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Motivation: UC problems

Two power plants

yT €St
<'7:7X>+f7—(yT)
x €{0,1} and yr < xy“*

yr+yn=d



Motivation: UC problems

Two power plants (m in fact)

<'¢7X>+f7'(y7')
x € {0,1} and yr < xy“P

yr+yn=4d %@
net demand, substracting the WIND i X



Stylized Brazilian UC problem (2020)

min (F,x)+f(y)
st. xe{0,1},y>0

yesS { water balance
By =d demand
Cy S e flow limits

generation only

XYiow <y < xy"P { if switched on

» fis convex, linear o quadratic



Real-life UC problem

Dessem com UCT: Formulacdo matematica
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Real-life UC problem

COM UCT SEM UCT

VAR. VAR. INT. REST. REST. TNT. VAR. REST.
1 DIA 327649 83121 433120 163520 327649 269600
2 DIAS 349413 80979 434843 159142 349413 275701
3 DIAS 375835 92831 490513 182545 375835 307968
4 DIAS 402171 86753 481152 170721 402171 310431
5 DIAS 429323 93913 512149 184730 429323 327419
6 DIAS 453110 111214 589245 218656 453110 370589
7 DIAS 476453 109717 590785 215853 476453 374932
GERAL 400897 93586 501438 184063 400897 317375

TABELA: Quantidade média de varidveis e restrigoes




Real-life UC problem

COM UCT SEM UCT

VAR. VAR. INT. REST. REST. TNT. VAR. REST.
1 DIA 327649 83121 433120 163520 327649 269600
2 DIAS 349413 80979 434843 159142 349413 275701
3 DIAS 375835 92831 490513 182545 375835 307968
4 DIAS 402171 86753 481152 170721 402171 310431
5 DIAS 429323 93913 512149 184730 429323 327419
6 DIAS 453110 111214 589245 218656 453110 370589
7 DIAS 476453 109717 590785 215853 476453 374932
GERAL 400897 93586 501438 184063 400897 317375

TABELA: Quantidade média de varidveis e restrigoes

for the deterministic formulation...




Stylized UC problem: stochastic version

min (F,x) +E[f(y(w)]
st. x€{0,1}, y@=>0

Y(o) € S(0) { water balance
By(w) — d(w) { demand
Cy((l)) S e(w) flow limits

generation only

X Yiow < Y(0) < xy4P { if switched on

ramps

» fis convex, linear o quadratic
» d and e have uncertain components (wind and inflows)



Stylized UC problem: stochastic version

min (F,x) +E[f(y(w)]
st. x€{0,1}, y@=>0

Y(o) € S(0) { water balance
By(w) — d(w) { demand
Cy((l)) S e(w) flow limits

Tx+ Wyw) <h

if switched on
ramps

{ generation only

» fis convex, linear o quadratic
» d and e have uncertain components (wind and inflows)



Stylized UC problem: stochastic version

min (F,x) + E[f(y(@))]
st. x€{0,1}, y@=>0
Y(0) € S(o) { water balance
By(w) d() { demand
Cy(w) S e(w) flow limits
generation only
x+ Wyw) < h { if switched on
ramps

» fis convex, linear o quadratic
» d and e have uncertain components (wind and inflows)

Interested in preserving separability along technologies: Lagrangian
relaxation



Lagrangian relaxation 101

min f7(x, y7) + fu(yn)

st. xe{0,1},yr € St L(x,y,A) = fr(<)/<{yJ)+fH(yH)
yr < xy + (4. d—yr—yn)
YH € Sk —

Yr+yn=d “ A




Lagrangian relaxation 101

min  fr(x,y7) + fu(yy)
s.t. L(Xay:)l')

x€{0,1},yr €St
yr < xy®

YH € SH
yrtyw=d <A

T

fr(x,y7) + fu(yn)

+(A,d—yr —yn)

Lr(x,y7,2)
+Lu(yH,A)
+(A,d)



Lagrangian relaxation 101

min  fr(x,y7) + f(yn)
st. xe¢ {0,1},}/7 €Sy
yr <xy®
YH € Sy
yrtyw=d A4
(>
minmax L(x,y,A
st x¢& {0,1},}/T €Sy
yr <xy®

YH € Sy

L(x,y,A)

fr(x,y7) + fu(yn)

+(A,d—yr —yn)

Lr(x,y7,2)
+Lu(yH,A)
+(A,d)



Lagrangian relaxation 101

min  fr(x,y7)+f
(X%, y7) + fru(yH) L(x,y,A) = fr(x,yr)+ fu(yn)
s.t. XE{071}7yT€8T
yr < xyU N Gy
>~ _— = LT(X yr, )
YH € SH
—i—LH(YH-/)L)

: maxmin replaces minmax

maxmin L(x,y,A)
A{ X'.y

st x¢& {0,1},}/7' €Sy
yr < xy®
YH € SH



Lagrangian relaxation 101

i f
el o (N Ly 2) = fr(xyr)+ tulom)
st. x€{0,1},yr €8t (A = yr— y)
< xywP
e sn = = Lrlord)
H H —i—LH(YH/)L)
yr+yn=d A +(2,d)
: maxmin replaces minmax
maxmin - L(x,y,1) max yr(A)+yu(A)+(1,d)
s.t. x€{0,1},y7687 —

yr < xy"
YH € SH



Lagrangian relaxation 101

maxmin

A

s.t.

min  fr(x,y7) + fu(yn)

XE{O,1},yT€ST
yr <xy*®
YH € SH
yr+yn=d <A

: maxmin replaces minmax

Xf.y

s.t.

L(x,y,A)
X€{071};}’TEST —
yr < xy®

YH € SH

L(vavﬂ’) - fT(X’yT)+fH(yH)

max

for

+{A,d—yr —yn)
= Lr(x,yr,4)
+Ly(yH,A)
+(A,d)

VT(A)+ Wh(A)+(A,d)

min  Lr(x,yr,A)
€ 10,1
vr(d):= ;T G{ST}

yr < xy®



Lagrangian relaxation 101

min  fr(x, y7) + fu(yn) B
st. xe{0,1},yr €St S fT(—l)-(,<}7/LT)cI+—f’;’(Tyf—4)yH>
< o2 )
if:g‘);i = - LT(X:yTak)
+Lu(yH,A)
yr+yn=d <A )
DUAL : maxmin replaces minmax (duality gap)
max min L(x,y,A) max yr(A)+ yu(A)+ (4,d)
st. x€{0.1},yresSr min  Lr(x,yr,4)
yr < xy® B x€{0,1}
YH € Sh for yr(2):= yr €8r

yr < xy®



ELTELGEUR G Y Cl LB 2nd version)

min  fr(x,zr) + fu(yn)
st. x€{0,1},zr € St
zr <xy®
YH € Sp
yr+yn=d
yT—ZTZO A




ELTELGEUR G Y Cl LB 2nd version)

min fT(x7zr)+fH(yH) L(X,y,Z,l) = fT(x,zT)—i—fH(yH)
st. x€{0,1},zr € St +<7L,yr—zr)
zr <xy®
Vi € Sk — = Lr(x,z1,1)
yr+yn=d +Lur(y1, Y1, A)
yr—2zr=0 A +<)’d>




ELTELGEUR G Y Cl LB 2nd version)

min fT(x7zr)+fH(yH) L(X,y,Z,l) = fT(x,zT)—i—fH(yH)
st. x€{0,1},zr € St +<7L,yr—zr)
zr <xy®
Yr € 8y - = Lr(x,2r,2)
yrtyw=d +Lur(y7,YH,A)
yr—2zr=0 A +<)’d>

: maxmin replaces minmax

maxmin L(x,y,z,A4)
24 X7y7z
st. xe€{0,1},zr € St
zr <xy®

YH € SH



ELTELGEUR G Y Cl LB 2nd version)

min fT(x7zr)+fH(yH) L(X,y,Z,l) = fT(x,zT)—i—fH(yH)
s.t. X€{0,1},ZTEST +<7L,yr—zr)
zr <xy®
—
yHeSH = LT(X,ZT7A)
yr+yn=d +Lur (YT, YH,A)
yr—zr=20 A +<)~d>
: maxmin replaces minmax
m)?x)r(nylr; L(x,y,z,1) mflx VIT(A)+WHT(A)+<A,C}>
st. xe{0,1},z7€Sr __,
zr <xy®

YH € SH



ELTELGEUR G Y Cl LB 2nd version)

min fT(x7zr)+fH(yH) L(X,y,Z,l) = fT(x,zT)—i—fH(yH)
s.t. X€{0,1},ZTEST +<7L,yr—zr)
zr <xy®
—
YH € SH = LT(X,ZT7A)
yr+yn=d +Lur (YT, Y1, A)
yT—ZTZO Hﬂ, +<)~d>
: maxmin replaces minmax
m)?x)r(nylr; L(x,y,z,1) mflx VIT(A)+WHT(A)+<A,C}>
st. xe{0,1},zr€Sr __, min  Lr(x,z7,1)
zr < xy'P o x€{0,1}
s for yr(A):= 2 e 8y

zr < xy*



Lagrangian relaxation - 2nd version

min  fr(x, zr) + fu(yn) Lx,y,z,A) = fr(x,z7)+ fu(yn)
s.t. XE{O,1},ZTEST —|—<7L,y7'—ZT>
zr <xy*
=
YH € SH = Ly(x,zr,A)
yr+ynw=d +Lur(y1,YH,A)
yT—ZT:O —A +<7Lyd>

D]8/:\M: maxmin replaces minmax

maxmin L(x,y,z,A)
A XY,z max WT(A)+WHT(A)+<l,d>
st. xe€{0,1},zr€Sr _, 2
zr < xy®

YH € Sy



Lagrangian relaxation - 2nd version

min  fr(x, zr) + fu(yn) Lx,y,z,A) = fr(x,z7)+ fu(yn)
s.t. XE{O,1}7ZTEST —|—<7L,y7'—ZT>
zr <xy*
=
YH € SH = Ly(x,zr,A)
yr+ynw=d +Lur(y1,YH,A)
yT—ZT:O —A +<7Lyd>

D]8/:\M: maxmin replaces minmax

maxmin L(x,y,z,A)
i max yr(A)+ wier(A) + (2,9)

st. xe{0,1},z7€Sr __, min  Lur(yr,yH,A)

< e
il g ‘);y for l[/HT()V) = { yH € Sy
YH H yr+yn=d



Lagrangian relaxation - 2nd version

min fT(x,zT)—i—fH(yH) L(x,y,z,?t) = fT(x,zT)+fH(yH)
s.t. XG{O,'I},ZTEST +<l,yT—ZT>
zr <xy*®
yH € Sy — = LT(X,ZT,A)
yr+yn=d +Lur(yr, YH,A)
yr—zr=20 A +<2”d>

DUAL : maxmin replaces minmax

maxmin L(x,y,z,A) (duality gap)

N Xy max A)+ A)+(A,d
st. xe€{0,1},zr€ St — v lllHT(m?n <L (}>/ YH,A)
zr < x yYP s
' _Sy for wur(A) = YH € Sk
YH € Sy yr+yn=d



Lagrangian relaxation - FIE RS0

pz(X’Y!Z)
min  f(p)
either st. pesS

min  fr(x,zr) + fu(yw) F(p)=0 <1

st. x€{0,1},zr € St
zr <xy*®
YH € SH
yrtyn=d
yT—ZTZO A




Lagrangian relaxation - FIE RS0

p=(x.y,2)

min  f(p)
either st. peS

F(p)=0 <A



Lagrangian relaxation - FIE RS0

p=(x.y,2)
min  f(p)
either st. peS
{ F(p)=0 <4
min  f(p)
st. peS8S
elf F(p)=0 <A

o(F(p)) <0 <« peR

o () = [[t]| or 5|t

2|



Lagrangian relaxation - 3rd version

either {

or

min

p=(x,y,2)

min  f(p)
Sk

peS
F(p)=0 <+ A4

f(p)
peS

F(p)=0 A
o(F(p)) <0 <ip

o(t) = ltll or 31£]®



Lagrangian relaxation - 3rd version

OC1: 3I(p,A) e SxIR™: p=(x.y,2)
(ﬁ’(ﬁ))io X min  f(p)
and either st. peS8S
F(p)=0 <« A

0 € f'(B) + Np(B) + F'(B)A



Lagrangian relaxation - 3rd version

L i p=(x.y,z)

0C1: J(p,A) € SxIR™: min  f(p)

o F(p)=0 either { st. peS

D= A =2 F -
0 € '(p)+ Np(p) + F'(p)A AL
min  f(p)
st. peS8S
o Flp)=0 <2

o(F(p)) <0 < p

o(t) = [ltll or z/It]|?



Lagrangian relaxation - 3rd version

OC1: J(p,A)e SxIR™:
F(p) =0
and B
0 € f'(p) + Np(p) + F'(P)A

0C2: 3I(p,A,p) e SxIR"x IR, :

F(B)=0, o(F(p)) <0
and B
0 € '(p) + Ne(P) + F'(P)A

+pF'(p)o(F(p))

min  f(p)
either st. peS

or

p=(X,y,2)

F(p)=0 <4

min  f(p)
st. pe8S

F(p)=0 “ A
o(F(p)) <0 <ip

o (t) = [|tl] or 3| ¢[|?



Lagrangian relaxation - 3rd version

oC1: 3(p,A)€SxIR™:

and B
0 € f'(B) + Ne(B) + F/(P)A

0oc2: 3(p,A,p) e SxR™xIR, :

F(p)=0, o(F(p)) <0

and B
0 € /(B) + Np(p) + F'(P)2
+pF'(p)o(F(p))

min  f(p)
either st. peS

or

p=(X,y,2)

F(p)=0 <4

min  f(p)
st. pe8S

F(p)=0 “ A
o(F(p)) <0 <ip

o (t) = [|tl] or 3| ¢[|?



Lagrangian relaxation - 3rd version

min  f(p)

st. peS8S
F(p)=0 A
o(F(p)) <0 < p



Lagrangian relaxation - 3rd version

Lp,A,p) = f(p)+(A,F(p))

00 po(F(p)

st. peS8S
F(p)=0 A
o(F(p)) <0 < p



Lagrangian relaxation - 3rd version

Lp,A,p) = f(p)+(A,F(p))

00 po(F(p)

st. peS8S
F(p)=0 A
o(F(p)) <0 < p

D]8/:\M: maxmin replaces minmax

in L(p,A
{rgixml;n (p,2,p)

st. peS8S



Lagrangian relaxation - 3rd version

Lp,A,p) = f(p)+(A,F(p))

00 po(F(p)

st. peS8S
F(p)=0 A
o(F(p)) <0 < p

D]8/:\M: maxmin replaces minmax
NO duality gap

maxmin L(p,A,
{ Ao (p:A,p) _ W y(Ad,p)

st. peS ) min L(p,A,p)
for w(k,p)-—{ DS



Lagrangian relaxation - 3rd version

min 1(0) Lpap) = f(p)+(A,F(p)

F(p) =0 eA
o(F(p)) <0 <ip
D]8/:\M: maxmin replaces minmax
NO duality gap
in L(p,A
{ PEXTIT (p;2,p) _ max v(4,p)
st. peS for w(A,p):= { g ;(géap)

Sharp/Proximal Lagrangian eGSR VRIS



Lagrangian relaxation - 3rd version

st. peS +po(F(p))

F(p) =0 eA

o(F(p)) <0 < p

D]8/:\M: maxmin replaces minmax
NO duality gap
maxmin L(p,A,
{ Ao (p:A,p) _ W y(Ad,p)
st. peS ) min L(p,A,p)
for y(A,p):= { peS

Sharp/Proximal Lagrangian eGSR VRIS

NOTE: p is a dual variable



GAL: Generalizad Augmented Lagrangians

Chapter 11K [RW99], on Nonconvex Duality

. level-boundedinpe S
, = : = <
212 ) o= ) ARl = Ve R = locally uniformly in (v, w)

L GG R R(duality without convexity)

» Optimal solutions to the primal and dual problems, resp. p and (;l,ﬁ),
are saddle points of the Lagrangian

p minimizes the primal . 7 = R = _
(z ﬁ) maximizes the dual } — ";fL(p7 7p) - L(p~A’7p) :S)LUpL(p)“p)
) P

» Exact penalty <= 3(1,p) € argmaxy(A,p)

= no need to drive p — oo, as in the augmented Lagrangian



GAL: algorithmic scheme

P minimizes the primal . 7 = =7 = _
_ p)= ALp) = L(p,A,
(A,p) maximizes the dual } « infpL(p.4,p) = L(p.A.P) slu;) (P,4,9)

» Primal Step: Given (1%, p¥) current multipliers,
p* solves minL(p, Ak pk) (= W(A¥, pk) = L(g, A¥, pkY)
p

» Dual Step: (Af! pk*1) one iteration to solve max w(A,p)
P



GAL: algorithmic scheme

P minimizes the primal . 7 = =7 = _
= <= L ,p)=L(p,A,p)= L(p, A,
(A,p) maximizes the dual } info L(p,4,P) = L(P,A,P) slu;) (P, 4.p)

kK p*) current multipliers,
“)

(= y(2¥,p") = L(p*,2%,p"))

» Primal Step: Given (A
p solves minL(p, A%, p
p

p = A%(A",p%)

» Dual Step: (A4' pk*1) one iteration to solve max w(A,p)
.



GAL: algorithmic scheme

P minimizes the primal . 7 = =7 = _
= <= L ,p)=L(p,A,p)= L(p, A,
(A,p) maximizes the dual } info L(p,4,P) = L(P,A,P) slu;) (P, 4.p)

kK p*) current multipliers,
“)

(= y(2¥,p") = L(p*,2%,p"))

» Primal Step: Given (A
p solves minL(p, A%, p
p

pk i Aex(lk,pk)

» Dual Step: (A%, pX*1) one iteration to solve max v(A,p)
P

How easy is to find p“?



GAL: algorithmic scheme

P minimizes the primal . 7 = =7 = _

= <= ,p)=L(p,A,p)= L(p, A,
(A,p) maximizes the dual } info L(p,4,P) = L(P,A,P) slu;) (P, 4.p)
k

k,pk) current multipliers,
)

(= y(2¥,p") = L(p*,2%,p"))

» Primal Step: Given (A
p solves minL(p, A%, p
p

pk i Aex(lk,pk)

» Dual Step: (A%, pX*1) one iteration to solve max v(A,p)
P

How easy is to find p“?

L(palap) — LT(XaZTaA‘)_FLHT(yTvszA)J'_<)L7d> +p||}/T_ZTH



GAL: algorithmic scheme

P minimizes the primal . 7 = =7 = _

= <= ,p)=L(p,A,p)= L(p, A,
(A,p) maximizes the dual } info L(p,4,P) = L(P,A,P) slu;) (P, 4.p)
k

k,pk) current multipliers,
)

(= y(2¥,p") = L(p*,2%,p"))

» Primal Step: Given (A
p solves minL(p, A%, p
p

pk i Aex(lk,pk)

» Dual Step: (A%, pX*1) one iteration to solve max v(A,p)
P

How easy is to find p“?

L(palap) - LT(XazTaA‘) +LHT(yT7szl)+ <)L'd> +p||YT—ZTH
Separability is lost!



GALs: difficulties

» Primal Step: Given (1%, p¥) current multipliers,
Instead of (= w(Ak,pk) = L(p¥, 2%, p"))



GALs: difficulties

» Primal Step: Given (1%, p¥) current multipliers,
Instead of (= w(Ak,pk) = L(p¥, 2%, p"))

pk = Ainex(kk’pk) ~ mpin L(p,lk,pk)

with an error EX := L(p*, 1% p¥) — w(AK, p¥) € [0,7]
Error is unknown, 1 bounds approximation inaccuracy
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» Primal Step: Given (1%, p¥) current multipliers,
Instead of (= w(Ak,pk) = L(p¥, 2%, p"))

pk = Ainex(kk’pk) ~ mpin L(p,lk,pk)

with an error EX := L(p*, 1% p¥) — w(AK, p¥) € [0,7]
Error is unknown, 1 bounds approximation inaccuracy

» Dual Step: (A%' pk*1) one iteration to solve max w(A,p)
P

, Bundle



GALs: difficulties

» Primal Step: Given (1%, p¥) current multipliers,
Instead of (= w(Ak,pk) = L(p¥, 2%, p"))
pk = Ainex(kk’pk) ~ mpin L(p,lk,pk)

with an error EX := L(p*, A, pk) — w(AK, p¥) € [0, 7]
Error is unknown, 1 bounds approximation inaccuracy

» Dual Step: (A%' pk*1) one iteration to solve max w(A,p)
P

, Bundle

When is A"~ sufficiently good?



GALs: difficulties

» Primal Step: Given (1%, p¥) current multipliers,
Instead of (= w(Ak,pk) = L(p¥, 2%, p"))

pk = Ainex(kk’pk) ~ mpin L(p,lk,pk)

with an error EX .= L(p*, A% p¥) — w(AK, pk) € [0,71]
Error is unknown, 1 bounds approximation inaccuracy

» Dual Step: (A%' pk*1) one iteration to solve max w(A,p)
P

, Bundle

When is A"~ sufficiently good?

Primal points may not be sufficiently good



GALs: difficulties

» Primal Step: Given (1%, p¥) current multipliers,
Instead of (= w(Ak,pk) = L(p¥, 2%, p"))
pk = Ainex(kk’pk) ~ mpin L(p,lk,pk)

with an error EX := L(p*, A, pk) — w(AK, p¥) € [0, 7]
Error is unknown, 1 bounds approximation inaccuracy

» Dual Step: (A%' pk*1) one iteration to solve max w(A,p)
P

, Bundle

When is A"~ sufficiently good?

When to stop?

Primal points may not be sufficiently good



GALs: primal-dual bundle scheme

» Primal Step: Given (ﬁ,k,ﬁ ) current good multipliers,
e AP (A, pK) ~ minL(p, A%, ) = w(A¥,5%)
» Dual Step: (A/* ,p"“) one iteration to solve max w(A,p)
7p
Bundle of p’’s: defines a simple QP, with
» amatrix 7 with |Bx| columns F(p') € R™
» % with |Bx| columns o(F(p')) € IR

min {1F (ra,rfa)+ !
o1f

26<F°a Mo >+<q,a):aeA}

gives A1 = Ak 4 tFF ak and pk+! = pk + 1°T ok
» Goodness: New primal point p**1 := AN (}k+1 ,p"“) is good
if it gives a larger Lagrangian value than p* = A (2K, pk)
» Stopping test: checks, up to 1,
» primal feasibility
» optimality gap



GALs: primal-dual bundle scheme

Convergence within the error 1 of A
Theorem (Primal-dual convergence)

For the subsequence {p*, A%, p¥}
> all cluster points (if any) of {A¥, p¥} are dual n-solutions
» all cluster points of p* are primal n-solutions
» the optimality gap eventually vanishes



GALs: primal-dual bundle scheme

Convergence within the error 1 of A
Theorem (Primal-dual convergence)

For the subsequence {p*, A%, p¥}

> all cluster points (if any) of {A¥, p¥} are dual n-solutions
» all cluster points of p* are primal n-solutions
» the optimality gap eventually vanishes

» DC programming
» Sparse optimization
» UC



DC programming: A%

Global solution to
i 1 _ : .
min 3 (p,Mp) +(q,p) ngN{(a,,m +Bi}
st. Ap=»b
found by solving N QP’s

{ min 3 (p, Mp) +(q,p) — (04, p) — Bi
st. Ap=b,

LUELETGR Proximal Lagrangian with o(F(p)) = % (|Ap — b||2, with

1
W(&,p) = min (min= (o, Mp)+(q— as,p) — Bi-+ (A, Ap—b)+ 2 || Ap— b

1<i<N

» Primal Step: p* := A% (1K pK) = m;n L(p, A%, p%)

Solve NLPs:0=Mp+qg—a;+A"A+pA (Ap—b)for1 <i< N
» Dual Step: Solve 1 QP to find (AK+1 ph+1)



Unit Commitment: 46X

Sharp Lagrangian
L(p7)t'7p) - LT(X7ZT7)’) + LHT(}/TaYHJL) + <l)d> +p||y7— - ZTH
» Primal Step: ADMM:-like inexact minimization

Ak
i Ay Pt
minLr(x, 27, A%) + = [lyr " — zr|l

inex(3 k Ak . ~ Ok o
A™ASB) Y min Lur(yr, yin AK) + o flyr — 2677
YTYH 2

+<3L’<,d>

» Dual Step: (A<t p¥*+') defined using QP solution oy
P

Numerical Assessment

» UniToy OK!
» On progress for real-life instances



