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Composite Risk functionals

Motivation

%(X ) = E
[
f1
(
E
[
f2
(
E[ · · · fk(E[fk+1(X )],X )] · · · ,X

)]
,X
)]
,

X is an integrable random vector with domain X ⊆ Rm and probability
distribution P. fj : Rmj × Rm → Rmj−1 , j = 1, . . . , k , with m0 = 1 and
fk+1 : Rm → Rmk .

Example

The mean-semi-deviation of order p ≥ 1 for a random variable X
representing a loss is

%(X ) = E(X ) + κ
[
E
[(

max{0,X − E(X )}
)p]] 1

p

,

where κ ∈ [0, 1]. We have k = 2,m = 1, and

f1(η1, x) = x + κη
1
p

1 ,

f2(η2, x) =
[

max{0, x − η2}
]p
,

f3(x) = x .
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Composite Risk Functionals in Optimization

Composite Functionals

%(X ) = E[f1(E[f2(E[. . . fk(E[fk+1(X )],X )] . . . ,X )],X )]

Risk measures representable as optimal values of composite functionals

θ(X ) = min
u∈U

f1(u,E[f2(u,X )])

S(X ) = argminu∈U f1(u,E[f2(u,X )])

where U ⊂ Rd is a nonempty compact set.

Optimized composite functionals

ϑ(X ) = min
u∈U

%(u,X )

%(u,X ) = E [f1 (u,E[f2(u,E[. . . fk(u,E[fk+1(u,X )],X )] . . . ,X )],X )]

I D. Dentcheva, S. Penev, A. Ruszczyński: Statistical estimation of
composite risk functionals and risk optimization problems, Annals of the
Institute of Statistical Mathematics 2017
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The empirical estimator

Given {Xi}i≥1 i.i.d random variables with probability measure P, we
denote by Pn the empirical measure: Pn = 1

n

∑n
i=1 δXi ; The empirical

estimator has the form:
I Composite Functionals

%(n) =
n∑

i0=1

1
n

[
f1
( n∑

i1=1

1
n

[
f2
( n∑
i2=1

1
n

[ · · · fk(
n∑

ik=1

1
n
fk+1(Xik ),Xik−1)] · · · ,Xi1

)]
,Xi0

)]
I Risk Measures Representable as Optimal Values of Composite

Functionals

%(n) = min
u∈U

f1

(
u,

1
n

n∑
i=1

f2(u,Xi )

)
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Kernel Estimation Introduction

Assumption: The symmetric Kernel K : Rd → R of order r > 0 satisfies
k1.

∫
R
y j
l K (y)dyl = 0 for l = 1, · · · , d and j = 1, · · · , r − 1.

k2.
∫
Rd

|y |r |K (y)|dy <∞.

The smooth empirical measure for bandwidt hn is defined as

Pn ∗ Khn(x) =
1
hnn

n∑
i=1

K
(x − Xi

hn

)
.

E
[
f (X )

]
=

1
n

n∑
i=1

∫
Rd

f (x)K
(x − Xi

hn

) 1
hdn

dx
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Kernel Estimation of Composite Risk Functionals

I Composite functionals

%
(n)
K =

n∑
i0=1

1
n

[

∫
f1(

n∑
i1=1

1
n

[

∫
f2(

n∑
i=1

1
n

[· · ·

∫
fk(

n∑
ik=1

[
1
n

∫
fk+1(x)

1
hmk
n

K (x − Xi k)dx ], x)
1

h
mk−1
n

K (x − Xi k−1)dx

] · · · , x)
1

hm1
n

K (x − Xi 1)dx ], x)
1

hm0
n

K (x − Xi 0)dx ]

I Risk Measures Representable as Optimal Values of Composite
Functionals

θ
(n)
K = min

z∈Z
f1
(
z ,

n∑
i=1

1
n

∫
Rd

f2(z , x)K
(x − Xi

hn

) 1
hdn

dx
)
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Higher-order inverse measures of risk

θ[X ] = min
z∈R
{z + c‖max(0,X − z)‖p}

where p > 1 and ‖ · ‖p is the norm in the Lp space.
We define

f1(z , η1) = z + cη
1
p

f2(z , x) = (max(0, x − z))p

I The empirical estimator is

θ(n)[X ] = min
z∈R

{
z + c

[1
n

n∑
i=1

(
max(0,Xi − z)

)p] 1
p

}
I The kernel estimator is

θ
(n)
K [X ] = min

z∈R

{
z +c

[1
n

n∑
i=1

∫
(max(0, x−z))p

1
hn

K
(x − Xi

hn

)
dx
] 1

p

}
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Framework

We define:

f̄j(ηj) =

∫
X
fj(ηj , x)P(dx), j = 1, . . . , k,

µk+1 =

∫
X
fk+1(x)P(dx), µj = f̄j(µj+1), j = 1, . . . , k.

Ij ⊂ Rmj are compact sets such that µj+1 ∈ int(Ij), j = 1, . . . , k .
H = C1(I1)× Cm1(I2)× . . . Cml−1(Ik)× Rmk , where Cmj−1(Ij) is the space
of continuous functions on Ij with values in Rmj−1 .
Hadamard directional derivatives of fj

(
·, x) at µj+1 in directions ζj+1:

f ′j
(
µj+1, x ; ζj+1) = lim

t↓0
s→ζj+1

1
t

[
fj
(
µj+1 + ts, x)− fj

(
µj+1, x)

]
.

For every direction d = (d1, . . . , dk , dk+1) ∈ H, we define recursively the
sequence of vectors:

ξk+1(d) = dk+1,

ξj(d) =

∫
X
f ′j
(
µj+1, x ; ξj+1(d)

)
P(dx) + dj

(
µj+1

)
, j = k, k − 1, . . . , 1.
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Strong Law of the Large Numbers for Composite Risk Functionals

Let F = {fθ : θ ∈ Θ} be a collection of functions fθ(x) = f (θ, x):
I fθ(·) are measurable and bounded by integrable envolope function;
I the index set I is compact metric set;
I f (·, x) is continuous for any x .

Then F is Glinvenko-Cantelli class, i.e. supθ∈Θ |Pnf − Pf | a.s.−−→ 0

Assumptions for the estimated composite functional:
a1. The functions fj(ηj , ·), fk+1(·) are measurable, continuous and

uniformly bounded for all ηj ∈ Ij j = 1, · · · , k by a measurable
function.

a2. For all x ∈ X , fj(·, x), are continuous on Ij .
a3. The bandwidth hn → 0 when n→∞.

Then %(n)
K (X )

a.s.−−→ %.
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SSLN for composite risk functionas as optimal values

θ(X ) = min
u∈U

f1(u,E[f2(u,X )]) S(X ) = argminu∈U f1(u,E[f2(u,X )])

Assumptions:
b1. The function f1(·, ·) is continuous.
b2. The functions f1(η, ·) and f2(z , ·) are measurable and uniformly

bounded for all η ∈ I and all z ∈ Z by a measurable function.
b3. Let the bandwidth hn → 0 when n→∞.

Then the SLLN for the optimal value holds, i.e. θ(n)
K

a.s.−−→ θ as n→∞.
Additionally, D(S(n)

K ,S)→ 0 w .p.1. as n→∞.
If the optimal solution is unique, then H(S(n)

K ,S)→ 0.

The distance D(A,B) denotes the deviation of the set A from set B, and
H(A,B) stands for the Hausdorff distance between sets A and B.
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SLLN for optimized composite risk functionals

ϑ(X ) = min
u∈U

%(u,X ) S(X ) = argminu∈U%(u,X )

%(u,X ) = E [f1 (u,E[f2(u,E[. . . fk(u,E[fk+1(u,X )],X )] . . . ,X )],X )]

Assumptions:
c1. The functions fj , j = 1, · · · , k are continuous;
c2. The functions fj(u, η, ·) are measurable and uniformly bounded for

all ηj ∈ Ij by a measurable function.
c3. The bandwidth hn → 0 when n→∞.

Then ϑ(n)
K

a.s.−−→ %. If the optimal solution is unique, then D(S(n)
K ,S)→ 0.
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Uniform Central Limit Theorems for smoothed processes

A1. The class

F = {f (η, x) = [f1(η1, x), f2(η2, x), · · · , fk(ηk , x), fk+1(x)]> :

η = (η1, . . . , ηk) ∈ I}

is a subset of a translation invariant class F̃ ,
i.e., f (η, ·+ y) ∈ F̃ for all y ∈ Rd .

A2. {µn}∞n=1 is a proper approximated convolution identity: sequence of
finite signed Borel measures which converge weakly to the point
mass δ0, and for every a > 0, limn→∞ |µn|

(
RM \ [−a, a]M

)
= 0

• µn(RM) = 1;
• for all n, for all f ∈ F , f (η, ·+ y) is µn – integrable;
•
∫
RM ‖f (η, · − y)‖2,Pdµn(y) <∞ for all f (η, ·) ∈ F .

A3. sup
F

E
(∫

RM

(f (η,X + y)− f (η,X ))dµn(y)

)2
n→∞−−−→ 0

A4. sup
F

√
n
∣∣∣E ∫

RM

(f (η,X + y)− f (η,X ))dµn(y)
∣∣∣ n→∞−−−→ 0
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Central Limit Theorems for composite risk functionals

Assume A1. A3. and A4.

A’2. The symmetric kernel K is of order two or higher and satisfies regularity
assumptions and the bandwidth hn → 0 when n→∞;

A5. For all x ∈ X , the functions fj(·, x), j = 1, . . . , k, are Lipschitz continuous
with square-integrable Lipschitz constant and Hadamard directionally
differentiable;

Then
√
n
[
%(n) − %

] D−−→ ξ1(W ), where W (·) =
(
W1(·), . . . ,Wk(·),Wk+1

)
is a

zero-mean Brownian process on I ; Wj(·) is a Brownian process of dimension
mj−1 on Ij , j = 1, . . . , k, and Wk+1 is an mk -dimensional normal vector.

cov
[
Wi (ηi ),Wj(ηj)

]
=

∫
X

[
fi (ηi , x)− f̄i (ηi )

][
fj(ηj , x)− f̄j(ηj)

]>
P(dx),

ηi ∈ Ii , ηj ∈ Ij , i , j = 1, . . . , k,

cov
[
Wi (ηi ),Wk+1

]
=

∫
X

[
fi (ηi , x)− f̄i (ηi )

][
fk+1(x)− µk+1

]>
P(dx),

ηi ∈ Ii , i = 1, . . . , k,

cov
[
Wk+1,Wk+1

]
=

∫
X

[
fk+1(x)− µk+1

][
fk+1(x)− µk+1

]>
P(dx).
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Semi-deviations continued

The limiting random variable

ξ1(W ) = V1 +
κ

p

(
E
{[

max{0,X − E[X ]}
]p}) 1−p

p ×(
V2 − pE

{[
max{0,X − E[X ]}

]p−1}
V1

)
.

Here V1 and V2 are normal random variables (V2 = W2(E[X ])) and

Var
[
V1
]

= Var[X ],

Var[V2] = E
{([

max{0,X − E[X ]}
]p − E

([
max{0,X − E[X ]}

]p))2}
,

cov[V2,V1] =

E
{([

max{0,X − E[X ]}
]p − E

([
max{0,X − E[X ]}

]p))(
X − E[X ]

)}
.

If p = 1 the limit distribution may be obtained in a different way.
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Risk functionals as optimal values

Composite risk functional of the higher order risk measures

θ[X ] = min
u∈U

f1
(
u,E[f2(u,X )]

)
, U ⊂ Rd is a nonempty compact set.

The class F = {f (u, x) = [f1(u, x), f2(u, x)]> : u ∈ U}
Assume that A1, A2. (or A’2), A3, A4 are satisfied.

C1. The function f1(u, ·) is differentiable ∀u ∈ U, and both f1(·, ·) and its
derivative w.r.t. the second argument, ∇f1(·, ·), are jointly continuous;

C2. f2(·, x) is Lipschitz-continuous with a square-integrable Lipschitz constant.

Then
√
n
[
θ

(n)
K − θ

] D−−→ min
u∈Û

〈
∇f1
(
u,E[f2(u,X )]

)
,W (u)

〉
, where

W (u) is a zero-mean Brownian process on U with the covariance function

cov
[
W (u′),W (u′′)

]
=∫

X

(
f2(u′, x)− E[f2(u′,X )]

)(
f2(u′′, x)− E[f2(u′′,X )]

)>
P(dx).
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Optimized Composite Risk Functionals

%(u,X ) = E
[
f1
(
u,E

[
f2
(
u,E[ · · · fk(u,E[fk+1(u,X )],X )] · · · ,X

)]
,X
)]

ϑ(X ) = min
u∈U

%(u,X )

Assumptions in addition to A1–A4:
D1. The optimal solution û of this problem is unique;
D2. Compact sets I1, . . . , Ik are selected so that int(Ik) ⊃ f̄k+1(U), and

int(Ij) ⊃ f̄j+1(U, Ij+1), j = 1, . . . , k − 1.
D3. The functions fj(·, ·, x), j = 1, . . . , k , and fk+1(·, x) are Lipschitz

continuous for every x ∈ X with square integrable Lipschitz
constants.

D4. The functions fj(u, ·, x), j = 1, . . . , k , are continuously differentiable
for every x ∈ X , u ∈ U; their derivatives are continuous with respect
to the first two arguments.
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Central Limit Theorem for the optimized risk functional

It holds √
n
[
ϑ(n) − ϑ

] D−−→ ξ1(û,W ),

W (·) =
(
W1(·), . . . ,Wk(·),Wk+1

)
is a zero-mean Brownian process on

I = I1 × I2 × · · · × Ik ; Wj(·) is a Brownian process of dimension mj−1 on
Ij , j = 1, . . . , k , and Wk+1 is an mk -dimensional normal vector. The
covariance function of W (·) has the form

cov
[
Wi (ηi ),Wj(ηj)

]
=∫

X

[
fi (û, ηi , x)− f̄i (û, ηi )

][
fj(û, ηj , x)− f̄j(û, ηj)

]>
P(dx),

ηi ∈ Ii , ηj ∈ Ij , i , j = 1, . . . , k

cov
[
Wi (ηi ),Wk+1

]
=∫

X

[
fi (û, ηi , x)− f̄i (û, ηi )

][
fk+1(û, x)− f̄k+1(û)

]>
P(dx),

ηi ∈ Ii , i = 1, . . . , k

cov
[
Wk+1,Wk+1

]
=∫

X

[
fk+1(û, x)− f̄k+1(û)

][
fk+1(û, x)− f̄k+1(û)

]>
P(dx).
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Optimization problems with mean–semideviation

min
u∈U

%
(
ϕ(u,X )

)
= E

(
ϕ(u,X )

)
+ κ
(
E
[(
ϕ(u,X )− E[ϕ(u,X )]

)p]) 1
p
]
,

where ϕ : Rd ×X → R. We have

f1(η1, u, x) = κη
1
p

1 + ϕ(u, x),

f2(η2, u, x) =
{[

max{0, ϕ(u, x)− η2}
]p}

,

f3(u, x) = ϕ(u, x),

and

f̄1(η1, u) = κη
1
p

1 + E[ϕ(u,X )],

f̄2(η2, u) = E
{[

max{0, ϕ(u,X )− η2}
]p}

,

f̄3(u) = E[ϕ(u,X )].

We assume that p > 1 and û is the unique solution of the problem.
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Optimization problems with mean–semideviation continued

We set µ3 = E[ϕ(û,X )].
Then µ2 = E

{[
max{0, ϕ(û,X )− E[ϕ(û,X )]}

]p} and µ1 = %(X ).
The limiting element

ξ2(d) = f̄ ′2(µ3, û; d3)+d2(µ3) = −pE
{[

max{0, ϕ(û,X )−µ3}
]p−1}

d3+d2(µ3),

ξ1(d) = f̄ ′1
(
µ2, û; ξ2(d)

)
+ d1

(
µ2
)

=
κ

p
µ

1
p−1
2 ξ2(d) + d1

(
µ2
)
.

The limiting element is

V1 +
κ

p

(
E
{[

max{0, ϕ(û,X )− E[ϕ(û,X )]}
]p}) 1−p

p ×(
V2 − pE

{[
max{0, ϕ(û,X )− E[ϕ(û,X )]}

]p−1}
V1

)
.

The normal random variables V1 and V2 have variances:

Var(V1) = Var
(
ϕ(û,X )

)
;

Var(V2) = E
{([

max{0, ϕ(û,X )− E[ϕ(û,X )]}
]p−

E
([

max{0, ϕ(û,X )− E[ϕ(û,X )]}
]p))(

ϕ(û,X )− E[ϕ(û,X )]
)}
.

Central limit theorem for opimal solution holds for p > 1 if û ∈ intU and
for p > 2 otherwise.
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Numerical comparison of the two estimators

Consider the higher order inverse risk measure

θ(X ) = min
u∈R
{u + c‖max(0,X − u)‖p}

Uniform kernel function K (u) = 1
2hn

with support on |u| ≤ hn.

For p > 1, the kernel estimator θ(n)
K has the form

min
u∈R

{
u + c

(1
n

n∑
i=1

∫
(max(0, x − u))p

1
2hn

I(|x−Xi |≤hn) dx
) 1

p
}

= min
u∈R

{
u + c

( n∑
i=1

1
2n(p + 1)hn

[
(max(0, hn + Xi − u))p+1

− (max(0,−hn + Xi − u))p+1]) 1
p
}

We use a sample Xi , i = 1, . . . , n from X ∼ N(10, 3) and set p = 2.
Recall that BIAS=E(θ(n))− θ and VARIANCE=E[θ(n) − E(θ(n))]

2
.
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Numerical comparison for normal random variables

(a) m1000n500p2 (b) m1000n1500p2

(c) m1000n3000p2 (d) m1000n6000p2

1
1The histogram of the kernel estimator is in red; of the plug-in estimator is in blue;

the overlap is purple
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Numerical comparison for normal random variables

(e) m2500n500p2 (f) m2500n1500p2

(g) m2500n3000p2 (h) m2500n6000p2
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The bias and the variance of the estimators

n m K-bias K-variance E-bias E-variance
500 1000 -0.0058 0.2930 -0.2981 0.3816
1500 1000 -0.0241 0.1462 -0.1080 0.1640
3000 1000 -0.0318 0.0795 -0.0456 0.0811
6000 1000 -0.0230 0.0406 -0.0262 0.0408
500 2500 -0.1370 0.2913 -0.3278 0.3561
1500 2500 -0.0405 0.1388 -0.1173 0.1538
3000 2500 -0.0383 0.0789 -0.0600 0.0812
6000 2500 -0.0222 0.0426 -0.0254 0.0428

Conclusion
• Better performance when data size is small by kernel estimation.
• Reduce the bias by kernel estimation.
• Bandwidth of the kernel could be optimized.
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The effect of the order and heavier tails

We consider p as parameter, X is normal distribution N(10, 3), n = 2000
and m = 2500.

p K-bias K-variance E-bias E-variance
1 -0.0019 0.0094 -0.0040 0.0094

1.50 -0.0156 0.0337 -0.0184 0.0338
2.00 -0.0871 0.1207 -0.0910 0.1214
2.5 -0.3481 0.3053 -0.3617 0.3118

T-distribution degrees of freedom 60,8,6,4, mean = 10,
n = 4000,m = 2500, p = 2.00

df K-bias K-variance E-bias E-variance
60 -0.0260 0.0256 -0.0313 0.0259
8 -0.0815 0.2255 -0.0841 0.2260
6 -0.1464 0.4984 -0.1484 0.4989
4 0.4484 2.6820 0.4496 2.6827
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Stochastic Dominance Relation

X �
(2)

Y ⇔ E[(η − X )+] ≤ E[(η − Y )+]

⇔
∫ α

0
F (−1)(X ; t) dt ≥

∫ α

0
F (−1)(Y ; t) dt ∀α ∈ [0, 1]

⇔ %[X ] ≤ %[Y ] ∀% law-invariant coherent risk measures.

kth degree Stochastic Dominance (kSD), k ≥ 2

X �
(k)

Y ⇔ ‖max
(
0, η − X

)
‖k−1
k−1 ≤ ‖max

(
0, η − Y

)
‖k−1
k−1
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Test for Stochastic Dominance or order 1 or 2

For X ,Y ∈ Lk(Ω,F ,P) with k ≥ 1, we consider the hypothesis

H0 : %[X ] ≤ %[Y ] versus Ha : %[X ] > %[Y ],

where the risk functional % is law-invariant coherent measure of risk.
Rejecting H0 implies that X does not dominate Y in orders m = 1 or
m = 2.

Step 0. Set i = 1.

Step 1. Select pi uniformly distributed in [0, 1] and test the hypothesis
at level of significance α

H0 : AVaRpi [X ] ≤ AVaRpi [Y ]

Step 2. If H0 is rejected, reject the hypothesis X �(2) Y and stop. If
i = N accept X �(2) Y , otherwise increase i by one and go to
Step 1.

The type I error of this test is asymptotically bounded by α and does not
exceed α′ for any α′ > α and N sufficiently large.
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Test for Stochastic Dominance of order k ≥ 2

For X ,Y ∈ Lk(Ω,F ,P) with k ≥ 2, we consider

θk(X ) = min
z∈R

{
c
∥∥max(0, z − X )

∥∥
k
− z
}

%k(X ) = E[X ]− κ
[
E
[(

max{0,E[X ]− X}
)k]] 1

k

Consistency with higher-order stochastic dominance

If X �
(k+1)

Y then θk(X ) ≤ θk(Y ) as well as %k(X ) ≤ %k(Y ).

H0 : %[X ] ≤ %[Y ] versus Ha : %k [X ] > %k [Y ],

H0 : θk [X ] ≤ θk [Y ] versus Ha : θk [X ] > θk [Y ].

Rejecting H0 implies that X does not dominate Y in orders
m = 1, . . . , k + 1.
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Power Comparison: Unif(0,1) vs. Unif(ε, 1 + ε)
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Power Comparison: Gamma(2,1) vs. Gamma(2/(1-ε),1-ε)
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Multivariate extension

Consider ` random variables X i , i = 1, . . . , `. and ` composite risk
functionals for them

%i (X
i ) = E

[
f i1
(
E
[
f i2
(
E
[
· · · f iki

(
E
[
fki+1

(
X i
)]
,X i
)]
· · · ,X i

)]
,X i
)]

Without loss of generallity, we may assume the same level of nesting.

Multivariate CLT

Setting Y = (X 1, . . . ,X `)> and assuming analogous conditions, we have

√
n(%n − %(Y )) =

√
n


%

(n)
1
...
%

(n)
`

−
%1

...
%`


 D−−→ ξ1(W ).

For a vector a ∈ R`
√
n a>


%

(n)
1
...
%

(n)
`

−
%1

...
%`


→ a>ξ1(W )

where W (·) = (W1(·), . . . ,W (·)k+1) is a zero-mean Brownian process of
appropriate dimension.
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Application to Portfolio

Efficiency

Given a set of random variables Q, a random variable X ∈ Q is efficient
under � if there is no Y ∈ Q such that Y strictly dominates X .

Consider a family of random variables

Q =
{
X (u) = u>R : u ∈ Rm, u>1 = γ

}
,

where the random vector R comprises the return rates of a basket of m
securities and u represents a feasible portfolio and u denotes the
investment allocation.
Multivariate central limit formula applied to %[u>1 R]− %[u>2 R] allows for
statistical testing of
I the relation of risk of two given portfolios;
I efficiency of a given portfolio.
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A Portfolio Optimization Problem

Assumption R = (R1,R2, . . . ,Rm) has eliptical distribution with
expectation µ and covariance matrix Σ.

The lower semi-deviation of second order is(
E
[

max(0,E(u>R)− u>R)2]) 1
2 =

1√
2

√
u>Σu.

The mean-semi-deviation optimization problem becomes

The mean-standard-deviation model

max
u∈Rm

u>µ− κ
√
u>Σu s.t. u>1 = γ (1)

Here 1 is the m-dimensional vector of ones, γ ∈ R.
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Lower Bound for the Cost of Risk κ

Theorem

If problem (1) has an optimal solution, then

κ2 > µ>Σ−1µ−
(
µ>Σ−11

)2
1>Σ−11

for any γ 6= 0

κ2 = −
(
µ>Σ−11

)2
1>Σ−11

for γ = 0

(2)

Denoting the lower bound by κ0, problem (1) always has a solution for κ = 0
but has no solution for κ ∈ (0, κ0].

Example

For κ = 0.5, the existence of optimal solution requires(
µTΣ−11

)2
> 1TΣ−11

(
µTΣ−1µ− 0.25

)
. (3)

For 10,000 observations of return data for 200 securities we computed
r̄S−11 = 300.0096, 1S−11 = 11065445, and r̄S−1 r̄ = 1.4994. Substitution of
these values into (3) contradicts the inequality. Substitution into (2) gives
κ̂0 = 1.2212. The estimate problem has no solution for any 0 < κ ≤ 1.2212.
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Bounded short positions

Mean-standard-deviation model with bounded allocations

max u>µ− κ
√
u>Σu s.t. u>1 = γ u ≥ `. (4)

Results

The optimal value ϑ, the optimal solution û and the optimal Lagrange
multipliers α and λ satisfy the specific optimality conditions implying

κ2 > 〈µ+ λ,Σ−1(µ+ λ)〉 − 〈µ+ λ,Σ−11〉2

1>Σ−11
for any γ 6= 0

κ2 = 〈µ+ λ,Σ−1(µ+ λ)〉 − 〈µ+ λ,Σ−11〉2

1>Σ−11
for γ = 0.
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