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Introduction

>

smooth complex representations of reductive p-adic
groups over F local non archimedean field.

cuspidal and supercuspidal coincide, we say cuspidal
for irreducible cuspidal.

case of symplectic groups with p odd.

Langlands functoriality predicts that representations
of Sp(2n, F) have a Langlands parameter :

a morphism ¢ : Wg x SL(2, F) — SO(2n+1,C).
Representations having the same Langlands
parameter form an L-paquet.

Aim : describe the Langlands parameter of a cuspidal
representation of Sp(2n, F).

C. Blondel, G. Henniart and S. Stevens, Jordan blocks of cuspidal
representations of symplectic groups, Algebra Number Theory 12
(2018), no. 10, 2327—2386.

21130



Outline

Mceglin’s

nglin,s approach approach

Bushnell-
Kutzko’s
approach

Bushnell-Kutzko’s approach o
Reducibility

points (real

parts)

Reducibility points (real parts) Determination

of the inertial
Jordan set

Examples

Determination of the inertial Jordan set

Examples

21130



L-packets via Maeglin’s work

Reductibility of parabolic induction

!

Jordan blocks

!
L-packets

Colette Moeglin, Paquets stables des séries discretes accessibles par
endoscopie tordue ; leur parameétre de Langlands,

in Automorphic forms and related geometry : assessing the legacy of I.

|. Piatetski-Shapiro (New Haven, CT, 2012), edited by J. W. Cogdell et
al., Contemp. Math. 614, Amer. Math. Soc., Providence, RI, 2014.
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Parabolic induction considered

F nonarchimedean local field,
o, p, k, @, q=|k|, p odd.

7 cuspidal repr. of Gy ~ Sp(2k, F)
p self-dual cuspidal repr. of L, ~ GL(N,, F) (defines N,)
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Parabolic induction considered

F nonarchimedean local field,
o, p, k, @w, q=1|k|, p odd.

7 cuspidal repr. of Gy ~ Sp(2k, F)

p self-dual cuspidal repr. of L, ~ GL(N,, F) (defines N,)
G ~ Sp(2k + 2N, F)

M ~ GL(N,, F) x Gy maximal Levi subgroup of G
P parabolic subgroup of G with Levi factor M
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Parabolic induction considered

F nonarchimedean local field,

o, p, k, @w, q=1|k|, p odd. Introduction
7 cuspidal repr. of Gy ~ Sp(2k, F)

p self-dual cuspidal repr. of L, ~ GL(N,, F) (defines N,) EEETE?L
G =~ Sp(2k + 2N,, F) ey

M ~ GL(N,, F) x Go maximal Levi subgroup of G e
Determination
of the inertial

P parabolic subgroup of G with Levi factor M Jordan set

Examples

I(m,p,8) = Ind§ pldet|* @ 7 (s e C) (normalized)
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Parabolic induction considered

F nonarchimedean local field,
o, p, k, @w, q=1|k|, p odd.

7 cuspidal repr. of Gy ~ Sp(2k, F)

p self-dual cuspidal repr. of L, ~ GL(N,, F) (defines N,)
G ~ Sp(2k + 2N, F)

M ~ GL(N,, F) x Gy maximal Levi subgroup of G
P parabolic subgroup of G with Levi factor M

I(m,p,8) = Ind§ pldet|* @ 7 (s e C) (normalized)

Note : p|det | self-dual < s=0 or s=

where for x unramified character of F* :
N .
p~p@yodet > Y% =1 (';’—Z torsion number).
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Reducibility points of Ind§ p|det|® @ =

{S S R/ /(71',/), S) is redUCible} = { +5y }7 Sp € R. (S”berger) Introduction

. . 1 _
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otherwise :  sp € 3Z. (Mceglin-Tadi¢) o
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Reducibility points of Ind§ p|det|® @ =

{S S R/ /(71',/), S) is redUCible} = { +5y }7 Sp € R. (S”berger) Introduction

if 7 is generic : sp € {0, £5, £1};

Bushnell-
otherwise : So € 3Z. (Mceglin-Tadic) il
Reducibility
. points (real
Red() set of pairs (p, s) such that parts)

Determination
of the inertial

I(m,p,s) reducibleand s> 1, ie.a,=25—-12>1. Jordan set

Examples
Jord(7) set of pairs (p, a) with a > 1 integer, such that

ds/(p,s) € Red(r)and a, — ac 2Zxo.
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Jordan blocks and Langlands parameters

Langlands parameter for 7 : Wg x SL»(C) — SO(2k +1,C)

@ L(p) ® Sta

a)e Jord Bushnell-
(p7 )6 (ﬂ) Kutzko’s

approach

—> Langlands parameter for = determined by Red(). Reducibility

points (real
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Jordan blocks and Langlands parameters

Langlands parameter for 7 : Wg x SL»(C) — SO(2k +1,C)

Introduction

@ L(p) ® Sta
(p,a)e Jord(m) Eﬂtszrlge':-

approach

—> Langlands parameter for = determined by Red(r). oy
parts)

Note : Z(/ﬁa)e Jord(7) aNp =2k +1 Determination
of the inertial

Goal . Jordan set
Examples

> find the finite number of self-dual cuspidal
representations p of GL(N,, F) such that :

I(m, p, ) is reducible for some real s > 1,

» find the corresponding s.
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Jordan blocks and Langlands parameters

Langlands parameter for 7 : Wg x SL»(C) — SO(2k +1,C)

Introduction

@ L(p) ® Sta
(p,a)e Jord(m) Eﬂtszrllr:fsl;l-

approach

—> Langlands parameter for = determined by Red(r). oy
parts)

Note : Z(%a)e Jord(7) aNp =2k +1 Determination
of the inertial

Goal . Jordan set
Examples

> find the finite number of self-dual cuspidal
representations p of GL(N,, F) such that :

I(m, p, ) is reducible for some real s > 1,

» find the corresponding s.
Approach : use types and covers
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Ind$ pldet | @ 7 via types and covers

types (Jr, Ar) in Gp for m and (J,, A,) in L, for p :\n;t;(liuito

approach

!
G-cover (J, \) of (J, x Jq, A, @ ;) ey
!

points (real
parts)

Determination
of the inertial
Jordan set

reducibility of Hecke algebras modules
Homy, 5 61 (H(G. ), X)

Examples

Colin J. Bushnell and Philip C. Kutzko. Smooth representations of
reductive p-adic groups : structure theory via types.

Proc. London Math. Soc. (3), 77(3) :582—634, 1998.
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Covers

p=c-Ind> . X, (Bushnell-Kutzko) ; 7 = C- INdS° A (Stevens). o
N(Jp) e
~ ~ ceglin’s
(J,\) is a G-cover of (J, x Jr, A\, @ Ay) if approach

» for P = MU parabolic subgroup of G with Levi M
Reducibility

J=WUnU)JINM) (InU)withdnM=J,xd, 25"
Atrivialon JN U™ and JN U and A yny =~ 5\p ® Ar Determination

of the inertial
Jordan set

INP 0 0 g0 o0 INp * ok . Examples
— I O 0 z _01 0 Iy = — Ap(g)@)\ﬂ_(z)
- - INp 00 g 0 0 INp
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Covers

p=C- Ind o (Bushnell-Kutzko) ; ™ = C- IndGO)\ (Stevens).

N(Jp)
(J,\) is a G-cover of (J, x Jy, X, @ Ay) if
» for P = MU parabolic subgroup of G with Levi M
J=(WNU)(JINM)(JnU)withdnM=J, x Jy
Atrivialon JN U™ and J N U and Aoy = A, @ A

In, 0 0 go 0 o h) A
~ Iy 0 0z 0 0 Iy * | —> ON-(Z
( m)(o : 9_1)<0 ?pr) (@)DAx(2)

» a strong technical condition, that ensures :

(J,\) is a type for [M, p @ 7.
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Types and Hecke algebras

H(G,\) = {f :G — End(V>) | f compactly supported and

Vg € G, Vj,k € J, f(jgk) = )\(j)f(g))\(k)} Introduction
Mceglin’s
(Ja >‘) is a type for [M, 1% X TI']G if : approach
irreducible repr. of G|  [irreducible subquotients of
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Types and Hecke algebras

H(G,\) = {f :G — End(V>) | f compactly supported and

Vg e G, Vj, ke J, f(jgk) = )\(j)f(g))\(k)} Introduction
Mceglin’s
(J, ) is atype for [M, p @ 7]g if : approach
irreducible repr. of G|  [irreducible subquotients of
containing A “ 1 Ind§ pldet|S®@ T, 5€C Reduciily
parts)
. . . . Determination
This provides an equivalence of categories of the inertial

Jordan set
M, : Rep[M,p®7r](G) — Mod — H(G, )\) Examples

Right action of f € H(G,\)on ¢ € o) :

b.H(v) = /G o(g7") é(f@)v)dg (v e V).
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Fundamental commutative diagram

(J,\) G-cover of (J, x Jr, A, ® \;) provides

Introduction
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Fundamental commutative diagram
(J,\) G-cover of (J, x Jr, A, ® \;) provides
Introduction

t: H(M, 5\/) ® )\71') — H(G7 )\) glpcﬁ?cil:c?\

on modules : t.(X) = HomH(My;\P@)/\ﬁ)(H(G, A), X).

) . R Reducibilit

The following diagram commutes : points (real
parts)

Iy .

Rep™r=7l(G) My Mod— H(G,\) i

G Jordan set
IndP T L T Exam|

ples

MX,J@M
—
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Fundamental commutative diagram
(J,\) G-cover of (J, x Jr, A, ® \;) provides
Introduction

t: H(M, S\p ® )\71') — H(G7 )\) 2";;?;:1;‘

on modules : t.(X) = HomH(My;\P@)AW)(H(G, A), X).

The following diagram commutes : L
parts)
Rep™eeml(G) M Mod — H(G, \) ot
nag 1 S
Rep[M’p®”](M) 28T Mod — H(M, S\p ® Ar)

—> Study reducibility of My(IndSp|det|® @ ) :

Hom,y 115 o) (H(G. M), (pldet | @ 7)s ).
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The H(M, )\, ® \;)-module (p|det |* ® 7T);p‘

p= c—IndILV”(Jp)STP, X, extension of X, to N(J,) = wZJ,,

with E extension of F attached to X, e(E/F) = e,.
T= c—Indff:f)\ﬁ.

Intertwining of X\, ® A\, supported on ITZ(J, x J,) with

wg' 0 0
IHHe={ 0 1 0

0 0 @f

@A
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The H(M, X, © \;)-module (pdet |* @ 7)5 .,

p=c-Ind> . X,, X, extension of X, to N(J,) = =wZJ,,

N(Jp) P Introduction
with E extension of F attached to X, e(E/F) = e,. g";;g;'a"ci
T = c—Indff:f)\ﬁ.

.. kN 7, 7 .
Intertwining of A\, ® A supported on ITg(J, x J;) with S
points (real
H wE1 0 0 parts)
= Determinati
E 8 I%" 0 of the inertial
wWE Jordan set
Examples

H(M, X, ® \;) ~C[Z,Z""] with Supp Z = ITg(J, x J,)

commutative algebra : dim ¢ ((p|det I°® ”)chzmw) =1

Character given by ¢5(Z) = |det we|® £o(2).
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HomH(M,;p@Aﬂ)(”H(G, A), (pldet |° ® W)X,@Aw)'

H(G, \) is a free H(M, X, ® \.)-module of rank the
cardinality of

Ne(IM,p@x])/M = {g € Ng(M)/[p @ ] ~ [p@ ]} /M.

Rank 1 if p|det|® never selfdual : induced repr. always irreducible.
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HomH(M?;p@Aﬂ)(H(G, A), (pldet |° ® 7T)5\p®/\7r).

H(G, \) is a free H(M, X, ® \.)-module of rank the roduction
cardinality of Meeglin's
approach

Ne(IM,p@x])/M = {g € Ng(M)/[p @ ] ~ [p@ ]} /M.

H s . H i Reducibility
Rank 1 if p|det|® never selfdual : induced repr. always irreducible. points (real

parts)

Here p self-dual hence

Determination
of the inertial

H(G, \) is a free H(M, X, ® \,)-module of rank 2. Jordan set
Examples

Actually for suitable K O J maximal compact subgroup :

H(GN) = HK N @t (H(M,X, @A)
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HomH(MT;p@Aﬂ)(H(G, A), (pldet |° ® 7T)5\p®/\7r).

H(G, \) is a free H(M, X, ® \.)-module of rank the roduction
cardinality of Meeglin's
approach

Ne(IM,p@x])/M = {g € Ng(M)/[p @ ] ~ [p@ ]} /M.

; s L H 0 Reducibility
Rank 1 if p|det|® never selfdual : induced repr. always irreducible. points (real

parts)

Here p self-dual hence

Determination
of the inertial

H(G, \) is a free H(M, X, ® \,)-module of rank 2. Jordan set
Examples

Actually for suitable K O J maximal compact subgroup :

H(GN) = HK N @t (H(M,X, @A)
Reducibility <—> one-dim @ repr. of (G, \) extending &s.
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Reducibility points (real parts)

H(G, \) has two generators with quadratic relations,
say Tp and Ty with Ty Ty a scalar multiple of t(2).
Need to find them,

» either exactly, by hand calculation;;

» or through Hecke algebras of finite reductive
groups
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Example : hand calculation in Sp(4, F)
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Example : hand calculation in Sp(4, F)

Take M = F* x SL(2,F) C G=Sp(4,F),
and p a character of F* with p? = 1.

Introduction

Mceglin’s
approach

Bushnell-
Kutzko’s
approach

Determination
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Examples

Laure Blasco et Corinne Blondel. Algebres de Hecke et séries
principales généralisées de Sp,(F), Proc. London Math. Soc. (3) 85
(2002).
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Example : hand calculation in Sp(4, F)

Take M = F* x SL(2,F) c G=Sp(4, F),
and p a character of F* with p? = 1.

Introduction
Mceglin’s
approach

Two generators T, and T supported respectively on (the B
J-double cosets of) Kutzko's

approach
0 0 1 0 @
w=|( 0 L 0)ands= 0 I 0| ws=-II
-1.00 —w 1 00

Determination
of the inertial
Jordan set

Examples

Laure Blasco et Corinne Blondel. Algebres de Hecke et séries
principales généralisées de Sp,(F), Proc. London Math. Soc. (3) 85
(2002).
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Example : hand calculation in Sp(4, F)

Take M = F* x SL(2,F) c G=Sp(4, F),
and p a character of F* with p? = 1.

Two generators T, and T supported respectively on (the

J-double cosets of)

0 0 1 0 0w
w=|( 0 L 0)ands= 0 I 0| ws=-II
-1 00 —w= 1 00

Compute T2 = by Ty + Cw, T2 = bsTs + Cs.

(Calculation involving systems of representatives of
J/J N wJdw~', an explicit realisation of the type for 7, Gauss
sums...)

Laure Blasco et Corinne Blondel. Algebres de Hecke et séries
principales généralisées de Sp,(F), Proc. London Math. Soc. (3) 85
(2002).
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Results (x = )\, = pox, W space of \,)

(2.17) TaBLEAU. Cas non ramifié, n =1 et dimW = %(q —1):

T =—alg= DT+, == - 10¢" P+ g
x=1:4 " x#F1:
To=(lg-1T+q:

Cas non ramifié, n impair et dimW £ (g —1):
7= —-qlg= DT, +q". Il =4’
x=1: a ) x71iq
1o=g-1)T,+gqg: =
Cas non ramifié, n pair:
Tr=(g— 1T, +q, T2 =g,
x=1:{,_‘; RN E IR
I =—qla-1T+q": ‘
Cas rantifié :

e [ 0e g
x=1 X ) o2 1/2. 2
To=x(g—1)g " "T,+q".
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H(G, \) by generators and relations

Theorem (Miyauchi-Stevens 2014)
H(G, \) is generated by Ty and Ty, supported respectively .
on double cosets JwyJ and JwyJ, with relations 2pproach

Introduction

Bushnell-
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H(G, \) by generators and relations

Theorem (Miyauchi-Stevens 2014)
H(G, \) is generated by Ty and Ty, supported respectively B
on double cosets JwyJ and JwyJ, with relations approach

Bushnell-

(To—q°)(To+1)=0, (T4—q")(T1+1)=0, r,neZ 5

Introduction

» Ty and Ty are invertible,

Determination

» To Ty is a scalar multiple of ¢(Z). e el
» 4 repr. of dimension 1 (with multiplicities). Examples
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H(G, \) by generators and relations

Theorem (Miyauchi-Stevens 2014)
H(G, \) is generated by Ty and Ty, supported respectively "

Mceglin’s

on double cosets Jwyd and JwydJ, with relations approach

Bushnell-

(To—q°)(To+1)=0, (T4—q")(T1+1)=0, r,neZ 5

> Ty and Ty are invertible, eermination
» To Ty is a scalar multiple of #(Z2). e

Jordan set

» 4 repr. of dimension 1 (with multiplicities). Examples
Proposition (Blondel 2012)
The real parts of the reducibility points are

+1 rg+r +1 rg—r
N,Je, 2 ' N,/e, 2

17130



Strategy for
Red(7) = {(p,s)/I(r, p, s) reducible, s > 1}

Introduction

Mceglin’s

.. approach

Recall : types (Jr, Ar) in Gp for 7 and (J,, A,) in L, for p. Bushnell-
Kutzko’s

approach

Don’t want / don’t need to compute relations for all (J,, A,).
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Strategy for
Red(7) = {(p,s)/I(r, p, s) reducible, s > 1}

Recall : types (Jr, Ar) in Gy for 7 and (J,, A,) in L, for p.

Don’t want / don’t need to compute relations for all (J,, A,).

» Guess a reasonable set of good candidates.

» Compute relations and real parts of reducibility points
for those.

> If we find "enough" real parts > 1 we are done.

"enough” 1 3_, oc ord(r) @Np = 2K +1

Introduction
Mceglin’s
approach
Bushnell-

Kutzko’s
approach

Determination
of the inertial
Jordan set

Examples
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Inertial Jordan set

Say {s1, s2} non-negative real parts of reducibility points.

Does reducibility actually occur :
ep 2im

18p 2im
» for p|det |5 or for (p|det|2’\’p '°€q> |det |51 ?

16p 2in

» for p|det |2 or for <p|det|2’\’p'°€q> |det |52 ?
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Inertial Jordan set

Say {s1, s2} non-negative real parts of reducibility points.

Does reducibility actually occur :
ep 2im

18p 2im
» for p|det|** or for (p|det|2’\’p '°g<7> |det |51 ?

1€p 2im

» for p|det |2 or for <p|det|2“’p'°€q> |det |52 ?

—> p determined up to twisting by an unramified self-dual character.

[p] inertial class of p : set of unramified twists of p.

Introduction
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approach
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Inertial Jordan set

Say {s1, s2} non-negative real parts of reducibility points.

Does reducibility actually occur :

€p 2im

» for p|det|** or for (p|det|2’\’p 'qu> |det |51 ?

16p 2ir

» for p|det|®2 or for( |det |2 Ve '°€q> |det %2 ?

—> p determined up to twisting by an unramified self-dual character.

[p] inertial class of p : set of unramified twists of p.

We determine the Inertial Jordan set IJord(r) :
multiset of pairs ([p], a) with (p, a) € Jord(r).

Introduction
Mceglin’s
approach
Bushnell-

Kutzko’s
approach

Determination
of the inertial
Jordan set

Examples
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Determination of the inertial Jordan set

» structure of A, —> semi-simple objects,

> related simple objects and ""simple™ cuspidal
representations m;,

» relate |Jord(w) to the IJord(w;)
» compute IJord(w;) using Lusztig’s results.

Introduction

Mceglin’s
approach
Bushnell-

Kutzko’s
approach

Reducibility
points (real
parts)

Examples
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Skew semi-simple data for 7 = c-Ind° A,

1. a skew semi-simple stratum (A, —, —, )
in Go = Spe(V):

V=V, 1l.-- 1V, dimV =2k, dimV, =2k,

on each V; a skew simple stratum (A;, —, —, 3)).

Introduction

Mceglin’s
approach
Bushnell-

Kutzko’s
approach

Reducibility
points (real
parts)

Examples
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Skew semi-simple data for 7 = c-Ind° A,

1. a skew semi-simple stratum (A, —, —, )
in Go = Spe(V):

V=V, LlL..- 1LV, dimV =2k, dimV; = 2k;,
on each V; a skew simple stratum (A;, —, —, 3)).

2. a skew semi-simple character 6, on H :

Jr > J! ) H!
p-primary .
 fir beta-extension + Tl umique ‘L O

GL,(C) S  GL,(C) > GLy(C)

Introduction
Mceglin’s
approach
Bushnell-

Kutzko’s
approach

Reducibility
points (real
parts)

Examples
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Skew semi-simple data for 7 = c-Ind° A,

1. a skew semi-simple stratum (A, —, —, )
in Go = Spe(V):

V=V, LlL..- 1LV, dimV =2k, dimV; = 2k;,
on each V; a skew simple stratum (A;, —, —, 3)).

2. a skew semi-simple character 6, on H :

Jr > J! ) H!
p-primary .
 fir beta-extension + Tl umique 1 Ox

GL,(C) O GL,(C) o GLy(C)
On H! N Spg(V;) we get a skew simple character

Ori: HL; — GLy(C)
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Level zero data for 7 = c-Ind$°\,
Let E = F[p] and E; = F[p)] (afield),so E=E; & --- E,.
GE, : centralizer of §; in Spe(V;), GE = Gg, x -+ x GE,.
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Level zero data for 7 = c-Ind$°\,
Let E = F[p] and E; = F[p)] (afield),so E=E; & --- E,.
GE, : centralizer of §; in Spe(V;), GE = Gg, x -+ x GE,.

Introduction

Mceglin’s
approach

For the skew simple stratum (A;, —, —, i) :

Bushnell-
Kutzko’s

J7r7,' = PE’.(/\,') J;j,- with PE,-(Ai) = P(/\,') N GE,, sppresen

Reducibility

Jri/ J:r’,- ~ Pg,(N;)/ Pl1:';(/\i) = @ finite reductive group. S

Examples
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Level zero data for 7 = c-Ind$°\,
Let E = F[p] and E; = F[p)] (afield),so E=E; & --- E,.
GE, : centralizer of §; in Spe(V;), GE = Gg, x -+ x GE,.

Introduction

Mceglin’s
. roach
For the skew simple stratum (A;, —, —, 5;) : :’:::e”_
Kutzko’s
Jri = Pg(Ni) J:r,- with Pg.(A;) = P(A;)) N Gg, :szaihl
7 : ; ! ! educibility
J7r,i/J71r,i ~ PE,-(/\,')/P,}/(/\,-) = @ finite reductive group. S
For the skew semi-simple stratum (A, —, —, 3) :
Examples

Jr = (P, (M) x -+ x P (Ar)) Iy
JW/J;ggﬂ:g1 X -+ X Gr.
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Level zero data for 7 = c-Ind$°\,
Let E = F[p] and E; = F[p)] (afield),so E=E; & --- E,.
GE, : centralizer of §; in Spe(V;), GE = Gg, x -+ x GE,.

Introduction

Mceglin’s
. approach
For the skew simple stratum (A;, —, —, i) : B':Zh:e”_
Kutzko’s
Jri = Pg(Ay) J}j with Pg (M) = P(A;) N G, :pzma.:hl.t
) educibility
Jri /J71r,i ~ Pg(N;)/ Pl1:';(/\i) = G, finite reductive group. etk
For the skew semi-simple stratum (A, —, —, 5) :
Examples

Jr = (Pg, (M) x -+ x Pg,(Ar)) I}
I/l = G =Gy x -+ x G,

Finally \; = xr ® 7 with 7. cuspidal representation of G,

Ta =T R QT 7; cuspidal rep. of G;

291 13()



Hecke algebras of finite reductive groups
Recall the cover (J, \) :

(

INP 0 0
— Ix O
- — Iy,

)(

g0 O
0z O
00 g

)(

INp * ok
0 ng *
0 0 Iy,

) e @ Aul)
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Hecke algebras of finite reductive groups
Recall the cover (J, \) :

Iy, 0 0 go o Iy, * * -
— Ik O 0z 0 0 Iy = | — A,(9) ® Ar(2)
- = Iy, 00 g 0 0 Iy,

For (J,,\,) : simple stratum (I', —, —,7) and ), = &, ® 7,.

0 v 00
o): 080 |]andlA=xk®T.
ol 0 0 v
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Hecke algebras of finite reductive groups
For (J,, \,) : simple stratum (I, —, —,~) and )\p =R, ® 7).
For (J, \) : related semi-simple stratum (X, —, —, ) with
v~ 0 O v 0 0
o= (o B 0 > = <o B 0> and A =rk®T.
00 —¥ 00 v

Theorem (Stevens 2008)
There are skew semi-simple strata (M, —, —, «), t = 0,1,

Pro)(2)/Phoy(T) =G xGr T=7,071

M Levi inflation
PF[oz](z)/P;—'[a](mf) 7’:p & Tr
N parabolic

PF[a](f)ﬁt)/ Fla] (mt) = ggmt Ind ’Fp X Tr
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Hecke algebras of finite reductive groups
For (J,, \,) : simple stratum (I, —, —,~) and )\p =R, ® 7).
For (J, \) : related semi-simple stratum (X, —, —, ) with
v~ 0 O v 0 0
o= (o B 0 > = <o B 0> and A =rk®T.
00 —¥ 00 v

Theorem (Stevens 2008)
There are skew semi-simple strata (M, —, —, «), t = 0,1,

Pro)(2)/Phoy(T) =G xGr T=7,071

M Levi inflation
PF[oz](z)/P;—'[a](mf) 7’:p & Tr
N parabolic
PF[a](f)ﬁt)/ Fla] (mt) = ggmt Ind ’Fp X Tr

and signature characters ey, 0fG, x G, such that

al
H(Qm,, M, (7~'p ® Tﬂ)) :f) H(G, /\) (preserving support).
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Reduction to the simple case
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Reduction to the simple case

Assume : (I', —, —,~7) @ (A1, —, —, B1) simple stratum.
Then gpxgﬂ:gpxg‘IXgZX"'Xgr
Levi subgroup of  Gop, = gfm2 X Go X -+ X Gy

and  H(Go,, eam; (7p @ 7)) = H(Goyy» e, (7 @ 71))-
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Reduction to the simple case
Assume : (I', —, —,~7) @ (A1, —, —, B1) simple stratum.

Then gp X g7r = gp X g1 X g2 X X gr Introduction
Levisubgroup of G, = Gyn xGox - X Gy Meeglin's
t approach
~ ~ Bushnell-
and H(gmﬁ e, (TP ® Tﬂ)) = H(gim; » €O (Tp & T )) aK")‘;Zr'g‘;csh

Reducibility

—> Two quadratic relations (T; — q"*)(T; +1) =0,t =0,1; points(ral
—> the integers rp (ea, (7, ® 7)) and ry (e, (7, ® 7)) e
—> real parts of reducibility points

+1 o+ R 41 Inh— N EXegipiEs
N,Je, 2 ' N,/e, 2
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Reduction to the simple case

Assume : (I', —, —,~7) @ (A1, —, —, B1) simple stratum.
Then gp X g7r - g,’) X g1 X g2 X X gr Introduction
Levi Subgroup of gg;n, = ggﬁg X gg X oo X gr Moeglin'?1
approac
~ ~ Bushnell-
and  H(Gm,, e, (7p © 7)) = H(Gomy» €, (Tp @ 71))- Kirzio's

Reducibility

—> Two quadratic relations (T; — q"*)(T; +1) =0,t =0,1; points(ral
—> the integers rp (ea, (7, ® 7)) and ry (e, (7, ® 7)) P
—> real parts of reducibility points

+1 rp+n +1 rp—n SEIEE
N,je, 2 ' N,/e, 2

Compare with Red(m), my = c—IndipF(V”)q, M =K1 QTy.

—> integers ry (egmé (7, ® 71)) and rq (emq () ® 71))
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Reduction to the simple case

Assume : (I', —, —,~7) @ (A1, —, —, B1) simple stratum.
Then Go X Gr =Gy X G1 X Ga X -+ X Gy
Levi subgroup of  Gop, = gfm2 X Go X -+ X Gy

and H(gmﬁ €y (7-P ® Tﬂ)) = H(gimg » €My (%p X T ))

—> Two quadratic relations (T; — q"*)(T: +1) =0,t=0,1;
—> the integers ry (e, (7, @ 71)) and ry (ean, (7 ® 1))
—> real parts of reducibility points

+1 rp+n +1 rp—n
N,Je, 2 ' N,/e, 2

Compare with Red(m), my = c—IndipF(V”)q, M =K1 QTy.

—> integers ry <egmg) (7, ® 71)) and rq (emq () ® 71))

Nice try!
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The reduction step : good candidates
Assumptions on (', —, —,7), (J,,A,) in L, = GLg(W)

» (1 — v defines an isomorphism F[31] — F[v];
> 67”,1 the self-dual simple char. of I:Ijn1 extending 0, 1,
0, the transfer to H! of 8, 1, we ask : 0, = (,)2.
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The reduction step : good candidates
Assumptions on (', —, —,7), (J,,A,) in L, = GLg(W)

» 1 — v defines an isomorphism F[51] — F[v];

> 0,1 the self-dual simple char. of A} , extending 6, 1,
0, the transfer to H! of 8, 1, we ask : 0, = (,)2.
((§9) = 0:1(x)d1(y) restricts to (g ()-(;)71) — 01(x)2.)
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The reduction step : good candidates

Assumptions on (', —, —,7), (J,,A,) in L, = GLg(W)
Introduction
» (34— ~ defines an isomorphism F[3{] — F[]; Meeglims
» .1 the self-dual simple char. of A | extending 6, 1, S
0, the transfer to H! of 8, 1, we ask : 0, = (,)2. Sy
((§9) = 0:1(x)d1(y) restricts to (’g ()_(;)71) = 01(x)2.) L
parts)
Proposition
There is a character x1 of kX1, X‘? =1, such that for any p _—
xamples

ithid — (f 2 . _ —
with 9/) — ((97“1) . Emoefmé = ey egml =X10° detkE1 .
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The reduction step : good candidates
Assumptions on (', —, —,7), (J,,A,) in L, = GLg(W)

» 1 — v defines an isomorphism F[51] — F[v];

> 0,1 the self-dual simple char. of A} , extending 6, 1,
0, the transfer to H! of 8, 1, we ask : 0, = (,)2.
((§9) = 0:1(x)d1(y) restricts to (g ()-(;)71) — 01(x)2.)

Proposition
There is a character x of kX1, X3 = 1, such that for any p
with ép — (57“1 )2 s EmOESﬁé = ey qu = x1 o det ke, -

+1 roEn
N,/e, 2

> =" (Ema (7’:p®7_1)>s n=n (5931} (%p®71)>

| 2 n=~n (ema (X1.7tp®7'1)), n=n (G;m} (X1.7zp®7'1))

We actually compare the values for

Introduction
Mceglin’s
approach
Bushnell-

Kutzko’s
approach

Reducibility
points (real
parts)

Examples

251130



Main theorems

Theorem (B-H-S 2019)
/JOfd(ﬂ', @§’1 ) = /JOfd(TF] s e§’1 )X1 Introduction

Mceglin’s

[ ~ V. approach
with ©., 1 endoclass of 0. 1, T = c-IndLS/pg 1) K @ T4 o
b Kutzko’s

approach

Reducibility
points (real
parts)

Examples
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Main theorems
Theorem (B-H-S 2019)
lord(w,®2 ;) = Iord(wy,®2 ,),,

with ©, 1 endoclass of 0 1, m = c—Inding‘)nM ®Ty.
Theorem (B-H-S 2019)

2ki +1 ifB1 =0,
> m deg (p) = {

([p],m)€ Mord(r1,02 )

1

2k otherwise.
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Main theorems
Theorem (B-H-S 2019)
Iord(m, ©% 1) = IJora(my, ©7 ),

m,1

with ©, y endoclass of 97“1, T = c—lndjfgv”mﬂ ® T1.
Theorem (B-H-S 2019)

2ki +1 ifB1 =0,
2k otherwise.

> m deg (p) = {

([ol.m)e Mord(;,02 ;)

Note : 51 =0 <= m of depth zero, case done in
Jaime Lust and Shaun Stevens, On depth zero L-packets for
classical groups. Proc. Lond. Math. Soc. (3) 121 (2020).
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Main theorems
Theorem (B-H-S 2019)

/JOfd(?T, 0721_71 ) = /Jord(7r1 , @721_71 )X1 Introduction

Mceglin’s

with ©,, 1 endoclass of 0, 1, my = C-/ndjp(1V1) Frt © 1. aBzzho::”h

' Kutzko’s

Theorem (B-H-S 2019) sppresen
Reducibility
points (real

. arts)
2k +1 ifpy =0, ’
> mdeg(p) =1, o
(e m)e Mord(r1,82 ;) 1 otherwise. e

Note : 51 =0 <= m of depth zero, case done in
Jaime Lust and Shaun Stevens, On depth zero L-packets for
classical groups. Proc. Lond. Math. Soc. (3) 121 (2020).
Convention : one of the 3;’s is 0, possibly with V; = {0}.
Reca” . Z(p,a)é JOI’d(W) aNp — 2k + 1
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Main theorems

Theorem (B-H-S 2019)
Iord(m, ©% ) = ord(my, O 1), introduction

Mceglin’s

. ~ V2 approach
with © 1 endoclass of 0. 1, m = c—Indi':(1 1)/%1 ® 1. S
’ Kutzko’s

approach

Theorem (B-H-S 201 9) Reducibility

points (real
parts)

2ky +1  ifB1 =0,

2k1 otherwise. Examples

> m deg (p) = {

([p],m)€ Mord(m ,efﬂ )

Convention : one of the §;’s is 0, possibly with V; = {0}.
Corollary (B-H-S 2019) .

lJord(r) = U IJord(m;, ®2 ),
i1

26 1 30



The ramification theorem (char F = 0)
Theorem (B-H-S 2019)

The self-dual endo-parameter of 6 depends only onr :

Introduction
Mceglin’s
zr: dImF approach
Bushnell-
[F[/BI] F] Kutzko’s

approach
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The ramification theorem (char F = 0)
Theorem (B-H-S 2019)

The self-dual endo-parameter of 6 depends only onr :

Introduction

Mceglin’s

d dImF approach
E Bushnell-
[F[ﬁl] F] Kﬂtszkrc])?s
approach

Reducibility

The diagram points (real

transfer parts)

Cusp (Go) —> Irr GlLoks1(F)
eG \L \L e2k+1 Examples

EHF) o (F)

commutes, where e, 1 maps an irreducible rep. to the
sum of the endoparameters of its cuspidal support and

O2k (Zl 180 ) Y71 807 + B0

271130



Unitary groups, strongly ramified case, setup

G = GLg(V), F/Fy quadratic ramified extension,
G unitary group of a non degenerate hermitian form on V. B
ceglin’s

—> Same framework applies. O

Bushnell-
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Unitary groups, strongly ramified case, setup

G = GLg(V), F/Fy quadratic ramified extension,
G unitary group of a non degenerate hermitian form on V. B
ceglin’s

—> Same framework applies. A7 saas

Bushnell-
Cuspidal rep. 7 = ¢c-Ind$\, A = k() ® 7, such that : fues

» underlying stratum (A, —, —, 5) simple, [F[5] : F] = dim V, 25?333522?’
» F[5]/F|[5]o (quadratic) ramified, F[5]/F tamely ramified.

Introduction
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Unitary groups, strongly ramified case, setup

G = GLg(V), F/Fy quadratic ramified extension,

G unitary group of a non degenerate hermitian form on V. '“::‘;‘I’i”n‘f:"”

—> Same framework applies. approach

Cuspidal rep. 7 = ¢c-Ind$\, A = k() ® 7, such that : EEEZE?L
» underlying stratum (A, —, —, 3) simple, [F[3] : F] = dim V, Reduciblit

» F[B]/F|B]o (quadratic) ramified, F[5]/F tamely ramified. ’;a:ts) o
of the inertial
Jordan set

Look for base change of r as ## = c—IndjéF; ® 7 with :

J = FI8]*J = F[3]*J",
unique self-dual simple character 6 extending 62 to H',

F@IJ p-primary beta-extension of 4 and R(wrg) = 1,

vV v v Y

7 tamely ramified self-dual character of F[5]*.

281130



Unitary groups, strongly ramified case, result
We compute T2 = by Ty + Cw, T2 = bsTs + Cs.
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approach
Bushnell-

Kutzko’s
approach

Reducibility
points (real
parts)

Determination
of the inertial
Jordan set

C. Blondel and Geo Kam-Fai Tam, Base change for ramified unitary
groups : the strongly ramified case. J. Reine Angew. Math. 774 (2021).
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Unitary groups, strongly ramified case, result

We compute T2 = by Ty + Cw, T2 = bsTs + Cs.

E=F[g], Introduction

x the quadratic character of k2. Meeglin’s
approach

Assume 7|, = xE/F)=1 with {

The computation of bs involves a Gauss sum of sign ¢ :
d

Bushnell-
Kutzko’s

a approach
> T4 o trae(@e(ciXipt — Xi416) Xj41), ppreach
. Reducibility
XeW; j=0 points (real
parts)

Determination
of the inertial
Jordan set

C. Blondel and Geo Kam-Fai Tam, Base change for ramified unitary
groups : the strongly ramified case. J. Reine Angew. Math. 774 (2021).
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Unitary groups, strongly ramified case, result
We compute T2 = by Ty + Cw, T2 = bsTs + Cs.

E=F[g], Introduction

~ _ J(E/F)=1 i
Assume 7_|kEX =X with x the quadratic character of k,;. Mceglin’s

The computation of bs involves a Gauss sum of sign ¢ : aBpp:’ac:
d Ktl:tszkr:fs-
> I ¥ o rar(@e(cXivr — Xiv16)* Xir), :”‘:"f:’l_
XeW; j=0 psinLll:I(r:agY
parts)
Theorem (Blondel-Tam 2021) Determination
Assume 7|, = x"E/F) =1 and #(wg) = 7(—1)es. The Jordan st
E
points of reducibility of Ind 7 |det |S ® m are
+1 and
Iog qe

hence 7 is the base change of .

C. Blondel and Geo Kam-Fai Tam, Base change for ramified unitary
groups : the strongly ramified case. J. Reine Angew. Math. 774 (2021).
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