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Motivation: UC problems

Two power plants

yT ∈ ST yH ∈ SH
〈F ,x〉+ fT (yT ) fH(yH)

x ∈ {0,1} and yT ≤ x yup

yT + yH = d



Motivation: UC problems

Two power plants ( three in fact)

yT ∈ ST yH ∈ SH
〈F ,x〉+ fT (yT ) fH(yH)

x ∈ {0,1} and yT ≤ x yup

yT + yH = d

net demand, substracting the WIND



Stylized Brazilian UC problem (2020)



min 〈F ,x〉+ f (y)
s.t. x ∈ {0,1} ,y ≥ 0

y ∈ S { water balance

By = d
Cy ≤ e

{
demand
flow limits

x ylow ≤ y ≤ x yupuu

{
generation only
if switched on
ramps

I f is convex, linear o quadratic



Real-life UC problem
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for the deterministic formulation. . .
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Stylized UC problem: stochastic version



min 〈F ,x〉+E [f (y (ω))]
s.t. x ∈ {0,1} , y (ω)≥ 0

y (ω) ∈ S(ω) { water balance

By (ω) = d (ω)

Cy (ω)≤ e(ω)

{
demand
flow limits

x ylow ≤ y (ω)≤ x yupuu

{
generation only
if switched on
ramps

I f is convex, linear o quadratic
I d and e have uncertain components (wind and inflows)



Stylized UC problem: stochastic version
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min 〈F ,x〉+E [f (y (ω))]
s.t. x ∈ {0,1} , y (ω)≥ 0

y (ω) ∈ S(ω) { water balance

By (ω) = d (ω)

Cy (ω)≤ e(ω)

{
demand
flow limits

Tx + Wy (ω)≤ huuuuuu

{
generation only
if switched on
ramps

I f is convex, linear o quadratic
I d and e have uncertain components (wind and inflows)

Interested in preserving separability along technologies: Lagrangian
relaxation
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Lagrangian relaxation 101



min fT (x ,yT ) + fH(yH)
s.t. x ∈ {0,1} ,yT ∈ ST

yT ≤ x yup

yH ∈ SH

yT + yH = d ↔ λ

=⇒

L(x ,y ,λ ) = fT (x ,yT ) + fH(yH)
+〈λ ,d− yT − yH〉

= LT (x ,yT ,λ )
+LH(yH ,λ )
+〈λ ,d〉

⇔
min
x ,y

max
λ

L(x ,y ,λ )

s.t. x ∈ {0,1} ,yT ∈ ST

yT ≤ x yup

yH ∈ SH

=⇒
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Lagrangian relaxation 101


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+LH(yH ,λ )
+〈λ ,d〉

DUAL : maxmin replaces minmax
max

λ

min
x ,y

L(x ,y ,λ )

s.t. x ∈ {0,1} ,yT ∈ ST

yT ≤ x yup

yH ∈ SH

=⇒

(duality gap)
max

λ

ψT (λ ) + ψH(λ ) + 〈λ ,d〉

for ψT (λ ) :=


min LT (x ,yT ,λ )

x ∈ {0,1}
yT ∈ ST

yT ≤ x yup
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Lagrangian relaxation - 3rd version



min fT (x ,zT ) + fH(yH)
s.t. x ∈ {0,1} ,zT ∈ ST
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yH ∈ SH
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p=(x,y,z)

either


min f (p)
s.t. p ∈ S

F(p) = 0 ↔ λ

or


min f (p)
s.t. p ∈ S

F(p) = 0

σ(t) = ‖t‖ or 1
2‖t‖

2

σ(0) = 0
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Lagrangian relaxation - 3rd version

OC1: ∃(p̄, λ̄ ) ∈ S× IRm :
F(p̄) = 0
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Lagrangian relaxation - 3rd version


min f (p)
s.t. p ∈ S

F(p) = 0 ↔ λ

σ(F(p))≤ 0 ↔ ρ

=⇒

L(p,λ ,ρ) = f (p) + 〈λ ,F(p)〉
+ρσ(F(p))

+〈λ ,yT − zT 〉
+ρ‖yT − zT‖

DUAL : maxmin replaces minmax{
max
λ ,ρ

min
p

L(p,λ ,ρ)

s.t. p ∈ S
=⇒

NO duality gap
max

λ

ψ(λ ,ρ)

for ψ(λ ,ρ) :=

{
min L(p,λ ,ρ)

p ∈ S

Sharp/Proximal Lagrangian σ(t) = ‖t‖ or
1
2‖t‖

2

NOTE: ρ is a dual variable
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GAL: Generalizad Augmented Lagrangians

Chapter 11K [RW99], on Nonconvex Duality

D(p,v ,w) := f (p) :F(p) = v ,σ(F(p))≤ w is
level-bounded in p ∈ S
locally uniformly in (v ,w)

Theorem 11.59 (duality without convexity)
I Optimal solutions to the primal and dual problems, resp. p̄ and (λ̄ , ρ̄),

are saddle points of the Lagrangian
p̄ minimizes the primal

(λ̄ , ρ̄) maximizes the dual

}
⇐⇒ inf

p
L(p, λ̄ , ρ̄) = L(p̄, λ̄ , ρ̄) = sup

λ ,ρ
L(p̄,λ ,ρ)

I Exact penalty ⇐⇒ ∃(λ̄ , ρ̄) ∈ argmaxψ(λ ,ρ)

=⇒ no need to drive ρ → ∞, as in the augmented Lagrangian



GAL: algorithmic scheme
p̄ minimizes the primal

(λ̄ , ρ̄) maximizes the dual

}
⇐⇒ infp L(p, λ̄ , ρ̄) = L(p̄, λ̄ , ρ̄) = sup

λ ,ρ
L(p̄,λ ,ρ)

I Primal Step: Given (λ k ,ρk ) current multipliers,
pk solves min

p
L(p,λ k ,ρk ) (=⇒ ψ(λ k ,ρk ) = L(pk ,λ k ,ρk ))

pk := Aex (λ k ,ρk )

I Dual Step: (λ k+1,ρk+1) one iteration to solve max
λ ,ρ

ψ(λ ,ρ)
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Separability is lost!



GAL: algorithmic scheme
p̄ minimizes the primal

(λ̄ , ρ̄) maximizes the dual

}
⇐⇒ infp L(p, λ̄ , ρ̄) = L(p̄, λ̄ , ρ̄) = sup

λ ,ρ
L(p̄,λ ,ρ)

I Primal Step: Given (λ k ,ρk ) current multipliers,
pk solves min

p
L(p,λ k ,ρk ) (=⇒ ψ(λ k ,ρk ) = L(pk ,λ k ,ρk ))

pk := Aex (λ k ,ρk )

I Dual Step: (λ k+1,ρk+1) one iteration to solve max
λ ,ρ

ψ(λ ,ρ)

How easy is to find pk ?

L(p,λ ,ρ) = LT (x ,zT ,λ ) + LHT (yT ,yH ,λ ) + 〈λ ,d〉+ ρ‖yT − zT‖

Separability is lost!



GAL: algorithmic scheme
p̄ minimizes the primal

(λ̄ , ρ̄) maximizes the dual

}
⇐⇒ infp L(p, λ̄ , ρ̄) = L(p̄, λ̄ , ρ̄) = sup

λ ,ρ
L(p̄,λ ,ρ)

I Primal Step: Given (λ k ,ρk ) current multipliers,
pk solves min

p
L(p,λ k ,ρk ) (=⇒ ψ(λ k ,ρk ) = L(pk ,λ k ,ρk ))

pk := Aex (λ k ,ρk )

I Dual Step: (λ k+1,ρk+1) one iteration to solve max
λ ,ρ

ψ(λ ,ρ)

How easy is to find pk ?

L(p,λ ,ρ) = LT (x ,zT ,λ ) + LHT (yT ,yH ,λ ) + 〈λ ,d〉+ ρ‖yT − zT‖

Separability is lost!



GAL: algorithmic scheme
p̄ minimizes the primal

(λ̄ , ρ̄) maximizes the dual

}
⇐⇒ infp L(p, λ̄ , ρ̄) = L(p̄, λ̄ , ρ̄) = sup

λ ,ρ
L(p̄,λ ,ρ)

I Primal Step: Given (λ k ,ρk ) current multipliers,
pk solves min

p
L(p,λ k ,ρk ) (=⇒ ψ(λ k ,ρk ) = L(pk ,λ k ,ρk ))

pk := Aex (λ k ,ρk )

I Dual Step: (λ k+1,ρk+1) one iteration to solve max
λ ,ρ

ψ(λ ,ρ)

How easy is to find pk ?

L(p,λ ,ρ) = LT (x ,zT ,λ ) + LHT (yT ,yH ,λ ) + 〈λ ,d〉+ ρ‖yT − zT‖

Separability is lost!



GALs: difficulties

I Primal Step: Given (λ k ,ρk ) current multipliers,
Instead of pk solves min

p
L(p,λ k ,ρk ) (=⇒ ψ(λ k ,ρk ) = L(pk ,λ k ,ρk ))

instead of pk := Aex (λ k ,ρk )

pk := Ainex (λ k ,ρk )≈min
p

L(p,λ k ,ρk )

with an error Ek := L(pk ,λ k ,ρk )−ψ(λ k ,ρk ) ∈ [0,η]
Error is unknown, η bounds approximation inaccuracy

I Dual Step: (λ k+1,ρk+1) one iteration to solve max
λ ,ρ

ψ(λ ,ρ)

Subgradient (Uzawa), Cutting-planes (DW), Bundle

When is Ainex sufficiently good?

Primal points may not be sufficiently good

When to stop?
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GALs: primal-dual bundle scheme

I Primal Step: Given (λ̂ k , ρ̂k ) current good multipliers,
pk := Ainex (λ̂ k , ρ̂k )≈min

p
L(p, λ̂ k , ρ̂k ) = ψ(λ̂

k , ρ̂k )

I Dual Step: (λ k+1,ρk+1) one iteration to solve max
λ ,ρ

ψ(λ ,ρ)

Bundle of pi ’s: defines a simple QP, with
I a matrix ΓF with |Bk | columns F(pi ) ∈ IRm

I Γσ with |Bk | columns σ(F(pi )) ∈ IR

min

{
1

2tF
k

〈
ΓF

α,ΓF
α
〉

+
1

2tσ
k
〈Γσ

α,Γσ
α〉+ 〈q,α〉 : α ∈∆

}
gives λ k+1 = λ̂ k + tF

k ΓF αk and ρk+1 = ρ̂k + tσ
k Γσ αk

I Goodness: New primal point pk+1 := Ainex (λ k+1,ρk+1) is good
if it gives a larger Lagrangian value than pk = Ainex (λ̂ k , ρ̂k )

I Stopping test: checks, up to η ,
I primal feasibility
I optimality gap



GALs: primal-dual bundle scheme

Convergence within the error η of Ainex

Theorem (Primal-dual convergence)
For the subsequence {pk , λ̂ k , ρ̂k}

I all cluster points (if any) of {λ̂ k , ρ̂k} are dual η-solutions
I all cluster points of pk are primal η-solutions
I the optimality gap eventually vanishes

Versatile
I DC programming
I Sparse optimization
I UC
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DC programming: Aex

Global solution to{
min 1

2 〈p,Mp〉+ 〈q,p〉− max
1≤i≤N

{〈αi ,p〉+ βi}
s.t. Ap = b

found by solving N QP’s{
min 1

2 〈p,Mp〉+ 〈q,p〉−〈αi ,p〉−βi

s.t. Ap = b ,

Alternative: Proximal Lagrangian with σ(F(p)) = 1
2‖Ap−b‖2, with

ψ(λ ,ρ) = min
1≤i≤N

(
min

1
2
〈p,Mp〉+〈q−αi ,p〉−βi +〈λ ,Ap−b〉+ ρ

2
‖Ap−b‖2

)
I Primal Step: pk := Aex (λ̂ k , ρ̂k ) = min

p
L(p, λ̂ k , ρ̂k )

Solve N LP’s: 0 = Mp + q−αi + A>λ + ρA>(Ap−b) for 1≤ i ≤ N

I Dual Step: Solve 1 QP to find (λ k+1,ρk+1)



Unit Commitment: Ainex

Sharp Lagrangian
L(p,λ ,ρ) = LT (x ,zT ,λ ) + LHT (yT ,yH ,λ ) + 〈λ ,d〉+ ρ‖yT − zT‖

I Primal Step: ADMM-like inexact minimization

Ainex (λ̂ k , ρ̂k )


min
x ,zT

LT (x ,zT , λ̂
k ) +

ρ̂k

2
‖yk−1

T − zT‖

min
yT ,yH

LHT (yT ,yH , λ̂
k ) +

ρ̂k

2
‖yT − zk−1

T ‖

+
〈

λ̂ k ,d
〉

I Dual Step: (λ k+1,ρk+1) defined using QP solution αk

Numerical Assessment
I UniToy OK!
I On progress for real-life instances


