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1. Refining the Euler characteristic 2. More algebra and mathematical physics 3. Interpretation in CFT

1. Refining the Euler characteristic: Complex elliptic genus
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is the complex elliptic genus of M.
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1. Properties of the complex elliptic genus

Properties:

• E(M; ⌧, z) arises from a regularized U(1)-equivariant index of a Dirac
operator on the loop space of M

• using the splitting principle, c(T ) =
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j

),
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·
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�
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a weak Jacobi form (weight 0, index D

2 ) with respect to SL2(Z)
• it’s a genus with values in the ring of weak Jacobi forms of weight 0
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1. Refining the Euler characteristic 2. More algebra and mathematical physics 3. Interpretation in CFT

1. Refining �(M): The (geometric) Hodge elliptic genus

Definition

[Kachru/Tripathy16]

E
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as before, E
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= y� D

2
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q`(�y)mT`,m,
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� D

2
P̀
,m
q`(�y)m
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Theorem [Kachru/Tripathy16]
If M is a complex torus or a K3 surface, then EHEG(M; ⌧, z , ⌫) is an
invariant (that is, independent of the complex structure).
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1. Refining the Euler characteristic 2. More algebra and mathematical physics 3. Interpretation in CFT

2. Attaching vertex operator algebras to M

The basic building block: bc � �� system E

a: (complex) Heisenberg algebra with basis (�
n

, �
m

, 1)
n,m2Z,

8n,m 2 Z: [�
n

, �
m

] = �
n+m,0 · 1, and all other [x

n

, y
m

] = 0
a�: sub Lie algebra with basis (�

n

, �
m

, 1)
n0,m<0

C := spanC(⌦), 8n  0: �
n

.⌦ = 0, 8m < 0: �
m

.⌦ = 0, 1.⌦ = ⌦
F := indaa�(C) ⇠= C[�1, �2, �3, . . . , �0, �1, �2, . . .]

F carries the structure of a vertex operator algebra (VOA),
generated by two free bosonic fields �(x), �(x) 2 EndC(F )[[x±1]];

introducing free fermions along the same lines, get a Fock space E � F ,
b(x), c(x) 2 EndC(E )[[x±1]] — altogether, a bc � �� system E .

For U ⇢ M: holomorphic coordinate chart with E
q,�y |U ⇠= U ⇥ E,

E a super-module of the super-VOA E⌦D .

[Dong/Liu/Ma02], using the SU(D)-holonomy of M, obtain
an SU(D)-principal bundle of E⌦D -modules associated to E

q,�y

.

But: In TQFT, we need to include the zero modes �(j)
0 .
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1. Refining the Euler characteristic 2. More algebra and mathematical physics 3. Interpretation in CFT

2. The chiral de Rham complex

Definition [Malikov/Schechtman/Vaintrob99]
chiral de Rham complex ⌦ch

M

: sheaf of super-VOAs over M,
for any holomorphic coordinate chart U ⇢ M: ⌦ch

M

(U) :=E⌦D .

Theorem [Malikov/Schechtman/Vaintrob99; Borisov/Libgober00]
H⇤(M,⌦ch

M

) (sheaf cohomology) is a topological N = 2 superconformal VOA.
⌦ch

M

is filtered with associated graded E
q,�y

(q $ Ltop0 , y $ J0).

Consequence: E(M; ⌧, z) = y� D

2
P

j

(�1)j tr
H

j (M,⌦ch
M

)

⇣
(�y)J0qL

top

0

⌘
| {z }

6= gr-dim
�
H

j (M,E
q,�y

)
�
, in general

,

Definition [W17] chiral Hodge elliptic genus:

EHEG,ch(M; ⌧, z , ⌫):= (uy)�
D

2
P

j

(�u)j tr
H

j (M,⌦ch
M

)

⇣
(�y)J0qL

top

0

⌘
.

Results [W17] on EHEG,ch(M; ⌧, z , ⌫) (using [Creutzig/Höhn14, Song16]):
If M is a complex torus, then EHEG,ch(M; ⌧, z , ⌫) agrees with EHEG(M; ⌧, z , ⌫);

if M is a K3 surface, then it is an invariant, di↵erent from EHEG(M; ⌧, z , ⌫).
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Results [W17] on EHEG,ch(M; ⌧, z , ⌫) (using [Creutzig/Höhn14, Song16]):
If M is a complex torus, then EHEG,ch(M; ⌧, z , ⌫) agrees with EHEG(M; ⌧, z , ⌫);

if M is a K3 surface, then it is an invariant, di↵erent from EHEG(M; ⌧, z , ⌫).
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3. Interpretation in (2d unitary, Euclidean) SCFT

Fact:
C: a superconformal field theory (SCFT) at central charge c = 3D, D 2 N

(assuming N = (2, 2) worldsheet SUSY and spacetime SUSY)
=) commuting J0, Ltop0|{z}

L0� 1
2 J0

, eJ0, eLtop0|{z}
e
L0� 1

2
e
J0

act on the space of states,

as well as A, an extended N = 2 SCA with c = 3D, J0, L0 2 A.

Then H := ker(eLtop0 ) is an sVOA, and

ECFT(C; ⌧, z) := trH
⇣
(�1)J0�

e
J0y J0�c/6qL

top

0

⌘
2 y�D/2 · Z[[q, y±1]]

is a weak Jacobi form of weight 0 and index D

2 , the CFT elliptic genus.

Expectation:
Such an SCFT C exists “for every M” as above, ECFT(C; ⌧, z) = E(M; ⌧, z).
This expectation holds true if M is a complex torus or a K3 surface.

Definition [Kachru/Tripathy16]
Conformal field theoretic Hodge elliptic genus:

EHEG
CFT (C; ⌧, z , ⌫):= trH

⇣
(�1)J0�

e
J0y J0�c/6u

e
J0�c/6qL

top

0

⌘
.
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3. Interpretation in CFT

Results

• [Kapustin05]: For theories C associated to M, H
large volume
������! H⇤(M,⌦ch

M

).

• For K3 theories C (c = 6):

Let H0 := the generic space of states, i.e. maximal such that at
every point of the moduli space, H0 ,! H as a representation of hA, eJ0i,

ECFT(C; ⌧, z) = trH0

⇣
(�1)J0�

e
J0y J0�c/6qL

top

0

⌘
.

[W17] (using [W00, Song16, Song17]):

Then H0
⇠= H⇤(M,⌦ch

M

)
[Song17]⇠= Mathieu Moonshine module predicted by

[Eguchi/Ooguri/Tachikawa10] and proved to exist by [Gannon12].

Open:
• Is any VOA structure of H0 compatible with the M24-action?
• Is M24 generated by symmetry surfing,

as suggested in [Taormina/W11+ · · · ]?
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Thank you
for your attention!
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