)

>
xo v (X) = xw(2V—=D) - X&h(x) |X\;1/F ﬂxogv () xow(¥) - ¥p (Tre, jq,y) dy

1 =
> TG,v(avl) = < JéD*l ’ D>

- 2

a

=

fu(5,X0) (T6,4(,1)) = Xow(—2V=D) Xo,w(—2aV=D) |a*"% - ary,,, (~2aV=D)




Local zeta integrals at v | p :

. 1 ! _
ZV (fv(SaXO)atHV) = XC(_]')'YW (S + Ea X0,w> wp o r‘[‘I‘F\//Qp) , V=ww, wc Zp

| 2 _ _ _ _ s+1 _
f,(s,%0) (€) = xom(c™1) xow(c  det g) [c 2 det g[v 2 (¢ 71d) (25)

>
xo v (X) = xw(2V—=D) - X&h(x) |X\;1/F ﬂxogv () xow(¥) - ¥p (Tre, jq,y) dy

1 =
> TG,v(avl) = < JéD*l ’ D>

- 2

a

=
f,(s, x0) (i6,v(a:1)) = xow(—2V—D) xo,w(—2av—D) [a**? - @y, ,(—2aV~D)

= xow(—2vV=D) Xo,w(—2av—D) [a]*** - xw(2V/~D) - Xow(—2av=D)|a|.!

X /F Loz (¥) Xow(y) - ¥ (Trr, j0,) dy

v




Local zeta integrals at v | p :

. 1 ! _
ZV (fv(SaXO)atHV) = XC(_]')'YW (S + Ea X0,w> wp o r‘[‘I‘F\//Qp) , V=ww, wc Zp

| 2 _ _ _ _ s+1 _
f,(s,%0) (€) = xom(c™1) xow(c  det g) [c 2 det g[v 2 (¢ 71d) (25)

>
xo v (X) = xw(2V—=D) - X&h(x) |X\;1/F ﬂxogv () xow(¥) - ¥p (Tre, jq,y) dy

1 =
> TG,v(avl) = < JéD*l ’ D>

- 2

a

=
f,(s, x0) (i6,v(a:1)) = xow(—2V—D) xo,w(—2av—D) [a**? - @y, ,(—2aV~D)

= xow(—2vV=D) Xo,w(—2av—D) [a]*** - xw(2V/~D) - Xow(—2av=D)|a|.!

X /F Loz (¥) Xow(y) - ¥ (Trr, j0,) dy

v

— oD [ Lo () x0(r) - (Trr.0,9)
| Log

v




Local zeta integrals at v | p :

. 1 - _
Z, (fu(s,x0), triv) = x{ (—1) yw (s + 5 Xow; ¥p© Tra/@p) ,V=wW, wE L,

s 0) (2. 1) = Yo [ 1o (1) X0 (V) (Tor )

v




Local zeta integrals at v | p :

. 1 - _
Z, (fu(s,x0), triv) = x{ (—1) yw (s + 5 Xow; ¥p© Tra/@p) ,V=wW, wE L,

s 0) (2. 1) = Yo [ 1o (1) X0 (V) (Tor )

v

Therefore,
Zv(fv(s7X0)7triv):/ f,(s,x0) (tc,v(a,1)) da
FX




Local zeta integrals at v | p :

. 1 - _
Z, (fu(s,x0), triv) = x{ (—1) yw (s + 5 Xow; ¥p© Tra/@p) ,V=wW, wE L,

s 0) (2. 1) = Yo [ 1o (1) X0 (V) (Tor )

v

Therefore,

Z, (£,(s, xo). triv) / £,(5,X0) (i6.0(2, 1)) da

1)/ a\s"/ Lox (V) xow(y) - ¥ (Trr, /3, ¥) dy da




Local zeta integrals at v | p :

. 1 - _
Z, (fu(s,x0), triv) = x{ (—1) yw (s + 5 Xow; ¥p© Tra/@p) ,V=wW, wE L,

s 0) (2. 1) = Yo [ 1o (1) X0 (V) (Tor )

v

Therefore,

Z, (£,(s, xo). triv) / £,(5,X0) (i6.0(2, 1)) da
(-1) / a4 / Loz () Xou(y) - U (Trr, j0,) dy da

=Xow(= // s0x () V1772 Xow(y) - p (Trf, jq,v) dy da




Local zeta integrals at v | p :

. 1 - _
Z, (fu(s,x0), triv) = x{ (—1) yw (s + 5 Xow; ¥p© Tra/@p) ,V=wW, wE L,

s 0) (2. 1) = Yo [ 1o (1) X0 (V) (Tor )

v

Therefore,

Z, (£(s. xo), triv) / £o(5. v0) (T v (a. 1)) da
1)/ a\s"/ Lox (V) xow(y) - ¥ (Trr, /3, ¥) dy da
=xow(— / / aox Y72 xow(y) - Up (Trr, jq,y) dy da

= Xo,w(~ /Iyls 2 Xow(y) o (Trr ) dy | T,0x(v)da
FVX v



Local zeta integrals at v | p :

. 1 - _
Z, (fu(s,x0), triv) = x{ (—1) yw (s + 5 Xow; ¥p© Trm@p) ,V=wW, wE L,

s 0) (2. 1) = Yo [ 1o (1) X0 (V) (Tor )

v

Therefore,

Z, (£.(5, o), triv) / (5, %0) (7c.(,1)) da
(0 [ 1a! / o 1) X0 () Uy (Ter g, v) dy da
= xo,w(— / / aox Syl %X07W(y)-¢p (Trr, /q,y) dy da
=xom(=D) [ 1 x0n(0) o (Trr jo,0) o [ Loy () o

1
=Xow(—1) Tw (—5 +5 Xows ¥p © TI‘FV/QP)




Local zeta integrals at v | p :

. 1 - _
Zv (fv(57X0)atr1V) = XC(_]')PYW (5 + Ea X0,w» wp o ’I‘IFV/Q,,) , V=ww, w & Zp

. 1
Z, (f,(s, x0), t1iv) = x0,w(—1) Yw (—s + 3 Xow: Up © TrFV/Q,,)




Local zeta integrals at v | p :

. 1 - _
Zv (fv(57X0)atr1V) = XC(_]')PYW (5 + Ea X0,w» wp o ’I‘IFV/Q,,) , V=ww, w & Zp

. 1
Z, (f,(s, x0), t1iv) = x0,w(—1) Yw (—s + 3 Xow: Up © TrFV/Q,,)

1 B 1
:XO,W(_]-)'YW (5 + 57 Xo,ws 1/’,: o Tro/Qp)




Local zeta integrals at v | p :

_ 1 - _
Zv (7"—‘,(57 Xo),trlv) = XC(—].)’)/W (5 + 5, X0,w» ql)p © TrF,,/Q,,) , V=WwW, we ZP

. 1
Zv (fv(57X0)atr1V) :XO,W(_I)’YW (_S + 57 Xo,iw ’L/}P © Tro/Qp)

1 B 1
:XO,W(_]-)'YW (5 + 57 Xo,ws 1/’,: o Tro/Qp)

1 -1
=Xo,w(—1) Xo,w(—1) Yw (s + 50 Xow, ¥p© TYFV/@;,)




Local zeta integrals at v | p :

. 1 - _
Zv (fv(57X0)atr1V) = XC(_]')PYW (5 + 5; X0,w» wp o ’I‘ro/Qp) , V=ww, w & Zp

. 1
Z, (f,(s, x0), t1iv) = x0,w(—1) Yw (—s + 3 Xow: Up © TrFV/@p)

1 B 1
:XO,W(_]-)'YW (5 + 57 Xo,ws 1/’,: o Tro/Qp)

1 -1
=Xo,w(—1) Xo,w(—1) Yw (s + 50 Xow, ¥p© TYFV/@;,)

-1

1 1 -1
Vo (S + 55 Xow, ¥p o TI‘FV/@,,) (/ "2 xo,w(y) - ¥ (Trr, /q,Y) dy)
Fy

LW(5+% 7X0,w)

— unram
Lo(—stix0)’ X0,w

s+% ) 7CXO’W7valV(DV)
v

(X07W(w\,)|wv| - Gauss sum of XO’W|O;< , Xwpo ram
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Local zeta integrals at v € SF, v { poo

> v=wwsplit, we S, w¢S:

—1 1
— v a _ —Cw +7
Qx,v = X(’;V (WV " _D) XO7W(wV) o |wv‘v ol 2).]1w;mD’v\/j(l+w§WoF )

1
Zv (fllx,v(s’ XO)vtriV) = LW (5 + 27X0>




Local zeta integrals at v € SF, v { poo

> v=wwsplit, we S, w¢S:

—1 1
— v a _ —Cw +7
QAy,v = X(’;V (WV " _D) XO7W(wV) e |wv‘v s 2).]1w;mD'v\/j(l+w€WoF )

1
Zv (faXYV(SvXO)vtriv) = LW (5 + 27X0>

> v =ww split, w,w € S:

R L i e

‘ Z, (f*¥(s, x0), triv) = 1 ‘




Local zeta integrals at v € SF, v { poo

> v=wwsplit, we S w¢S:

—1 1
— v - _ —Cw +,
aX’V = X(’;V (WV " _D) XO7W(wV) e |wv‘v ; (s 2).]17;;[”&‘/\/3(1 { w\inF )

1
Zv (faXYV(SvXO)vtriv) = LW (5 + Ea X0>

» v =ww split, w,w € S:

e = X0 [T o 0

‘ Z, (f*¥(s, x0), triv) = 1 ‘

> v inert:

-1

o = X0 (2) @[5

ﬁU(l,liv) F,
W . ILM_’JCWO;(V "X

| Z, (£ (s, x0), triv) = 1|




Local zeta integrals: summary

1, v split or inert
> Fon, = { : 5 :
vEST M %, v ramified

1 1
Zv (fv(57X0)7triV) =1 dv(saXO)i1 LW (5 + 27X0> LW (5 + Ea XO)

» v archimedean: ‘ Z, (f,(s, x0), triv) = 1‘

> v|p v=ww, weX,

-1
. 1
Zv (fv(57X0)atr1V) = Xf(fl)’YW (5 + 53 XO0,ws ’lpp © Tro/QP)

> veSh v=wwsplit, weS w¢S:

1
2,(f*~ (s, xa) triv) = L (54 500

> v e SHPo v =wwsplit, w,w € S, or inert:
| Z, (£(s, Xo), triv) = 1|




Evaluations of £,
Doubling method formula + results on local zeta integrals =

/ E (1e(a,1), (5, X0)) da = Hz (5, o), triv)
UL\ UGLAR)

2— framg,r

—1
1

_ S

- dSF S XO 1 HXV H Tw ( a X0, qppoTro/Qp) L (S+ 2aXO) .

wex,



Evaluations of £,

Doubling method formula + results on local zeta integrals =

/ E (1e(a,1), (5, X0)) da = Hz (5, o), triv)
UL\ UGLAR)

2— framg,r

-1
1
S
“ g IIC D I o (s 30 v Tiese,) 25 (s 3.

wex,

Recall that by construction,

Q >k[F:Q]+2ZdT Hr(k+2d7—)

_ - 3Ep sk
'gc (Xp-adic) - <27”Qoo (27rl')k[F:Q]+Z d, d (57 XO)

x / E (16(2,1), £(s, Xo)) da
U(1,F)\ U(1,AF)

_k_
5=3

Nl=

if y: KX\AZ/UP — CF with yoo ~ (k + dy, —d;)rex, k > 1,d, > 0.



Evaluations of £,
For x : K*\A)/UP — C* algebraic with xoo ~ (k + dr, —d:)rex,
k>1,d- >0,

Le (Xp—adic)

K[F:Q+2 3" d-
— & ez N> dr L o—framy,F Fr_
= (27i) H Mk +2d,)-2 / HXv( 1)
TEXL vlp

k -1 k
X H Yw (2’ X0, ¥p OTFFV/QP> L® (2’X0)

WEL,



Evaluations of £,

For x : KX\AX/UP — C* algebraic with Yoo ~ (k + dr, —d;)res,

k>1,d >0,
Le (Xp—adic)
Q k[F:Q+23" d-
- (QP> (mi)>= T r(k+2d,) -2 #ramee [T XD (-
o0 TEXL vip
-1 k
< T ( s X0, Yp 0 Trp, /@,,) I (2,Xo)
WEL,
Q. \ KIFQI+232d; Zd "
- (Qoo> @ri)= I r(k+2d;) e T xb (=

TEXL vlp

< TT 4w (0, x. ¥ 0 Tre g,) L5 (0,%)
wEL,



