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Context: richer descriptors for data

from 1-parameter... ...to multi-parameter

curvature

v




Barcodes from decompositions (1-d)

discrete setting: M : 7Z — vectg continuous setting: M : R — vecty

— fg graded module over k|t] — pfd representation of poset (R, <)

' ' k t ; ~ rawliey-poeve
M~ k] o " tsj,[c][t] | M= ks, [Crawley-Boevey]

€1 jeJ i 1€J

‘ ‘ ‘\ indicator module

\/ ! \/ on interval IJ
dgm M: I dgm M:: I
S—— S—— Ig




Existence of decompositions (multi-d)

discrete setting: M : Z% — vecty, . continuous setting: M : R* — vecty,

— pfd representation of poset Rd, <
M ~ 69 M; (indecomposables) ( )

jed

M ~ 69 M; [Botnan, Crawley-Boevey]
jeJ

e bounded support: by recurrence

e unbounded support: [Ringel]

________________________________________________________________________________________________________________________________



Existence of decompositions (multi-d)

discrete setting: M : 7% — vecty . continuous setting: M : R* — vecty,

— pfd representation of poset (Rd, <)
M ~ 69 M; (indecomposables)

jed

M ~ 69 M; [Botnan, Crawley-Boevey]

e bounded support: by recurrence J€J

e unbounded support: [Ringel]

non-thin summands wild-type



Existence of decompositions (multi-d)

discrete setting: M : Z% — vecty, . continuous setting: M : R* — vecty,

Thm: [Cochoy, O.]

M :R? - vect, exact
<

M ~ 69 M; (indecomposables)
jed

e bounded support: by recurrence M~@,c;ks,

e unbounded support: [Ringel]

non-thin summands wild-type



Existence of decompositions (multi-d)

® :
Exactness: ./' t continuous setting: M : R% — vecty,
S :
. | Thm: [Cochoy, O]
' M : R? — vecty, exact
M (sz,ty) : M(t) .
BT vT M =~ @jEJ ks,
M (s) - M(tz, sy) B;: block \ ‘ ‘
M(s) —2 =) Mt 5,) & M (50, t,) — 2" > M(2) Im ¢ = Ker

Im ¢ C Ker v: commutativity

Im ¢ O Ker: 3 preimages in M (tz,sy) and M (sz,ty) = 3 common preimage in M (s)



Existence of decompositions (multi-d)

® :
Exactness: ./' t continuous setting: M : R% — vecty,
S :
. | Thm: [Cochoy, O]
M : R? — vecty, exact
M (s0,ty) ° = M(t) —
BT P 7/[\ M ~ @jEJ kBJ
M (s) - M(tz, sy) B;: block \ ‘ ‘ ‘
M(s) —2 =) Mt 5,) & M (50, t,) — 2" > M(2) Im ¢ = Ker

Im ¢ C Ker v: commutativity

Im ¢ O Ker): 3 preimages in M(ty,sy) and M (sz,ty) = 3 common preimage in M (s)

Imp=Im~yNIm 3§

>

Ker p = Ker a + Ker 3



Consequences

Stability of pfd zigzag modaules:

F,G : 77 — vecty AN M, N : R? — vect;, B-dec

K t.
(Kan ext.) N

° > “ . >'< . »“— e o o

Thm: [Botnan, Lesnick] [Bjerkevik]

dp(F,G) ;= dp(dgm M,dgm N) = d;(M, N)




Consequences

Stability of pfd zigzag modaules:

F,G : 77 — vecty AN M, N : R? — vect;, B-dec
(Kan ext.)
A
. —>0« o > Q< o >Qe«—— . . .
Thm: [Botnan, Lesnick] [Bjerkevik] >

dp(F,G) ;= dp(dgm M,dgm N) = d;(M, N)

Application to interlevel-sets persistence:

f,9: X — R Morse N> F,G :Int — vecty, > M,N :R2, — vecty B-dec

Ho(f~1(); k) (a,b) — (—a,b)

thm = db(dgm M, dgm N) — d@'(M, N) < Hf _ gHoo i(right Kan ext.)

M, N : R?* — vect;, B-dec
4




Consequences

Stability of pfd zigzag modaules:

F,G : 77 — vecty AN M, N : R? — vect;, B-dec
(Kan ext.)
A
. —>0« o > Q< o >Qe«—— . . .
Thm: [Botnan, Lesnick] [Bjerkevik] >

dp(F,G) ;= dp(dgm M,dgm N) = d;(M, N)

Application to interlevel-sets persistence:

f,g: X =Rpfd A~ FG:Int —vecty "> M,N :R3, — vecty exact

Hy(F71(); k) (a,b) + (—a,b)

thm + our result = dy(dgm M,dgm N) = d;(M,N) < ||f — 9|~ i(right Kan ext.)

M, N : R? — vecty, exact
4

see also [Carlsson, de Silva, Kali$nik, Morozov]



Proof of the theorem (1-d case) [Crawley-Boevey]

Overview:

1. Define a counting functor for each interval I:

Cr: vectR — vectr
k

M s k2t (mult(kr; M) := max{n | M ~ k7 & N})

2. Define an embedding operator (non-functorial) for each interval I:

M +— Mj; < M such that M7 ~ k]}nu“(k-’;M)

3. Show that M =, M7

- show that the M;'s are in direct sum

#» show that the sum of the M;'s covers M
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Counting functor (1-d case

1
a ¢ b
o Im () := ﬂ Im M (s —t) (elements alive at least since a and still at t)

a<s<t

o Im (¢) := Z Im M(s —t)  (elements born before a and still alive at t)
s<a

L Im 7 (¢)/Im ; (¢) (elements alive at ¢ that were born at a )



Counting functor (1-d case

FOr ] — (a/, b) < >
a ¢ b
o Im () := ﬂ Im M (s —t) (elements alive at least since a and still at t)

a<s<t

o Im (¢) := Z Im M(s —t)  (elements born before a and still alive at t)
s<a

o Ker T (t) := m Ker M (t — s) (elements alive at ¢ but not after b)
s>b

o Im (1) := Z Ker M (s — t) (elements alive at ¢ and dead before b)
t<s<b

L Kerf{(t)/Ker 7 (t)  (elements alive at ¢ that die at b)



Counting functor (1-d case

1
a ¢ b
o Im () := ﬂ Im M (s —t) (elements alive at least since a and still at t)

a<s<t

o Im (¢) := Z Im M(s —t)  (elements born before a and still alive at t)
s<a

o Ker T (t) := m Ker M (t — s) (elements alive at ¢ but not after b)
s>b

o Im (1) := Z Ker M (s — t) (elements alive at ¢ and dead before b)
t<s<b

Cr(t) : (Imf{(t) M Kerf{(t)) / ((Im}L(t) N Kerl_(t)) -+ (Im;(t) N Kerf{(t))

W_J

(alive at least since a but not after b) (alive since a but dead before b) + (alive until b but born before a)

6



Counting functor (1-d case

FOF I = ((1,, b) _),(_),(q_b -

Prop: Fort <t € (a,b), M(t — t') induces C;(t) — C;(t)

L Cr(M) = %1 Cr(t) ‘/\

functorial construction

Prop: dim C (M) = mult(k;; M)

Cr(t) : (Imf{(t) M Kerf{(t)) / ((Im}L(t) N Kerl_(t)) -+ (Im;(t) N Kerf{(t))

W_J

(alive at least since a but not after b) (alive since a but dead before b) + (alive until b but born before a)

6



Proof of the theorem (1-d case) [Crawley-Boevey]

Overview:

1. Define a counting functor for each interval I:

Cr: vectﬂ,if — VecCtg

M s k2t (mult(kr; M) := max{n | M ~ k7 & N})

2. Define an embedding operator (non-functorial) for each interval I:

M — Mj; < M such that M; ~ k]}n““(k“M)

3. Show that M =, M7

- show that the M;'s are in direct sum

#» show that the sum of the M;'s covers M



Embedding of summands (1-d case)

Ci(t) == (Im (t) NKer f (1)) / ((Im{ (£) N Ker; (1)) + (Im ; () N Ker { (¢))

W_J

Cy (t) Cr (1)
Cr(M) := lim C1(t) Cf (M) := lim C7 (1)

W := vector space complement of C; (M) in Cf (M) ~~> W ~ Cr(M)

M (t) := 7 (M) where the m; are the (injective) cone maps for C; (M)
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k

M s k2t (mult(kr; M) := max{n | M ~ k7 & N})
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3. Show that M =, M7

- show that the M;'s are in direct sum

#» show that the sum of the M;'s covers M



Direct sum (1-d case)

Base case: M vs. Mj; with supl # sup J

Mi)NM;E) A0

= M_r(u) M Mj(u) <0

= Mi(u) # 0 (contradiction)

10



Direct sum (1-d case)

Base case: M vs. Mj; with supl # sup J

<
1
Mj(t) ﬂ Mj(t) # O EEEEEEE
X
:> MI(’LL) ﬂ Mj(u) % O EEEEEEE J
= Mi(u) # 0 (contradiction)
Variant case: M; vs. Mj with supl = supJ and inf I # inf J
<
| Ker 7 (t) = Ker T () !
h X >
Im7(t) € Im 7 (t) L
J

=5 CH () C O (1) = Mi(t) N My(t) =0

10



Proof of the theorem (1-d case) [Crawley-Boevey]

Overview:

1. Define a counting functor for each interval I:

Cr: vectR — vectr
k

M s k2t (mult(kr; M) := max{n | M ~ k7 & N})

2. Define an embedding operator (non-functorial) for each interval I:

M +— Mj; < M such that M7 ~ k]}nu“(k-’;M)

3. Show that M =, M7

- show that the M;'s are in direct sum

% show that the sum of the M;'s covers M
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Covering M (1-d case)

Approach: show that >, My ()

Suppose X = >, M;(?)

=inf{s<t| X CImM(s—1t)}

C M(t):

= M (t) for every t € R

v:=sup{s>t|KerM(t —s) C X}

= (7

(u,v)( C X ;—b C(u V) t)

)
M) (t) € X =37, Mi(t)

(contradiction)

12



Proof of the theorem (1-d case) [Crawley-Boevey]

Overview:

1. Define a counting functor for each interval I:

Cr: vectR — vectr
k

M s k2t (mult(kr; M) := max{n | M ~ k7 & N})

2. Define an embedding operator (non-functorial) for each interval I:

M +— Mj; < M such that M7 ~ k]}nu“(k-’;M)

3. Show that M =, M7

- show that the M;'s are in direct sum

#» show that the sum of the M;'s covers M
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Proof of the theorem (exact 2-d case) [Cochoy, O]

Overview:

1. Define a counting functor for each block B:

2
Cs:|Exact vecty — vecty

M s k™ltks>M) (mult(kg; M) := max{n | M ~ k7, & N})

2. Define an embedding operator (non-functorial) for each block B:

M — Mp < M such that Mp ~ k?mt(kB;M)

3. Show that M =5 Msp

- show that the Mpg's are in direct sum

# show that the sum of the Mpg's covers M

14



Specificity of the exact 2-d case

@ product order on R? is not total

ZImM(s—)t)Z ﬂ Im M(s —t)

s¢&B seB
s<t s<t

Z Ker M(t — u) & ﬂ Ker M (t — u)

ueEB ué B
u>t u>t

15



Specificity of the exact 2-d case

® product order on R? is not total

ZImM(s—)t)Z ﬂ Im M(s —t)

s¢&B seB

s<t s<t

Z Ker M(t — u) & ﬂ Ker M (t — u)
ueEB ué B

u>t u>t

exactness = may restrict focus
to horizontal and vertical lines
() ImM(s — t) = Im 7 (¢t) N Im ;] (t)

seEB
s<t

Y Ker M(t — u) = Ker, (t) 4+ Ker , (t)

ueB
u>t

15



Specificity of the exact 2-d case

® product order on R? is not total

ZImM(s—)t)Z ﬂ Im M(s —t)

s¢&B seB
s<t s<t

Z Ker M(t — u) & ﬂ Ker M (t — u)

ueEB ué B
u>t u>t

exactness = may restrict focus
to horizontal and vertical lines
() ImM(s — t) = Im; (¢) N Im  (¢) (Img(t) +Im;(t)) N Im % (t)
B _
=y —: Im £ (t) = Im 5(t)
Y Ker M(t — u) = Ker, (t) 4+ Ker , (t) Ker 5 () + (Kerj;(t) N Ker j;(t))
B —- —
?LEZt =: Ker p(1) —: Ker E ()

15



Specificity of the exact 2-d case

® product order on R? is not total duality:
Z Im M(s —t) ¢ ﬂ Im M(s —t)

S seB : 1
= = 5 Im 5. 5(t) = (Ker 3y (1))
ZKerM(t—)u)Q ﬂ KerM(t—>u) Kerf/[* B(t):(ImJT/_/B(t))J_

ueEB ué B ’ ’
u>t u>t
exactness = may restrict focus
to horizontal and vertical lines
() ImM(s — t) = Im; (¢) N Im  (¢) (Img(t) i Im;(t)) N Im % (t)
< —: Im }(¢) —: TIm 7 (1)
> Ker M(t — u) = Ker  (t) + Ker ; (t) Ker 7 (t) + (Ker;f(t) N Ker ,j(t))
?L%? =: Ker p(1) —: Ker E ()

15



Specificity of the exact 2-d case

@ product order on R? is not total duality:
ZImM(s—)t)Z ﬂImM(s—)t)
S S E 1
i e 5 Im . 5(t) = (Ker §; 5(t))
Ker M (t — Ker M (t — + 1
é er M(t = u) & UDB er M( u) Ker 3+ 5(t) = (Im 3, 5(t))
u>t u>t

deflnltlons of counting functor and
embedding operator go through

exactness = may restrict focus
to horizontal and vertical lines

(M) Im M(s — ¢) =Im (t) N Im ] (¢) (Img(t) +1m;(t)) A Im % (t)
iégé =5 Img(t) =: Im ()
3" Ker M(t — u) = Ker , (t) + Ker ; (¢) Ker 5 (t) + (Ker;(t) N Ker ,j(t))

ueb —=: Ker (1
u>t 5(t) —: Kerg(t)

15



Direct sum (exact 2-d case

Base case: Mp vs. Mp/ with sup B # sup B’

Mp(t)NMpg/(t) #0 = Mp(u) N Mg/ (u) # 0

= Mp:/(u) # 0 (contradiction)

B/

16



Direct sum (exact 2-d case

Base case: Mp vs. Mp/ with sup B # sup B’ B

Mp(t)NMpg/(t) #0 = Mp(u) N Mg/ (u) # 0

= Mp:/(u) # 0 (contradiction)

Variant case: Mg vs. My with sup B = sup B’ and inf B # inf B’

Ker 5(t) = Ker 3, (t)

16



Covering M (exact 2-d case

Approach: show that >, Mpg(t) = M(t) for every t € R’

Suppose X := > o, Mp(t) € M(t):

Problem: {Im%(t)}B separates any X C M (t), but {Ker%(t)}B doesn’t

1B s.t. Ker 5. (t) C (o + 8) 2 Ker 5. ()

M(t) = (a, B)

B/

17



Covering M (exact 2-d case

Approach: show that >, Mpg(t) = M(t) for every t € R’

Suppose X := > o, Mp(t) € M(t):

Problem: {Im%(t)}B separates any X C M (t), but {Kerﬁ(t)}B doesn’t

B AB” s.t. Ker 5 (1) C (o + B) 2 Ker . (1)
Notes:
t
¢ affects only the coverage by death quadrants
M(t) = (o, B)
B’ {ker.(t)"} 5 separates any Y C M*(t)




Covering M (exact 2-d case

Approach: show that >, Mpg(t) = M(t) for every t € R’

Suppose X := > o, Mp(t) € M(t):

Problem: {Im%(t)}B separates any X C M (t), but {Kerﬁ(t)}B doesn’t

Fix: isolate the contribution of death quadrants to the coverage:

N(t) :=1Im %2 (t) N Ker ., (1) <= contribution of death quadrants
M=N & @ Mp 4 coverage by other blocks
B: band or

birth quadrant

N* = o N3
B: birth quadrant
in (R?)°P

-~ coverage of N by death quadrants

17



A

conlecture

Exactness: ./ t
| S

>

M (5z,t,) - M (1)
BT p WT
M(s) o M (ts, sy)

M(S) ¢:(a’5) M(t$78y> @M(Smptfy)

Im ¢ C Ker v: commutativity

Imp=Im~yNIm 3§

Ker p = Ker a + Ker 3

continuous setting: M : R% — vecty,

Thm: [Cochoy, O.]

M : R? — vect,, exact

_________________________________________________________________

Im ¢ O Ker): 3 preimages in M(ty,sy) and M (sz,ty) = 3 common preimage in M (s)

18



A conjecture

Exactness: '/' t continuous setting: M : R% — vecty,
S |
. | Thm: [Cochoy, O]
M : R* — vecty, exact
M (s, 1) ———= M(1) —
BT P 7/[\ M ~ @]EJ kBJ
M (s) - M (tz, sy) B;: block \ ‘ ‘ ‘
M(s) —2 =) Mt 5,) & M (50, t,) — 2" > M(2) Im ¢ = Ker

Im ¢ C Ker v: commutativity

Im ¢ O Ker): 3 preimages in M(ty,sy) and M (sz,ty) = 3 common preimage in M (s)

Imp=Im~yNImdé | \blocks

> weak exactness - rectangles
Ker p = Kera + Ker 3

18



A conjecture

Exactness: '/' ¢ continuous setting: M : R — vecty
S ! -
. | Conjecture:
, M : R? — vecty, weakly exact
M(sz,t,) : M(t) i =
T :
BT ! vT M ~@;c; ks,
M(s) - M(tz, sy) | Bj: rectangle
¢»=(a, B =~v—4
M(s) —2 =) Mt 5,) & M (50, t,) — 2" > M(2) Im ¢ = Ker

Imp=Im~yNIm 3§

>

Ker p = Kera + Ker 3

Im ¢ C Ker v: commutativity

Im ¢ O Ker): 3 preimages in M(ty,sy) and M (sz,ty) = 3 common preimage in M (s)

\ blocks

weak exactness - rectangles

18



A conjecture

® : . .
Exactness: '/' ¢ continuous setting: M : R% — vecty
S ! -
. | Conjecture:
, M : R* — vect;, weakly exact
M(sz,t,) : M (1) i =
T !
M(s) - - M(tz, sy) Bj: rectangle
»=(a, p —~—5
M(s) —2 =) Mt 5,) & M (50, t,) — 2" > M(2) Im ¢ = Ker

Im ¢ C Ker v: commutativity

Im ¢ O Ker): 3 preimages in M(ty,sy) and M (sz,ty) = 3 common preimage in M (s)

Im p = Im ~ A Im 8 counting functor & embedding operator /

> Ker p = Ker a + Ker f3 direct sum / coverage ﬁ;\}
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