
p-adic L-functions obtained by Eisenstein
measure for unitary groups II: Katz’s p-adic

L-function



F = totally real number field. K = CM quadratic extension of F .

χ : K×\A×K → C× algebraic with ∞-type

A×K ,∞ =
(
C×
)r 3 (x1, . . . , xr ) 7→

r∏
j=1

x
k+dj
j x

−dj
j , r = [F : Q].

Consider L(s, χ), the L-function attached to χ. s = 0 is a critical
point if for all 1 ≤ j ≤ r

k + dj ≥ 1 ≥ 0 ≥ −dj or −dj ≥ 1 ≥ 0 ≥ k + dj(
γ∞
(
s, χ, ψR ◦ TrC/R

)
∼

r∏
j=1

Γ (1− s −min{k + dj ,−dj})
Γ (s + max{k + dj ,−dj})

)
.

The cases addressed in the main theorem in Katz’s paper are

k ≥ 1 and dj ≥ 0

(half of the critical points satisfying k + dj ≥ 1 ≥ 0 ≥ −dj , or
more precisely those to the right of the center).
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(p-adic) CM type

Fix embeddings
C

Q
' �

44

� v

)) Qp

,

through which we view embeddings of F (resp. K ) into Q also as
embeddings into C and Qp. Accordingly, there are natural action

by Gal(C/R) and Gal(Qp/Qp) on these embeddings, and the
orbits correspond to archimedean places and places above p of F
(resp. K ).

Assume that all places of F above p split in K .
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(p-adic) CM type
{archimedean places of F}

{σ : F ↪→ Q}

1:1
66
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Note: Σ = half of embeddings, 1 : 1 to archimedean places
Σp = set of places, half of places above p in K
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p-adic avatar of Hecke characters

Given χ : K×\A×K → C×, algebraic Hecke character of ∞-type

(k + dτ ,−dτ )τ∈Σ,

define its p-adic avatar as

χp-adic : K×\A×K ,f −→ Q×p
x 7−→ χf (x) ·

∏
w∈Σp

∏
τ∈Σ
wτ=w

τ(xw )k+dτ τ(xw )−dτ .
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Some auxiliary data

Fix additive character ψ : Q\AQ → C× to be the one (1) fixed by

Ẑ, (2) sending x∞ ∈ R to e2πi ·x∞ .

Fix S , a finite set of places of K containing all places above p and
archimedean places. For simplicity we also assume that S does not
contain any place ramified over F or dividing 2.

Let SF be the set consisting of places F induced by places in S .

Fix an ideal c =
∏

w∈Sp∞
Pcw
w ⊂ OK , cw ∈ Z≥1.

Let
Up
c =

∏
w -S

O×Kw
×

∏
w∈Sp∞

1 + PcwOKw .
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Goal

Define a p-adic measure Lc on K×\A×K ,f /U
p
c (Zp-rank equal to

[F : Q] + 1 + Leopoldt defect) with interpolation property:

If χ : K×\A×K/U
p
c → C× is algbraic with ∞-type (k + dτ ,−dτ )τ∈Σ

and k ≥ 1, dτ ≥ 0, then

Lc(χp-adic) = period · Ep(0, χ) · LS(0, χ),

with

Ep(s, χ) =
∏

w∈Σp

γw
(
0, χ, ψp ◦ TrFv/Qp

)−1

as conjectured by Coates–Perrin-Riou.
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Doubling method formula

The doubling method (Garrett, Piatetski-Shapiro–Rallis, Shimura
...) specialized to the case

U(1)× U(1) ↪→ U
(

1
−1

)
provides a nice integral representation to study the critical L-values
we are interested in.



Doubling method formula

Fix D ∈ F such that K = F (
√
−D) (σ(D) > 0 for all σ), and

D ∈ O×Fv
for all v | p.

Fix the embedding of algebraic groups

ιG : U(1)× U(1) ↪−→ U
(

1
−1

) (
1
√
−D

1 −
√
−D

)−1

∗
(

1
√
−D

1 −
√
−D

)
−−−−−−−−−−−−−−−−−−−→

R
G = U

(
1

−1

)
.

(a, b) 7−→ ( a
b )

For each gf ∈ G (Af ), we can also define a map

ιG ,gf : U(1,AF )× U(1,AF ) ↪→ G (AF )
right mult by gf−−−−−−−−−−→ G (AF ).(

ιG ,gf ((a, b)(a′, b′)) = ιG (a, b)ιG ,gf (a′, b′).
)

Later gf =
⊗
v |p

(
1
2

√
−D

−
√
−D−1

2
1

)
v

.
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Doubling method formula

Let χ0 = χ | · |−
k
2

AK
(unitary character), inducing a character on the

Siegel parabolic subgroup of G

Q =
{

( a
a−1 ) ( 1 x

1 ) : a ∈ K×, x ∈ F
}
⊂ G .

Given

f (s, χ0) = ⊗fv (s, χ0) ∈ Ind
G(AF )
Q(AF ) χ0 | · |s (normalized induction),

define the Siegel Eisenstein series as

E (g , f (s, χ0)) =
∑

γ∈Q(F )\G(F )

f (s, χ0)(γg), g ∈ G (AF ).

Then
∫

U(1,F )\U(1,A)
E (ιG ,gf (a, 1), f (s, χ0)) da =??

This is a special case of doubling method formula for trivial
representation on U(1).
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In our special case, because

Q(F )\G (F ) = ιG (U(1,F )× 1) ,

the unfolding of doubling method is particularly easy.

∫
U(1,F )\U(1,A)

E (ιG ,gf (a, 1), f (s, χ0)) da

=

∫
U(1,F )\U(1,A)

∑
γ∈Q(F )\G(F )

f (s, χ0) (ιG ,gf (a, 1)) da

=

∫
U(1,F )\U(1,A)

∑
λ∈U(1,F )

f (s, χ0) (ιG (λ, 1) ιG ,gf (a, 1)) da

=

∫
U(1,AF )

f (s, χ0) (ιG ,gf (a, 1)) da

=
∏
v

Zv (fv (s, χ0), triv)

with Zv (fv (s, χ0), triv) =

∫
U(1,Fv )

f (s, χ0) (ιG ,gf (a, 1)) da.

In general Q(F )\G (F )/(Im ιG )(F ) has more than one orbit, some
analysis is needed to throw away orbits other than 1.
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In general Q(F )\G (F )/(Im ιG )(F ) has more than one orbit, some
analysis is needed to throw away orbits other than 1.



Doubling method formula

∫
U(1,F )\U(1,A)

E (ιG ,gf (a, 1), f (s, χ0)) da =
∏
v

Zv (fv (s, χ0), triv)
(∗)∼ L(s +

1

2
, χ0)

Zv (fv (s, χ0), triv) =

∫
U(1,Fv )

f (s, χ0) (ιG ,gf (a, 1)) da

⇒ One can p-adically interpolate L-values by p-adically
interpolating Eisenstein series.

(∗) is a purely local problem and is via either directly computing
the locla zeta integral Zv (fv (s, χ0), triv) (as we will see later), or
citing results from general theory of doubling method for place v
where everything is unramified.
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Strategy for constructing Lc

(1) For each χ of our interest, pick fv (s, χ0)∈ Ind
G(AF )
Q(AF ) χ0 | · |s (only

dependent on χ0 = χ | · |−
k
2

AK
).

(2) Compute the β-th Fourier coefficients (β ∈ F ) of
E (·, fv (s, χ0))|s= k

2−
1
2

and show that (after suitable normalization) they are interpolated
by a p-adic measure on K×\A×K ,f /U

p
c .

(3) Theory of p-adic forms + unit root/C∞-splitting ⇒ p-adic measure
valued in p-adic forms on G .

(4) Unit root/CM splitting ⇒ geometric interpretation of integration
over U(1,F )\U(1,AF ) ⇒ p-adic measure valued in Qp. (In fact the

integral is a finite sum over U(1,F )\U(1,AF )/Up
c ×

∏
v |p O

×
F ,v ).

(5) Compute local zeta integrals to get exact evaluation formulas.

(5) for archimedean nonvanishing ⇒ (1) for archimedean,
(1) for archimedean+(2) p-adic interpolatablity ⇒ (1) for places above p,
(3)(4) mostly about geometry
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Choice of fv(s, χ0): unramified & archimedean

Set mD,v =
[
valv (D)

2

]
.

fv
(
s, χ−1

0

)
v /∈ SF , split
or ramified or
inert & v - 2

fv (s, χ0)(g) = f urv (s, χ0)

((
$v

$−1
v

)−mD,v

g
(
$v

$−1
v

)mD,v
)

v | 2 inert

fv (s, χ0)(g) = f urv (s, χ0)

((
1 1

2

0 1
2

)−1 ($v

$−1
v

)−mD,v

g
(
$v

$−1
v

)mD,v
(

1 1
2

0 1
2

))
v = σ = τ |F
archimedean,
τ ∈ Σ

fv (s, χ0)
(
g =

(
a b
c d

))
=(det g)k+2dτ

(
cτ(
√
−D) + d

)−k−2dτ |cτ(
√
−D) + d |−s−

1
2 + k

2 +dτ
C



Unramified sections

Recall the embedding

U(1)× U(1) ↪−→U
(

1
−1

) (
1
√
−D

1 −
√
−D

)−1

∗
(

1
√
−D

1 −
√
−D

)
−−−−−−−−−−−−−−−−−−−→

R
local zeta integrals com-
puted in references of
representation theory

G = U
(

1
−1

)
Siegel Eisenstein se-
ries usually studied

.

The map R does not send standard maximal compact subgroups
to standard maximal compact subgroups.

The conjugation by
(
$v

$−1
v

)mD,v

is to balance the fact that D

might not be an optimal choice. The conjugation by

(
1 1

2

0 1
2

)
at

v | 2 inert is to deal with det
(

1
√
−D

1 −
√
−D

)
= −2

√
−D.
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Archimedean sections
For an archimedean place σ : F ↪→ Q and τ ∈ Σ, τ |F = σ,

χσ(x) = xk+dτ x−dτ .

We want a section in Ind
G(R)
Q(R) χσ fixed by the right translation of

ιG (U(1,R), 1).

Write g =
(
a b
c d

)
.

action by
ιG (U(1)× U(1))

weight (in usual
sense) for Siegel
Eisenstein series

(det g)k+dτ(
cτ(
√
−D) + d

)−k (dτ , k + dτ ) k

oo
fσ(s, χ0)|s= k

2−
1
2
(g) =

��

(det g)k+2dτ(
cτ(
√
−D) + d

)−k−2dτ

|c(τ(
√
−D) + d |dτC

(0, k + 2dτ ) k + 2dτ
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Sections at places in Sf , “big cell” sections

Given Schwartz function αv on F×v , define (writing g =
(
a b
c d

)
∈ G (Fv ))

I v = ww split,

f αv (s, χ0)(g) = αv (c−1d) · χ0,w (c−1 det g)χ0,w (c−1) |c−2 det g |s+ 1
2

v .(
Here G(Fv ) = GL(2,Fv ),

(
IndG

Q χ0| · |sAE

)
v

= Ind
GL(2,Fv )
B(Fv )

(
χ0,w | · |sv , χ−1

0,w | · |
−s
v

)
.
)

I v = w inert. Define

f αv (s, χ0)(g) = αv (c−1d) · χ0,w (c−1 det g) |c−1 det g |s+ 1
2

w .

G (Fv ) = Q(Fv )
∐

Q(Fv )
( −1

1

)
Q(Fv )︸ ︷︷ ︸

big cell

Later we will see that the local Fourier coefficient indexed by
β ∈ F for the “big cell” section is simply α̂v (β).
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Choice of fv(s, χ0): v ∈ Sf

Set χF = χ|AF
.

αχ0,v

v | p, v = ww ,
w ∈ Σp

(
χ0,w (2

√
−D)1O×Fv

· χ0,w

)∧

v ∈ SF
f ,

v - p∞,
v = ww ,
split

w ∈ S ,
w /∈ S

χF
0,v

(
$
−mD,v
v

√
−D
)−1

χ0,w ($v )−cw |$v |
−cw (s+ 1

2 )
v

× 1
$
−mD,v
v

√
−D (1+$cw

v OFv )

w ,w
∈ S

χF
0,v (2) |$v |−2s max{cw ,cw}

v · 1$−max{cw ,cw}O×Fv
· χF ,−1

0,v

v ∈ SF
f inert χF

0,v (2) |$v |−2s cw
v

]U(1, κv )

]κ×v
· 1$−cwO×Fv

· χF ,−1
0,v



(p-adic) Fourier coefficients of Siegel Eisenstein series

Given β ∈ F , let

Eβ (g , f (s, χ0)) =

∫
F\AF

E (( 1 x
1 ) g , f (s, χ0)) ψ

(
−TrAF /AQβx

)
dx .

For p-adic interpolation, it suffices to look at

Eβ (g , f (s, χ0))|s= k
2
− 1

2
,

for g =
(
a 0
0 d

)
∈ G (AF ) with av = 1 for all v | p.
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(p-adic) Fourier coefficients of Siegel Eisenstein series
Our choice of sections at places above p ⇒
I If β = 0, then Eβ (g , f (s, χ0)) = 0 if gv is upper triangular for

some v |p.
I If β 6= 0, then

Eβ (g , f (s, χ0)) =
∏
v

Wβ,v (gv , fv (s, χ0))

Wβ,v (gv , fv (s, χ0)) =

∫
Fv

fv (s, χ0)
((

0 −1
1 x

)
g
)
ψqv

(
−TrFv/Qqv

βx
)
dx .

Our choice of archimedean sections sections ⇒
I Wβ,σ (gσ, fσ(s, χ0))|s= k

2
− 1

2
= 0 unless σ(β) > 0.

In the following, we assume

av = 1 for all v | p, σ(β) > 0 for all σ : F ↪→ R.

Define
dv (s, χ0) := Lv (2s + 1, χF

0 ).
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Fourier coefficient: unramified places
d = differential ideal of F .

Wβ,v

(( av
dv

)
, fv (s, χ0)

)
v /∈ SF split,
v = ww

dv (s, χ0)−1 · χ0,w (dv )|dv |
s− 1

2
v · χ0,w (av )−1|av |

−s+ 1
2

v

× 1d−1
v

($
2mD,v
v d−1

v βav )

valv(d−1
v βav ·dv)∑
j=0

(
χF

0,v ($v )|$v |2sv
)j−2mD,v

v /∈ SF

inert &v - 2
or ramified,
w | v

dv (s, χ0)−1 · χ0,w (av )−1|av |
−s+ 1

2
v

× 1d−1
v

($
2mD,v
v avβav )

valv (avβav ·dv )∑
j=0

(
χF

0,v ($v )|$v |2sv
)j−2mD,v

v | 2 inert
dv (s, χ0)−1 · χ0,w (2av )−1|2av |

−s+ 1
2

v · ψ2(−TrFv/Q2
β/2)

× 1d−1
v

(2$
2mD,v
v avβav )

valv (2avβav ·dv )∑
j=0

(
χF

0,v ($v )|$v |2sv
)j−2mD,v



Fourier coefficients: archimedean places

σ = τ |F , τ ∈ Σ. Denote

f t1,t2,t3
σ

(
g =

(
a b
c d

))
= (det g)t1

(
cτ(
√
−D) + d

)t2 |cτ(
√
−D) + d |t3

C

Then
fσ(s, χ0)|s= k

2
− 1

2
= f k+2dτ ,−k−2dτ , dτ

σ

Well known: σ(β) > 0 for all σ,

Wβ,σ

((
a b
c d

)
, f t1,t2,0
σ

)
=

(2πi)−t2

Γ(−t2)
σ(β)−t2−1 · (det g)t1

(
cτ(
√
−D) + d

)t2

× e2πi ·σ(β)
(
aτ(
√
−D)+b

)(
cτ(
√
−D)+d

)−1

.

How to obtain Wβ,σ for t3 6= 0 from results on t3 = 0?



Fourier coefficients: archimedean places

σ = τ |F , τ ∈ Σ. Denote

f t1,t2,t3
σ

(
g =

(
a b
c d

))
= (det g)t1

(
cτ(
√
−D) + d

)t2 |cτ(
√
−D) + d |t3

C

Then
fσ(s, χ0)|s= k

2
− 1

2
= f k+2dτ ,−k−2dτ , dτ

σ

Well known: σ(β) > 0 for all σ,

Wβ,σ

((
a b
c d

)
, f t1,t2,0
σ

)
=

(2πi)−t2

Γ(−t2)
σ(β)−t2−1 · (det g)t1

(
cτ(
√
−D) + d

)t2

× e2πi ·σ(β)
(
aτ(
√
−D)+b

)(
cτ(
√
−D)+d

)−1

.

How to obtain Wβ,σ for t3 6= 0 from results on t3 = 0?



Fourier coefficients: archimedean places

σ = τ |F , τ ∈ Σ. Denote

f t1,t2,t3
σ

(
g =

(
a b
c d

))
= (det g)t1

(
cτ(
√
−D) + d

)t2 |cτ(
√
−D) + d |t3

C

Then
fσ(s, χ0)|s= k

2
− 1

2
= f k+2dτ ,−k−2dτ , dτ

σ

Well known: σ(β) > 0 for all σ,

Wβ,σ

((
a b
c d

)
, f t1,t2,0
σ

)
=

(2πi)−t2

Γ(−t2)
σ(β)−t2−1 · (det g)t1

(
cτ(
√
−D) + d

)t2

× e2πi ·σ(β)
(
aτ(
√
−D)+b

)(
cτ(
√
−D)+d

)−1

.

How to obtain Wβ,σ for t3 6= 0 from results on t3 = 0?



Fourier coefficients: archimedean places

σ = τ |F , τ ∈ Σ. Denote

f t1,t2,t3
σ

(
g =

(
a b
c d

))
= (det g)t1

(
cτ(
√
−D) + d

)t2 |cτ(
√
−D) + d |t3

C

Then
fσ(s, χ0)|s= k

2
− 1

2
= f k+2dτ ,−k−2dτ , dτ

σ

Well known: σ(β) > 0 for all σ,

Wβ,σ

((
a b
c d

)
, f t1,t2,0
σ

)
=

(2πi)−t2

Γ(−t2)
σ(β)−t2−1 · (det g)t1

(
cτ(
√
−D) + d

)t2

× e2πi ·σ(β)
(
aτ(
√
−D)+b

)(
cτ(
√
−D)+d

)−1

.

How to obtain Wβ,σ for t3 6= 0 from results on t3 = 0?



Differential operator/Lie algebra action

Recall R : U
(

1
−1

)
→ U

( −1
1

)
. Let

L+ = R ( 0 0
1 0 ) =

(
1
√
−D

1 −
√
−D

)−1

( 0 0
1 0 )

(
1
√
−D

1 −
√
−D

)
=

(
1
2

√
−D
2

−
√
−D−1

2 − 1
2

)
.

The action of L+ ∈ LieG by right translation is
(
g =

(
a b
c d

))
L+ =

1

2

(
a
√
−D − b

)(√
−D
−1 ∂

∂a
+

∂

∂b

)
+

1

2

(
c
√
−D − d

)(√
−D
−1 ∂

∂c
+

∂

∂d

)
.

In particular,

τ(L+)d · f t1,t2,t3
σ =

Γ(−t2 − t3 + d)

Γ(−t2 − t3)
· f t1+d , t2−2d , t3+d
σ
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Differential operator/Lie algebra action

action by
ιG (U(1)× U(1))

weight (in usual
sense) for Siegel
Eisenstein series

τ(L+)dτ

��

(det g)k+dτ(
cτ(
√
−D) + d

)−k (dτ , k + dτ ) k

oo
fσ(s, χ0)|s= k

2−
1
2
(g) =

��

(det g)k+2dτ(
cτ(
√
−D) + d

)−k−2dτ

|c(τ(
√
−D) + d |dτC

(0, k + 2dτ ) k + 2dτ

⇒

fσ(s, χ0)|s= k
2−

1
2

= f k+2dτ ,−k−2dτ , dτ
σ =

Γ(k)

Γ(k + dτ )
· τ(L+)dτ · f k+dτ ,−k, 0

σ

Wβ,σ (g , fσ(s, χ0))|s= k
2−

1
2

=
Γ(k)

Γ(k + dτ )
· τ(L+)dτ ·Wβ,σ

(
g , f k+dτ ,−k, 0

σ

)
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Fourier coefficients: archimedean places

Wβ,σ (g , fσ(s, χ0))|s= k
2−

1
2

=
Γ(k)

Γ(k + dτ )
· τ(L+)dτ ·Wβ,σ

(
g , f k+dτ ,−k, 0

τ

)
Wβ,σ

((
a b
c d

)
, f k+dτ ,−k, 0
τ

)
=

(2πi)k

Γ(k)
σ(β)k−1 · (det g)k+dτ

(
cτ(
√
−D) + d

)−k
× e2πi·σ(β)

(
aτ(
√
−D)+b

)(
cτ(
√
−D)+d

)−1

L+

(
c
√
−D + d

)
=0, L+(c

√
−D + d) = (− det g)

(
c
√
−D + d)

)
,

L+

(
e

2πi·β a
√
−D+b

c
√
−D+d

)
= 2πi · β · 2

√
−D det g (c

√
−D + d)−2 e

2πi·β a
√
−D+b

c
√
−D+d

=⇒
Wβ,σ (g , fσ(s, χ0))|s= k

2−
1
2

=
(2πi)k+dτ

Γ(k + 2dτ )
·
(

2τ(
√
−D)

)dτ
σ(β)k+dτ−1 · (det g)k+2dτ

(
cτ(
√
−D) + d

)−k−2dτ

×

(
1 + λ1

|cτ(
√
−D) + d |C

4πσ(
√
D)

+ · · ·+ λdτ

(
|cτ(
√
−D) + d |C

4πσ(
√
D)

)dτ
)

× e2πi·σ(β)
(
aτ(
√
−D)+b

)(
cτ(
√
−D)+d

)−1



Fourier coefficients: archimedean places

Wβ,σ (g , fσ(s, χ0))|s= k
2−

1
2

=
Γ(k)

Γ(k + dτ )
· τ(L+)dτ ·Wβ,σ

(
g , f k+dτ ,−k, 0

τ

)
Wβ,σ

((
a b
c d

)
, f k+dτ ,−k, 0
τ

)
=

(2πi)k

Γ(k)
σ(β)k−1 · (det g)k+dτ

(
cτ(
√
−D) + d

)−k
× e2πi·σ(β)

(
aτ(
√
−D)+b

)(
cτ(
√
−D)+d

)−1

L+

(
c
√
−D + d

)
=0, L+(c

√
−D + d) = (− det g)

(
c
√
−D + d)

)
,

L+

(
e

2πi·β a
√
−D+b

c
√
−D+d

)
= 2πi · β · 2

√
−D det g (c

√
−D + d)−2 e

2πi·β a
√
−D+b

c
√
−D+d

=⇒
Wβ,σ (g , fσ(s, χ0))|s= k

2−
1
2

=
(2πi)k+dτ

Γ(k + 2dτ )
·
(

2τ(
√
−D)

)dτ
σ(β)k+dτ−1 · (det g)k+2dτ

(
cτ(
√
−D) + d

)−k−2dτ

×

(
1 + λ1

|cτ(
√
−D) + d |C

4πσ(
√
D)

+ · · ·+ λdτ

(
|cτ(
√
−D) + d |C

4πσ(
√
D)

)dτ
)

× e2πi·σ(β)
(
aτ(
√
−D)+b

)(
cτ(
√
−D)+d

)−1



Fourier coefficients: archimedean places

Wβ,σ (g , fσ(s, χ0))|s= k
2−

1
2

=
Γ(k)

Γ(k + dτ )
· τ(L+)dτ ·Wβ,σ

(
g , f k+dτ ,−k, 0

τ

)
Wβ,σ

((
a b
c d

)
, f k+dτ ,−k, 0
τ

)
=

(2πi)k

Γ(k)
σ(β)k−1 · (det g)k+dτ

(
cτ(
√
−D) + d

)−k
× e2πi·σ(β)

(
aτ(
√
−D)+b

)(
cτ(
√
−D)+d

)−1

L+

(
c
√
−D + d

)
=0, L+(c

√
−D + d) = (− det g)

(
c
√
−D + d)

)
,

L+

(
e

2πi·β a
√
−D+b

c
√
−D+d

)
= 2πi · β · 2

√
−D det g (c

√
−D + d)−2 e

2πi·β a
√
−D+b

c
√
−D+d

=⇒
Wβ,σ (g , fσ(s, χ0))|s= k

2−
1
2

=
(2πi)k+dτ

Γ(k + 2dτ )
·
(

2τ(
√
−D)

)dτ
σ(β)k+dτ−1 · (det g)k+2dτ

(
cτ(
√
−D) + d

)−k−2dτ

×

(
1 + λ1

|cτ(
√
−D) + d |C

4πσ(
√
D)

+ · · ·+ λdτ

(
|cτ(
√
−D) + d |C

4πσ(
√
D)

)dτ
)

× e2πi·σ(β)
(
aτ(
√
−D)+b

)(
cτ(
√
−D)+d

)−1



Fourier coefficients: archimedean places

Wβ,σ (g , fτ (s, χ0))|s= k
2−

1
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=
(2πi)k+dτ

Γ(k + 2dτ )︸ ︷︷ ︸
divide to normalize

Eis series
appearing in period

·
(

2τ(
√
−D)

)dτ
σ(β)k+dτ−1︸ ︷︷ ︸

appearing in p-adic
q-expansion

(det g)k+2dτ
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cτ(
√
−D) + d

)−k−2dτ

×
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1 + λ1
|cτ(
√
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4πσ(
√
D)

+ · · ·+ λdτ
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4πσ(
√
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)dτ

︸ ︷︷ ︸
irrelevant/disappearing when viewed as p-adic form
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× e2πi·σ(β)
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√
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)(
cτ(
√
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)−1
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appearing in p-adic
q-expansion

(det g)k+2dτ
(
cτ(
√
−D) + d

)−k−2dτ
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(

1 + λ1
|cτ(
√
−D) + d |C

4πσ(
√
D)

+ · · ·+ λdτ

(
|cτ(
√
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4πσ(
√
D)

)dτ

︸ ︷︷ ︸
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Fourier coefficients: v ∈ SF
f :

Easy computation shows

Wβ,v

(( av
dv

)
, f αv (s, χ0)

)
= α̂v (d−1

v βav ) ·

{
χ0,w (dv )|dv |

s− 1
2

v χ0,w (av )−1|av |
−s+ 1

2
v , v split

χ0,w (av )−1|av |
−s+ 1

2
w , v inert
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α̂v (x) =
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Fv
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−TrFv/Qqv

xy
)
dy .



β-th coefficient in p-adic q-expansion

Combining above results at each place, we get formula for the β-th
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∑

dτ
· dSF

(s, χ0) E (·, f (s, χ0))|s= k
2
− 1

2

(nearly holomorphic form viewed as p-adic form)

at the (p-adic) cusp corresponding to ( a
d )f .



β-th coefficient in p-adic q-expansion
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∑
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∏
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∏
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Choice of α̂χ0,v , v | p
The criterion for choosing α̂χ0,v , v | p, is to make
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(
d−1
v β

) ∏
σ=τ |F :F ↪→Q
vσ=v , τ∈Σ

(
2τ(
√
−D)

)dτ
σ(β)k+dσ−1

interpolated by a p-adic measure on K×\A×K ,f /U
p
c .

Rewrite the above expression as

χw (d−1
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d−1
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σ=τ |F :F ↪→Q
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2τ(
√
−D)
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σ(β)k+dσ−1
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√
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−D)
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d−1
v β

)
= χw (2

√
−D)

⇒ a natural choice: α̂χ0,v = χw (2
√
−D) · 1O×Fv · χw
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Choice of α̂χ0,v , v | p

want: χw (d−1
v β)−1 α̂χ0,v

(
d−1
v β

)
= χw (2

√
−D)

a natural choice: α̂χ0,v = χw (2
√
−D) · 1O×Fv

· χw

Essentially we want α̂χ0,v ∼ χw . However, In order to make χw a
Schwartz function on Fv , one must cut off in the direction towards
both 0 and infinity. One natural choice for this cut-off is by 1O×Fv

.



β-th coefficient in p-adic q-expansion∏
v |2 inert

χF
p-adic,v (2)−1|2|v ψv (−TrFv/Q2β/2) · χp-adic(dp

f )|dp
f |
−1
Ap

F

×
∏
v -SF

1OFv

(
$lv+2mD,v · β

) lv∑
j=1

(
χF
p-adic,v ($v )|$v |−1

v

)j−2mD,v

×
∏
v |p

w |v ,w∈Σp

χp-adic,w (2
√
−D) · 1O×Fv

(
d−1
v β

)
· χp-adic,w (β)

×
∏

v∈SF,p∞

α̂χ0,v

(
d−1
v βav

)

From our choice of αχ0,v , calculation of Fourier transform gives
α̂χ0,v

(
d−1
v βav

)

=


χF
v ($
−mD,v
v

√
−D)χw ($v )−cw |$v |cwv · ψqv

(
−TrFv/Qqv

β
)
1
$
−cw
v d

−1
v

(β), w ∈ S, w /∈ S

χ
F
v (2) · ε

(
0, χF

v , ψqv
◦ TrFv/Qqv

)
· 1
$

max{cw ,cw}−cχ,v d
−1
v O

×
Fv

(β) · χF
v (dvβ), w,w ∈ S, w 6= w

χF
v (2)

] U(1,κv )

]κ
×
v
· ε
(

0, χF
v , ψqv

◦ TrFv/Qqv

)
· 1
$

cw−cχ,w d
−1
v O

×
Fv

(dvβ), w ∈ S, w = w

Every term can be realized as δ-measure at β, powers of $v ...
Their products can be achieved by convolution of p-adic measures.
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Choice of αχ0,v :

I At v | p, we choose α̂χ0,v such that it aligns with factor from
archimedean Fourier coefficient to constitute a p-adic measure
on K×\A×K ,f /U

p
c .

I At v ∈ SF , p∞, we choose αχ0,v so that the local zeta
integrals give the desired factors. (In general case, this has
not yet been achieved. A coarse “volume section” is used.)



Eisenstein measure and p-adic L-function

By our choice of f (s, χ0) ∈ Ind
G(Q)
Q(A) χ0| · |sAK

, the Eisenstein series

on G = U
(

1
−1

)
E (·, f (s, χ0))|s= k

2
− 1

2

is nearly holomorphic (of weight (k + 2dτ )τ∈Σ).

View∏
Γ(k + 2dτ )

(2πi)k[F :Q]+
∑

dτ
dSF

(s, χ0) E (·, f (s, χ0))|s= k
2
− 1

2
(1)

as p-adic form.

The above discussion shows that when χ varies among all algebraic
characters onK×\A×K /U

p
c with χ∞∼ (k + dτ ,−dτ )τ∈Σ, k ≥ 1, dτ ≥ 0,

the β-th Fourier coefficient in the p-adic q-expansion of (1) at
( a

d )f (β ∈ F , av = 1 for all v | p) is interpolated by a p-adic
measure on K×\A×K ,f /U

p
c .
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Eisenstein measure and p-adic L-function
By our analysis of the Fourier coefficients and the q-expansion principle
for p-adic forms on U

(
1

−1

)
,

∏
Γ(k+2dτ )

(2πi)k[F :Q]+
∑

dτ
dSF

(s, χ0)

× E (·, f (s, χ0))|s= k
2−

1
2

∣∣∣∣∣∣
χ : K×\A×K /U

p
c → C×

algebraic with infinite type
(k + dτ ,−dτ )τ∈Σ, k ≥ 1, dτ ≥ 0


interpolating q-expansions
��

µE,c ∈ M eas
(
K×\A×K ,f /U

p
c , VG ,Γ1(c),p-adic

)
p-adic measures valued in VG ,Γ1(c),p-adic, the space

of p-adic forms on G = U
(

1
−1

)
of tame level Γ1(c)

via our picked ι̃G : [U(1)] ↪→ [G ]ord
��

Res (µE,c) ∈ M eas
(
K×\A×K ,f /U

p
c , C

∞
c (U(1,F )\U(1,AF )/Uc)

)

full level at p, finit set

Lc ∈ M eas
(
K×\A×K ,f /U

p
c , Qp

)
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Evaluations of Lc

We pick ι̃G = ιG ,gf , gf =
⊗
v |p

(
1
2

√
−D

−
√
−D−1

2
1

)
v

.

Assume that the Hecke character χ : K×\A×K /U
p
c → C× is algebraic

with ∞-type (k + dτ ,−dτ )τ∈Σ, k ≥ 1, dτ ≥ 0, and p-adic avatar
χp-adic : K×\A×K ,f /U

p
c → Q×p .

By our construction,

Lc (χp-adic) =

(
2πi

Ωp

Ω∞

)k[F :Q]+2
∑

dτ ∏
Γ(k + 2dτ )

(2πi)k[F :Q]+
∑

dτ
· dSF

(s, χ0)

×
∫

U(1,F )\U(1,AF )

E (ιG (a, 1), f (s, χ0)) da

∣∣∣∣∣
s= k

2−
1
2

.

In fact

Lc(χp-adic) · ek[F :Q]+2
∑

dτ
p-adic-HT = red part · ek[F :Q]+2

∑
dτ

Tate ,

eTate = 2πi · eupper-half-plane,

eCM = Ω∞ · eupper-half-plane = Ωp · ep-adic-HT
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E (ιG (a, 1), f (s, χ0)) da =
∏
v

Zv (fv (s, χ0), triv) ,

Zv (fv (s, χ0), triv) =

∫
U(1,F×v )

fv (s, χ0) (ιD(a, 1)) da.

⇒ Formulas for interpolation property of Lc reduce to computing local
zeta integrals.
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Local zeta integrals

Zv (fv (s, χ0), triv) =

∫
U(1,F×v )

fv (s, χ0) (ιD(a, 1)) da

I v /∈ SF , v = ww split
I v /∈ SF inert, w | v

I v - 2

I v | 2

(extra conjugation by
(

1 1
2

0 1
2

)
in fv (s, χ0))

I v /∈ SF , v = w2 ramified

I v archimedean

I v | p
I v ∈ SF ,p∞, v = ww split

I w ∈ S , w /∈ S
I w ,w ∈ S

I v ∈ SF ,p∞ inert
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Local zeta integrals at v | p

Zv (fv (s, χ0), triv) = χF
v (−1) γw

(
s +

1

2
, χ0,w , ψp ◦ TrFv/Qp

)−1

, v = ww , w ∈ Σp

I fv (s, χ0)
(
g =

(
a b
c d

))
= f αχ0,v (s, χ0)(g)

=χ−1
0,w (c−1)χ0,w (c−1 det g) |c−2 det g |s+ 1

2
v · αχ0,v (c−1d)

(
a b
c d

)
I

α̂χ0,v =χw (2
√
−D) · 1O×Fv · χw ,

αχ0,v (x) =χw (2
√
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∫
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TrFv/Qp

xy
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dy
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0,w (x) |x |−1
v
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Local zeta integrals at v ∈ SF , v - p∞

I v = ww split, w ∈ S , w /∈ S :

αχ,v = χF
0,v

(
$
−mD,v
v

√
−D
)−1

χ0,w ($v )−cw |$v |
−cw (s+ 1

2 )
v ·1

$
−mD,v
v

√
−D (1+$cw

v OFv )

Zv (f αχ,v (s, χ0), triv) = Lw

(
s +

1

2
, χ0

)
I v = ww split, w ,w ∈ S :

αχ,v = χF
0,v (2) |$v |max{cw ,cw}

v · 1$−max{cw ,cw}O×Fv
· χF ,−1

v

Zv (f αχ,v (s, χ0), triv) = 1

I v inert:

αχ,v = χF
0,v (2) |$v |cwv

]U(1, κv )

]κ×v
· 1$−2cwO×Fv

· χF ,−1
v

Zv (f αχ,v (s, χ0), triv) = 1
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Local zeta integrals: summary

I v /∈ SF , ηv =
{ 1, v split or inert

1
2 , v ramified

:

Zv (fv (s, χ0), triv) = ηv · dv (s, χ0)−1 Lw

(
s +

1

2
, χ0

)
Lw

(
s +

1

2
, χ0

)
I v archimedean: Zv (fv (s, χ0), triv) = 1

I v | p, v = ww , w ∈ Σp:

Zv (fv (s, χ0), triv) = χF
v (−1) γw

(
s +

1

2
, χ0,w , ψp ◦ TrFv/Qp

)−1

I v ∈ SF , v = ww split, w ∈ S , w /∈ S :

Zv (f αχ,v (s, χ0), triv) = Lw

(
s +

1

2
, χ0

)
I v ∈ SF , p∞, v = ww split, w ,w ∈ S , or inert:

Zv (fv (s, χ0), triv) = 1



Evaluations of Lc

Doubling method formula + results on local zeta integrals ⇒∫
U(1,F )\U(1,AF )

E (ιG (a, 1), f (s, χ0)) da =
∏
v

Zv (fv (s, χ0), triv)

=
2−] ramK/F

dSF (s, χ0)−1

∏
v |p

χF
v (−1)

∏
w∈Σp

γw

(
s +

1

2
, χ0, ψp ◦ TrFv/Qp

)−1

LS
(
s +

1

2
, χ0

)
.

Recall that by construction,

Lc (χp-adic) =

(
2πi

Ωp

Ω∞

)k[F :Q]+2
∑

dτ ∏
Γ(k + 2dτ )

(2πi)k[F :Q]+
∑

dτ
dSF

(s, χ0)

×
∫

U(1,F )\U(1,AF )
E (ιG (a, 1), f (s, χ0)) da

∣∣∣∣∣
s= k

2
− 1

2

,

if χ : K×\A×K /U
p
c → C× with χ∞ ∼ (k + dτ ,−dτ )τ∈Σ, k ≥ 1, dτ ≥ 0.
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