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Abstract

Unlike many deterministic PDEs, stochastic equations are not amenable to the classi-
cal variational theory of Euler-Lagrange. In this paper, we show how self-dual variational
calculus leads to solutions of various stochastic partial differential equations driven by
monotone vector fields. We construct weak solutions as minima of suitable non-negative
and self-dual energy functionals on Ito spaces of stochastic processes. We deal with both
additive and non-additive noise. The equations considered in this paper have already
been resolved by other methods, starting with the celebrated thesis of Pardoux, and
many other subsequent works. This paper is about presenting a new variational ap-
proach to this type of problems, hoping it will lead to progress on other still unresolved

situations.
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1 Introduction

Self-dual variational calculus was developed in the last fifteen years in an effort to construct
variational solutions to various partial differential equations and evolutions, which do not
fall in the Euler-Lagrange framework of the standard calculus of variations. We refer to the
monograph [19] for a comprehensive account of that theory. In this paper, we show how
such a calculus can be applied to solve stochastic partial differential equations, which also do
not fit in Euler-Lagrange theory, since their solutions are not known to be critical points of
energy functionals. We show here that at least for some of these equations, solutions can be
obtained as minima of suitable self-dual functionals on It6 spaces of random paths.

The self-dual approach applies to solve stochastic partial differential equations driven by
monotone vector fields. These are operators A : D(A) C V — V* —possibly set-valued— from
a possibly infinite dimensional Banach space V into its dual, satisfying

(p—q,u—v) >0 for all (u,p) and (v, q) on the graph of A. (1.1)

As a warm-up, we shall tackle basic SPDEs involving additive noise, such as

{du(t) = —A(t,u(t))dt + B(t)dW () 12)

u(0) = uyg,

where ug € L?(§2, Foy,P; H) for the Hilbert space H, W (t) is a real-valued Wiener process on a
complete probability space (2, F,P) with normal filtration (F;);, and where B : [0,T] x  —
H is a given Hilbert-space valued progressively measurable process. Here A : Qx[0,T]xV —
2V" can be a time-dependent adapted random —possibly set-valued— maximal monotone map,
where V' is a Banach space such that V. C H C V* constitute a Gelfand triple.

We will also deal with SPDEs driven by monotone vector fields and involving a non-additive
noise. These can take the form

du(t) = —A(t,u(t))dt + B(t,u(t))dW (t)
(1.3)
u(0) = uyg,
where u — B(t,u) is now a progressively measurable linear or non-linear operator.
They can also come in divergence form such as
du = div(B(Vu(t, z)))dt + B(t, u(t))dW (¢) in [0,7] x D
(1.4)
u(0,x) = ug on 0D,

where here, 3 is a progressively measurable monotone vector field on R™, D is a bounded
domain in R”, and B : [0,T] x Q x H§(D) — L*(D) is progressively measurable.

By solutions, we shall mean progressively measurable processes u, valued in suitable
Sobolev spaces, that verify the integral equation

u(t) = uo —/O A(s,u(s))ds+/() B(s,u(s))dW (s),

where the last stochastic integral is in the sense of Ito.
The genesis of self-dual variational calculus can be traced to a 1970 paper of Brezis-
Ekeland [7, 8] (see also Nayroles [24, 25]), where they proposed a variational principle for the



heat equation and other gradient flows for convex energies. The conjecture was eventually
verified by Ghoussoub-Tzou [22], who identified and exploited the self-dual nature of the
Lagrangians involved. Since then, the theory was developed in many directions [15, 16, 20],
so as to provide existence results for several stationary and parabolic -but so far deterministic-
PDEs, which may or may not be Euler-Lagrange equations.

While in most examples where the approach was used, the self-dual Lagrangians were ex-
plicit, an important development in the theory was the realization [18] that in a prior work,
Fitzpatrick [13] had associated a (somewhat) self-dual Lagrangian to any given monotone
vector field. That meant that the variational theory could apply to any equation involving
such operators. We refer to the monograph [19] for a survey and for applications to existence
results for solutions of several PDEs and evolution equations. We also note that since the
appearance of this monograph, the theory has been successfully applied to the homogeniza-
tion of periodic non-self adjoint problems (Ghoussoub-Moameni-Zarate [21]). More recently,
the self-dual approach was used in [2, 3] to tackle the more general problem of stochastic
homogenization of such equations and to provide valuable quantitative estimates.

The application of the method to solving SPDEs is long overdue, though V. Barbu [5] did
use a Brezis-Ekeland approach to address SPDEs driven by gradients of a convex function
and additive noise. We shall deal here with more general situations that cannot be reduced to
the deterministic case. We note that the equations below have already been solved by other
methods, starting with the celebrated thesis of Pardoux [26], and many other subsequent
works [10, 27, 28, 29]. This paper is about presenting a new variational approach, hoping it
will lead to progress on other unresolved equations.

To introduce the method, we consider the simplest example, where the monotone operator
A is given by the gradient dp of a (possibly random and progressively measurable) function
@ :[0,T] x H — RU {+o0} such that for every ¢ € [0,T], the function ¢(¢,-) is convex
and lower semi-continuous on a Hilbert space H, and the stochastics is driven by a given
progressively measurable additive noise coefficient B : Q x [0, 7] — H. The equation becomes

(1.5)

du(t) = —0p(t, u(t))dt + B(t)dW (¢)
u(0) = up.

We consider the following Ité space over H,

t t
A2 = {u  Op — H: u(®) :u(0)+/ a<s>ds+/ Fu(s)dW(s)},
0 0
where u(0) € L*(Q, Fo,P; H), @ € L?(Qp; H) and F,, € L*(Qp; H), where Qr = Q x [0,T].

Here, both the drift u and the diffusive term F;, are progressively measurable. The key idea
is that a solution for (1.5) can be obtained by minimizing the following functional on A%,

T T
N 1
I(w) =E{ / Lo (t,ult), —a(t)) dt + 5 / M (Fu(t), = Fu(t)) dt + £ (u(0), u(T)) },
0 0
where
1. L, is the (possibly random) time-dependent Lagrangian on H x H given by

L@(t» u,p) = go(w, t, u) + W*(w’ t,p),
where ¢* is the Legendre transform of ¢;

2. 4, is the time-boundary random Lagrangian on H x H given by

1 2 1 2 2
buo (@, 0) 1= Lug(wy(a,b) = Sllallg + 5110l — 2{uo(w), )i + [luo(w)| s



3. Mp is the random time-dependent diffusive Lagrangian on H x H, given by
Mp(G1,G2) == VBt (G1) + Vi (G2),
where V(1) 1 H — RU{+00} is the convex function ¥p(, +)(G) = %HG—QB(w, )%

However, it is not sufficient that I attains its infimum on A% at some v, but one needs to
also show that the infimum is actually equal to zero, so as to obtain

T
0=1I(v) = IE/O (<p(t,v) + ot fﬁ(t))) dt
+E (S0 + 3 10T — 260, 0(0)) + o} )

T
-|—IE/O (% IF,(t) — 2B(t)|% + %I\Fv(t)llif ~ 2R, (1), B())) d,

where we have used the fact that U5(G) = 3 ||G||3; + 2(G, B)n.

By using It6’s formula, and by adding and subtracting the term EfOT<U(t), o(t))dt, we can
rewrite I(v) as the sum of 3 non-negative terms

T
0=1(v) = ]E/O (o(t0) + ¢ (0. ~0(0)) + (o(t). () ) di

T
+2E [ |IF, = Bl dt +E o(0) - wly
0

which yields that for almost all ¢ € [0,T], P-a.s.
p(t,v) +@"(t, —0(t)) + (v(t), 0(t)) = 0, hence —o(t) € Ip(v(t)).

The two other identities readily give that B = F, and v(0) = ug. In other words, v € A%,
and satisfies (1.5).

The self-dual variational calculus allows to apply the above approach in much more generality.
The special Lagrangians L, ¢,, and M can be replaced by much more general self-dual
Lagrangians. Moreover, the “tensorization” procedure between the three components can be
extended to any number of self-dual Lagrangians.

In section 2, we shall collect —for the convenience of the reader— the elements of self-dual
theory that will be needed in the proofs. In section 3, we show how one can lift self-dual
Lagrangians from state space to LP-spaces and then to It6 spaces of stochastic processes. In
Section 4, we give a variational resolution for Equation 1.2 by using the basic minimization
principle for self-dual Lagrangians. Section 5 contains applications to classical SPDEs such
as the following stochastic evolution driven by a diffusion and a transport operator,

{du = (Au+a(z) - Vu)dt + B(t)dW on [0,T] x D

u(0) = ug on D, (1.6)

where a : D — R™ is a smooth vector field with compact support in D, such that div(a) > 0.
Other examples include the stochastic porous media equation, but also quasi-linear equations
involving the p-Laplacian (2 < p < +00), that is

{du = (Ayu — ululP=2)dt + B(t)dW on D x [0,T]

u(0) = ug on 0D. (L.7)

In section 6, we deal with quite general SPDEs driven by a self-dual Lagrangian on L®(Qp; V) x
L2 (Qr; V*) and a non-additive noise. We then apply this result in Section 7 to resolve equa-
tions of the form (1.3) and (1.4), such as

{du(t) = Audt + |ul7 tu dW ()

u(0,x) = ug(z), (18)



where % < ¢ < "5, and more generally,

u(0, z) = ug(x) on 0D, (L.9)

{du = div(B(Vu(t, z)))dt + B(u(t))dW (¢) in [0,7] x D
where D is a bounded domain in R™ and the initial position ug belongs to L2(£2, Fo, P; L?(D)).
In Equation (1.9), the vector field 3 is a progressively measurable maximal monotone operator
on R™. In a forthcoming paper, we shall deal with more elaborate non-linear SPDEs such as
the stochastic Navier-Stokes equations in 2 and 3 dimensions.

2 Elements of self-dual variational calculus

If V is a reflexive Banach space and V* is its dual, then a (jointly) convex lower semi-
continuous Lagrangian L : V x V* — R U {+oo} is said to be self-dual on V x V* if

L*(p,u) = L(u,p), (u,p) €V x V¥, (2.1)
where L* is the Fenchel-Legendre dual of L in both variables, i.e.,
L*(q,v) = sup{(g, u) + (v,p) = L(u,p); w € V,p e V"}.
Such Lagrangians satisfy the following basic property
L(u,p) — (u,p) >0, YV (u,p) €V x V™.

We are interested in the case when the above is an equality, hence we consider the corre-
sponding —possibly multivalued— self-dual vector field OL : V — 2V defined for each u € V
as the —possibly empty— subset dL(u) of V* given by

OL(u) ={p e V*; L(u,p) — (u,p) =0y ={p e V*; (p,u) € dL(u,p)},

where OL is the subdifferential of the convex function L.

2.1 Self-dual Lagrangians as potentials for monotone vector fields

Self-dual vector fields are natural extensions of subdifferentials of convex lower semi-continuous
functions. Indeed, the most basic self-dual Lagrangians are of the form L(u, p) = ¢(u)+¢*(p)
where ¢ is a convex function on V, and ¢* is its Fenchel dual on V* (i.e., ¢*(p) = sup{(u, p) —
o(u),u € V}) for which

OL(u) = dp(u).

Other examples of self-dual Lagrangians are of the form L(u,p) = ¢(u) 4+ ¢*(—Tu+p) where
I': V — V*is a skew-adjoint operator. The corresponding self-dual vector field is then

OL(u) = dp(u) + T'u.

Actually, both dp and dp + I' are particular examples of the so-called maximal monotone
operators, which are set-valued maps A : V — 2V whose graphs in V x V* are maximal (for
set inclusion) among all monotone subsets G of V' x V*. In fact, it turned out that maximal
monotone operators and self-dual vector fields are essentially the same. The following was
first noted by Fitzpatrick [13] (with a weaker notion of (sub) self-duality), and re-discovered
and strengthened later by various authors. See [19] for details.

Theorem 2.1. If A: D(A)CV — 2V" is a mazimal monotone operator with a non-empty
domain, then there exists a self-dual Lagrangian L on V x V* such that A = OL. Conversely,
if L is a proper self-dual Lagrangian on a reflexive Banach space V' x V*, then the vector
field v — OL(u) is mazimal monotone.



Another needed property of the class of self-dual Lagrangians is its stability under convolu-
tion.

Lemma 2.2. ([19] Proposition 3.4) If L and N are two self-dual Lagrangians on a reflexive
Banach space X x X* such that Domy (L) — Domi(N) contains a neighborhood of the origin,
then the Lagrangian defined by

(L D N)(’U,7p) = Tiergg*{L(u?T) + N(uvp - T)}

18 also self-dual on X x X*.

As in deterministic evolution equations, one often aim for more regular solutions that are
valued in suitable Sobolev spaces, as opposed to just L2. Moreover, the required coercivity
condition (on the underlying Hilbert space) is quite restrictive and is not satisfied by most
Lagrangians of interest. A natural setting is the so-called evolution triple of Gelfand, which
consists of having a Hilbert space sandwiched between a reflexive Banach space V' and its
dual V* ie.,

VCHH" CV*,
where the injections are continuous and with dense range, in such a way that if v € V and
h € H, then (v, h)g = (v,h),, .. A typical evolution triple is V := Hg (D) C H := L*(D) C
V* := H7Y(D), where D is a bounded domain in R". The following lemma explains the
connection between the self-duality on H and V.

Lemma 2.3. ([19] Lemma 3.4) Let V. C H C V* be an evolution triple, and suppose L :
VxV* = RU{+oo} is a self-dual Lagrangian on the Banach space V , that satisfies for some
C1,Co>0andry >rq > 1,

Co([Jully? = 1) < L(u,0) < Ci(1+ |lull}}) for all u € V.
Then, the Lagrangian defined on H x H by
_ L(u, ueV
Liup) = P
+00 ue H\V
1s self-dual on the Hilbert space H x H.

2.2 Two self-dual variational principles

The basic premise of self-dual variational calculus is that several differential systems can be
written in the form 0 € OL(u), where L is a self-dual Lagrangian on phase space V x V*.
These are the completely self-dual systems. A solution to these systems can be obtained as
a minimizer of a completely self-dual functional I(u) = L(u,0) for which the minimum value
is 0. The following is the basic minimization principle for self-dual energy functionals.

Theorem 2.4. ([14]) Suppose X is a reflexive Banach space, and let L be a self-dual
Lagrangian on X x X* such that the mapping uw — L(u,0) is coercive in the sense that

LQw0) — 40, Then, there exists u € X such that I(a) = iniL(m 0)=0.
ue

lim
llul|—o0

As noted in [14], it actually suffices that L be partially self-dual, that is if
L*(0,u) = L(u,0) for every u € X.

[

We shall also need the Hamiltonian associated to a self-dual Lagrangian, that is the functional
on X x X defined as Hy, : X x X — RU {—o0} U {+c0}

HL(uv/U) = pseu‘;)*{@)ap> - L(u,p)},

which is the Legendre transform in the second variable. It is easy to see that if L is a self-dual
Lagrangian on X x X*, then its Hamiltonian on X x X satisfies the following properties:



e Hj is concave in u and convex lower semi-continuous in v.
o Hy(v,u) < —Hp(u,v) for all u,v € X.

As established in [17], the Hamiltonian formulation allows for the minimization of direct
sums of self-dual functionals. The following variational principle is useful in the case when
non-linear and unbounded operators are involved.

Theorem 2.5. ([19]) Consider three reflexive Banach spaces Z, X1, Xo and operators A :
D(Al) C Z*)Xl , Fl D(Fl) C Z‘)Xik, AQ D(AQ) C Z‘)XQ, andF2 D(FQ) cZ—
X5, such that Ay and As are linear, while I'y and I's —not necessarily linear— are weak-to-
weak continuous. Suppose G is a closed linear subspace of Z such that G C D(A1)ND(A3)N
D(T1) N D(T'2), while the following properties are satisfied:

1. The image of Gy := Ker(A3) NG by Ay is dense in X;.
2. The image of G by Ay is dense in Xo.
3. ur— (Aju,Tyu) + (Asu, Tau) is weakly upper semi-continuous on G.

Let L;,i = 1,2 be self-dual Lagrangians on X; x X such that the Hamiltonians Hy,, are
continuous in the first variable on X;. Under the following coercivity condition,

| lﬁm Hr, (0, Aju) — (Aju,Thu) + Hp, (0, Asu) — (Asu, Tou) = 400, (2.2)
u||—oo
ueG

the functional
I(u) = Li(Aju, T u) — (Aju, Tiu) + Lo(Agu, Tou) — (Agu, Taw)
attains its minimum at a point v € G such that I(v) =0, and
['1(v) € OL1(Arv),

FQ('U) € 5L2(AQU). (23)

3 Lifting random self-dual Lagrangians to It6 path spaces

Let V be a reflexive Banach space, and T' € [0, 00) be fixed. Consider a complete probability
space (2, F,P) with a normal filtration F;, t € [0,7], and let L*(Q x [0,T]; V') be the space
of Bochner integrable functions from Qr := Q x [0,7] into V with the norm ||u||%§x/ =

IEfOT llu(t)||§ dt. We may use the shorter notation L{ (Qr) := L*(Q2 x [0,T]; V) in the sequel.

Definition 3.1. A self-dual Qr-dependent convex Lagrangian on V. x V* is a function L :
Qp x VxV* - RU {400} such that:

1. L is progressively measurable with respect to the o-field generated by the products of F;
and Borel sets in [0,t] and V x V*, i.e. for every t € [0,T], L(¢,-,-) is Fr @ B([0,¢]) ®
B(V) ® B(V*)-measurable.

2. For eacht € [0,T], P-a.s. the function L(t,-,-) is convexr and lower semi-continuous on
V x V*.

3. For any t € [0,T], we have P-a.s. L*(t,p,u) = L(t,u,p) for all (u,p) € V x V* where
L* is the Legendre transform of L in the last two variables.



To each Qp-dependent Lagrangian L on Q7 X V' X V*  one can associate the corresponding
Lagrangian £ on the path space L (Qr) x L. (Qr), where L + 5 =1, to be

T
Llu,p) = E / L(t,u(t). p(t)) dr,

with the duality between L{ (2r) and Lv* (Qr) given by (u,p) = E fo ), D dt. The

associated Hamiltonian on L (Q7) x L (Qr) will then be

VV*

Helw o) = s {E [ (00,00 ~ L0000 s p € 14 @),

The Legendre dual of a "lifted” Lagrangian in both variables naturally lifts to the space of
paths L{ (Qr) X L'?/*(QT) via

= s {8 [ o0),u0) + 00)p0) - 200 p00) )
peL? . (Qr)

The following proposition is standard. See for example [11].

Proposition 3.2. Suppose that L is an Qp-dependent Lagrangian on V X V*, and L is the
corresponding Lagrangian on the path space L (Qr) X L’?/*(QT). Then,

1. L(p,u) =E [i L*(t,p(t), u(t))dt.

2. He(u,0) =B [ Hp(t,u(t), o(t))dt.

3.1 Self-dual Lagrangians associated to progressively measurable
monotone fields

Consider now a progressively measurable —possibly set-valued— maximal monotone map that
is amap A : Qp x V — 27 that is measurable for each t, with respect to the product o-field
Fi®B([0,t])@B(V), and such that for each ¢t € [0, T, P-a.s., the vector field A, + :== A(t,w, -, -)
is maximal monotone on V. By Theorem 2.1, one can associate to the maximal monotone
maps A ¢, self-dual Lagrangians L4, on V' x V*, in such a way that

Ay =0Ly,, foreveryte|0,T], and P-as.

This correspondence can be done measurably in such a way that if A is progressively measur-
able, then the same holds for the corresponding Qp-dependent Lagrangian L. We can then
lift the random Lagrangian to the space L{;(Q7) x L‘ﬁ/* (Qr) via

La(u,p) = E/O La,,(u(w,t),p(w,t))dt.

Boundedness and coercivity conditions on A translate into corresponding conditions on the
representing Lagrangians as follows. For simplicity, we shall assume throughout that the
monotone operators are single-valued, though the results apply for general vector fields.

Lemma 3.3. ([21]) Let A, ; be the maximal monotone operator as above with the corre-
sponding potential Lagrangian L4, ,. Assume that for all u € V,dt ® Pa.s., A, satisfies

(A, ) = max {1 (@, Oul]§ = ma(@,0), 2w, Dl Aweullf —ma(w,)},  (3.1)



where c1,co € L®(Qr,dt ® P) and my,my € L'(Qp,dt ® P). Then the corresponding
Lagrangians satisfy the following:

Cr(w, t)(ull + [pl5- — ni(w,t) < La,,, (u,p) < Cow, )([[ull§ + [plly- + n2(w, 1)),

for some Cy,Cy € L (Qr) and ny,ne € LY(Qr).
The lifted Lagrangian on the L*-spaces then satisfy for some Cy,Cy > 0,

Calllullgy ) + 1915 o) = 1) < Lalu,p) < Coll+ [ullZg oy + W12 )

3.2 1It6 path spaces over a Hilbert space

Suppose now that U is a Hilbert space. For ¢t € [0,T], a cylindrical Wiener process W(t) in
U can be represented by

W(t)=> Blt)er, t>0,

keN

where {0} is a sequence of mutually independent Brownian motions on the filtered proba-
bility space and {ex} is an orthonormal basis in U. For simplicity, we shall assume in the
sequel that W is a real-valued Wiener process i.e. U = R. We now recall 1t6’s formula.

Proposition 3.4. (28], [29]) Let H be a Hilbert space with (, Yp as its scalar product. Fizx
29 € L2(Q, Fo,P; H), and let y € L2(Qr; H), Z € L*(Qr; H) be two progressively measurable
processes. Define the H-valued process u as

¢ ¢
u(t) := g —l—/ y(s)ds—|—/ Z(s)dW (s). (3.2)
0 0
Then, the following holds:
1. w is a continuous H-valued adapted process such that E (supte[O,T] ||u(t)||%1> < 00.

2. (Ito’s formula) For all t € [0,T],

t

lu@)Z = [frol +2 / (y(s), u(s))mds + / 12(5)|2ds + 2 / (u(s), Z(5)) wdW (s),
and consequently

E(lu(®)ll%) = E(llzol%) + E / (20(s), uls)ar + 12(5)13 ) ds.

More generally, the following integration by parts formula holds. For two processes u and v
of the form:

u(t) :u(O)—l—/Old(s)ds—i—/O Fu(s)dW(s), o(t) :u(0)+/0 ﬁ(s)ds—i—/o G (s)dW (s),

we have

T T T
]E/O (u(t),v(t))dt:f]E/O <v(t),u(t)>dt7E/O (Fu(t),Go(t))dt
+E(u(T), v(T)) i — E(u(0),v(0)) ar- (3.3)

Now we define the Ité space A% consisting of all H-valued processes of the following form:

A2 = {u Qr — H; u(t) = uo + /Otd(s)ds +/0t Fu(s)dW (s), (3.4)

for up € L2, Fo, Py H), @ € L2(Qg: H), F, € L2(QT;H)},



where @ and F, are both progressively measurable. We equip A% with the norm

T

T
July, =E <||u<o>|%, + [ [ IR dt) 7

so that it becomes a Hilbert space. Indeed, the following correspondence
(x0.y, Z) € L*(Q H) x L*(Qr; H) x L*(Qr; H)

— zo + /Oly(s)ds—f— /O/Z(s)dW(s) c A%,

ue Ay = (w(0), 4, F,) € L* (0 H) x L*(Qp; H) x L*(Qr; H),

induces an isometry, since It6’s formula applied to two processes u,v € A% yields
t
2 2 ~ ~
[u(t) — o)l = [lu(0) —v(0) |7 + 2/0 (a(s) —0(s), u(s) —v(s))mds

+ / |Fu(s) — Fo(s)|2ds + 2 / (u(s) — v(s), Fu(s) — Fo(s)) ndWi,

which means that u = v if and only if ©(0) = v(0), F,, = F}, and @ = 9. We therefore can and
shall identify the Ito space A%, with the product space L*(Q; H) x L*(Qr; H) x L*(Qr; H).
The dual space (A%)* can also be identified with L*(Q; H) x L*(Qr; H) x L?*(Qp; H). In
other words, each p € (A%)* can be represented by the triplet

p = (po,p1(t), P(t)) € L*(; H) x L*(Qp; H) x L*(Qp; H),

in such a way that the duality can be written as:
T 1 /T
(w0 - = B{ 0O + [ (@it 5 [ (POFul)mat}. (39)

3.3 Self-dual Lagrangians on It6 spaces of random processes

We now prove the following.

Theorem 3.5. Let (2, F, Fi,P) be a complete probability space with normal filtration, and let
L and M be two Qr-dependent self-dual Lagrangians on H x H, Assume £ is an Q-dependent
function on H x H, such that P-a.s.

lw,a,b) = *(w,—a,b), (a,b) € H x H. (3.7)
The Lagrangian on A% x (A%)* defined by

L(u,p) =E { / L(t, u(t) — p1(t), —a(t)) dt + £(u(0) — po, u(T))
0 (3.8)

T
+ 5 | MR = Pl).-Fu) dt),

is then partially self-dual. Actually, it is self-dual on the subset A% x D of A% x (A%)*,
where D := ({0} x L% x L%).
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Proof. Take (q,v) € (A%)* x A% with ¢ an element in the dual space identified with the
triple (Oa q1 (t)? Q(t))v then
‘C*((bv) = sup {<q7u> =+ <U7p> - E(U,p)}
u€Ay

pe(AR)”

T
— s s s B {no)+ [ (l00.30) + 000,500 dr
uwEAY po€L} (Q) PELY(Qr) 0

p1€L%(Qr)

+3 /OT ((QW), Pu() + (P(1), Gu(1)) ) at

T
- / L(t, u(t) — pu (), —a(t)) dt — £(u(0) — po, u(T))
T
_%/0 M(Fu(t)—P(t),—Fu(t))dt}.

Make the following substitutions:

u(t) = pi(t) = y(t) € L (Qr)
u(0) —po =a € L} ()
Fu(t) = P(t) = J(¢) € L (Qr),

to obtain

£gv)=swp s s suwp B {(u(0) — a,0(0)) ~ fa,u(T))
u€ A% aeLl? (Q) yeL% (Qr) JELZ (Qr)

T
+ [ (@@ 500) + () = y0).50) = Lt ~i(0))

Use Itd’s formula (3.3) for the processes u and v in A%, to get

C(gu)=swp s swp o swp E{(a,—0(0)) + ((T),0(T)) — (a, u(T))
u€AZ a€L?(Q) yeL, (Qr) JELZ (Qr)

T
+ [ o) = o). =0 + (o). ~50) = Lityte), o)
1 T
5 [ (Gl = QO ~FRult) + (0. ~Gut) ~ MU, ~Fu(t) dt}.
0

In view of the correspondence
(b,r,Z) € L*(Q; H) x L*(Qp; H) x L*(Qrp; H)

— b+ /075 r(s)ds + /Ot Z(s)dW (s) € A%.

u € A% — (u(T), -, —F,) € L*(Q; H) x L*(Qq; H) x L*(Qp; H),

11



it follows that

L*(q,v) = sup E {(a, —v(0)) + (b,v(T)) — ¥a, b)}
(a,b)eLF ()X LE(Q)

¥ sup B[00 (0.0 (0) + (0. ~500) = Lt yt0).(0)) e

(y,m)ELZ (1) x L3 (1)

1 T
+5 swp E{ / (Gult) = QU), Z(1) + (T (1), ~Go(1)) = MJ(1), Z(1)) dt},
JEL% (Qr) 0
ZeL%(Qr)

and therefore taking into account Proposition 3.2 gives
T
L7(g,v) = E £(=v(0),v(T)) + E/ L*(t, —o(t),v(t) — qu(t)) dt
0

T
+SE / M* (=G, (1), Gu(t) — Q1)) dt.

Now with the self-duality assumptions on L and M, and the condition on ¢, we have £*(0,v) =
L(v,0), for every v € A%, which means that £ is partially self-dual on A% x (A%)*. O

4 Variational resolution of stochastic equations driven
by additive noise

For simplicity, we shall work in an L?-setting in w and in time.

4.1 A variational principle on It6 space
The following is now a direct consequence of Theorem 3.5 and Theorem 2.4.

Proposition 4.1. Let (Q, F, F,P) be a complete probability space with normal filtration
and let H be a Hilbert space. Suppose L and M are Qp-dependent self-dual Lagrangians on
H x H, and ¢ is an Q-dependent time-boundary Lagrangian on H x H. Assume that for some
positive Cq,Cy and C3, we have

T
E/O L(t0(8),0) dt < Co(1+ [o]2s ) for v € L (@),
E 4(a,0) < Ca(1 + ||aH%§{(Q)) for a € L%(9), (4.1)
T
E/O M(o(t),0) dt < Cy(1+ 022 (0,))  for o € L4 (S2r).

Consider on A% the functional

T T
I(u) :E{/O L(t,u(t),—ﬁ(t))dt+€(u(0),u(T))+%/0 M(Fy(t), ~Fu(t)) dt}.

Then, there exists v € A2, such that I(v) = inf2 I(u) = 0, and consequently, P-a.s. and for
u€A3,

almost all t € [0,T], we have
—o(t) € OL(t,v(t)) (4.2)
)

(=v(0),v(T)) € 9(v(0), v(T))
—F,(t) € OM(F,()).

Moreover, if L is strictly convex, then v is unique.
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Proof. The functional I can be written as I(u) = L(u,0), where L is the partially self-dual
Lagrangian defined by (3.8).

In order to apply Theorem 2.4, we need to verify the coercivity condition. To this end, we
use Conditions (4.1) to show that the map p — £(0,p) is bounded on the bounded sets of

(A%)*. Indeed,
{/ (t, p1(t),0) dt + £(—po, 0 /M dt}
<o

3+ Ip1 3, 0 + IPol22, o) + ||P||L§,<QT)),

and by duality, lim £(u,0)

llull—oo |u]
I(v) = 0. We now rewrite I as follows:

= +o00. By Theorem 2.4, there exists v € A% such that

T

T
0=1I()=E {/ L(t,v(t), ~(t)) + <v(t),17(t)>dt—/ (u(t), 3(t)) dt

+€(v(0),v(T))+%/0 M(Fv(t),—Fv(t))dt}.

By Ito’s formula

T T
B [ (w(e).56) = 5 Bl - 5O - 5B [ 1RO

which yields

FE{00(0), o(T) ~ o) + 5w}

5 /OT (1B 13 + M(P(1), ~Fult))) dt .

The self-duality of the Lagrangians L and M and the hypothesis on the boundary Lagrangian,
yield that for a.e. ¢t € [0,7] and P-a.s. each of the integrands inside the curly-brackets are
non-negative, thus

L(t,v(t), —o(t)) + (v(t), 0(t)) =0,

£(0(0), (7)) ~ 3 Io(T) I + () =0,
M(Fv(t)v*Fv( )) <Fv7Fv>:Oa

which translate into the three assertions in (4.2).
Finally, if L is strictly convex, then the functional I is strictly convex and the minimum is
attained uniquely. O

4.2 Regularization via inf-involution

The boundedness Condition (4.1) is quite restrictive and not satisfied by most Lagrangians
of interest. One way to deal with such a difficulty is to assume similar bounds on L but in
stronger Banach norms. Moreover, we need to find more regular solutions that are valued
in more suitable Banach spaces than H. To this end, we consider an evolution triple V C
H C V*, where V is a reflexive Banach space and V* is its dual. We recall the following easy
lemma from [19].
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Lemma 4.2. Let L be a self-dual Lagrangian on V x V*.

1. If for some r > 1 and C > 0, we have L(u,0) < C(1+ ||u||},) for all uw € V, then there
exists D > 0 such that L(u,p) > D(||p||§« —1) for all (u,p) € V xV*, where 1 +1 =1.

2. If for C1,Co > 0 and ry > ro > 1, we have
Co(Julli? —1) < L(u,0) < Ci(1+ ||lul|}}) forall u € V,
then, there exists D1, Dy > 0 such that
Ds(l| ). (4.3)

where 7% + gi =1 fori=1,2, and therefore L is continuous in both variables.

ve +llully? = 1) < Lu,p) < Di(1 + [lully + [Ip|

Proposition 4.3. Consider a Gelfand triple V.C H C V* and let L be an Qp-dependent
self-dual Lagrangian on V. x V*. Let M be an Qpr-dependent self-dual Lagrangian on H x H,
and ¢ an Q-dependent boundary Lagrangian on H x H satisfying £*(a,b) = £(—a,b). Assume
the following conditions hold:

(A1) For some m,n > 1, C;,Cy >0,
T
CQ(”U”?%/(QT) -1)< IE/O L(t,v(t),0) dt < Cy(1+ |\v||Z%(QT)) for all v € L*(Qp; V).
(A3) For some C5 > 0,
E £(a,b) < C3(1+ [lall7s ) + [Ibll72 o)) for all a,b € L*(Q; H).
(As) For some Cy > 0,

T
E/ M(Gl(t),GQ(t))dt S C4(1+HG1H%%(QT)_F”GZH%&I(QT)) for all Gl,GQ S L?—[(QT)
0

Then, there exists v € A% with trajectories in L*(Qr; V) such that © € L?(Qp; V*), at which
the minimum of the following functional is attained and is equal to 0.

I(u) :E{/O Lt u(t), —a(t) dt+€(u(0),u(T))+%/0 M(Fu(t), ~Fu(t)) dt}.

Consequently, P-a.s. and for almost all t € [0,T], we have
—5(t) € OL(t,v(t)) (4.4)
)

(—v(0),v(T)) € 94(v(0),v(T))
—F,(t) € OM(F,(t)).

Proof. First, apply Lemma 2.3 to lift L to an Qp-dependent self-dual Lagrangian on H x H,
then consider for ¢ € [0, 7] and P-a.s., the A-regularization of L, that is

. hu= =l , A
Lattu,p) = inf {L(t2,p) + 2 + Zpl .

By Lemma 2.2, L) is also an Qp-dependent self-dual Lagrangian on H x H in such a way
that the conditions (4.1) of Proposition 4.1 hold. Hence, there exists vy € A% such that

0=E {/O Lty va () —0x (£)) dt + £(05(0), v (T)) +%/0 M(Fy (1), ~ oy (1)) d ).
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Since L is convex and lower semi-continuous, then dt @ P a.s, there exists Jy(vy) € H so that

loa(t) = Ia ()Nl | A

L(t,oA(t), =0x(t)) = L(t, Jx(va)(t), —=0r(2)) + 2 + 5”@\@)”%17
and hence
T (v 2
0= { [ (20000, o)+ P2O=2 IOy Sy ) ar
+ 0(0A(0), 0x(T) + %/0 M(Fy, (£), ~Fo (1)) dt}. (4.5)

From (4.5), condition (A;) and the assertion of part (2) of Lemma 4.2, we can deduce that
Jx(vy) is bounded in L?(Q27; V) and @ is bounded in L?(Qr; V*). Also from condition (As)
and (Ajs), we can deduce the following estimates:

T
B [ M@ H) itz OG0, ~ 1) and El(e) > CQbE, @ - .

These coercivity properties, together with (4.5), imply that v)(0) and v (T") are bounded in
L?(Q; H), and that F,, is bounded in L?(Q7; H). Moreover, since all other terms in (4.5)
are bounded below, it follows that

E/OT lua(t) — Ja(vx)()||?dt < 2AC  for some C > 0.
Hence vy, is bounded in A%, and there exists a subsequence vy, that converges weakly to a
path v € L?(Qr; V) such that © € L*(Qp; V*), and
Iy, (v,\j) — 9 in LQ(QT; V)
oy, =0 in L*(Qp; V)
vy, v in L*(Qr; H)
vy, (0) = v(0), oA(T) = o(T) in L*(Q;H)
Fo,, = F, in L*Qp; H).
Since L, ¢ and M are lower semi-continuous, we have

I(v) <liminfE { /0 (L(t, Iy, (v, ) (), —x, (1)) + l[va, () — ;;;(mj)(t)l n % o, (t)IIQ) i

+L(vy, (0), 05, (T)) + % /0 M(F,, (t),~F., (t))dt} = 0.

For the reverse inequality, we use the self-duality of L and M and the fact that {(—a,b) =
£*(a,b) to deduce that

Therefore, I(v) = 0 and the rest of the proof is similar to the last part of the proof in
Proposition 4.1. O
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We now deduce the following.

Theorem 4.4. Consider a Gelfand triple V.C H C V*, and let A: D(A) CV — V* be an
Qr-dependent progressively measurable mazimal monotone operator satisfying
Ve —ma(w,t)},

where c1,co € L (Qp,dt @ P) and my,mo € L*(Qr,dt @ P). Let B be a given H-valued pro-
gressively measurable process in L?(Qr; H), and ug a given random variable in L*(Q, Fo,P; H).
Then, the equation

(Aw 1w, u) = max{er (w, ) [[ullf —ma(w, 1), c2(w, t)]| Aul

(4.6)

du(t) = —A(t,u(t))dt + B(t)dW (t)
u(0) = uy,

has a solution u € A% that is valued in V. It can be obtained by minimizing the functional

T
(W)= E /O L(t, u(t), —a(t) dt
+E (Sl1u0) B + 51T — 20, u(0)) i + luolly )
+E [ (IR0 = 2801 + 5 1ROI — 2P0, BO)) dr

where L is a self-dual Lagrangian such that OL(t, ) = A(t,-), P-almost surely.
Proof. Tt suffices to apply Proposition 4.3 with the self-dual Lagrangian L associated with
A, the time boundary ()-dependent Lagrangian ¢,,, on H x H given by
fug(a,0) = Sl + 51805~ 2uo(w). @b + o) 3
and the Qp-dependent self-dual Lagrangian M on L% (Qr), given by
Mp(G1,G2) = Vp(w,n(G1) + Vi, (G2),

where U, ) : H — RU{+00} is the convex function ¥, +(G) = 3G —2B(w,t)||3,. O

5 Applications to various SPDEs with additive noise

In the following examples, we shall assume D is a smooth bounded domain in R™, W is a real
Brownian motion, and B : Q x [0,7] — L?(D) is a fixed progressively measurable stochastic
process.

5.1 Stochastic evolution driven by diffusion and transport
Consider the following stochastic transport equation:

(5.1)

du = (Au+ a(z) - Vu)dt + B(t)dW on [0,T] x D
u(0) = ug on D,

where a : D — R™ is a smooth vector field with compact support in D, such that div(a) > 0.
Assume ug € L3(Q, Fo,P; HY (D)) such that Aug € L*(D), P-a.s.

Consider the operator 'u = a- Vu + %(div a) u, which, by Green’s formula, is skew-adjoint
on H}(D). Also consider the convex function

o) = {3 IpIVelPdo+ ¢ [p(diva)lude e Hi(D)
00 otherwise,
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which is clearly coercive on H} (D). Consider the Gelfand triple H} (D) c L?(D) c H~Y(D),
and the self-dual Lagrangian on H}(D) x H~1(D), defined by

L(u,p) = ¢(u) + ¢*(T'u+ p).

The corresponding functional on It space is then,

I(u) = IE{/OT ((;/D(Wuﬁdﬁi/D(diva)W)dx) +¢*(a(t,.)+r(u(t,-)))> dt}
+E {;/OT </D <|Fu(t,z)|2 +2|B(t, )| —4Fu(t,x)B(t,x))dz> dt}

+E {/D (%|u(0,x)|2 + %\u(T, x)|2 — 2up(x)u(0,x) + %|uo(x)|2) dm} ’

Apply Theorem 4.4 to find a path v € AQLQ(D), valued in H}(€2), that minimizes I in such a
way that I(v) = 0, to obtain
1
—t0+a-Vo+ - (dlva)v € 0p(v) = —Av + i(diva)v,
v(0) = ug, F, = B.
The process v(t) = vg + fot Av(s)ds + fot a-Vu(s)ds + fo )dW (s) is therefore a solution
o (5.1).
5.2 Stochastic porous media

Consider the following SPDE,

du(t) = AuP(1)dt + B(t)dW () on D x [0, 7]
(5.2)
u(0) = ug on D,
where p > 2=2 and ug € L*(Q, Fo, P; H1(D)).

Equip the Hilbert space H = H~!(D) with the inner product
(u, V) -1 = (u, (=A) 1) = / u(z)(—A) " o(x) de.
D

Since p > 222, LP*1(D) ¢ H(D) C L (D) is an evolution triple.
We Cons1der the convex functional

sy [ o @ tids on LrH(D)
400 elsewhere,

whose Legendre conjugate is given by

p+1
“Lu*| 7w da.
@ ( p+1/\

Now, minimize the following self-dual functional on A%,

JQO_E{piléTl;mme“+pMA)%mwnﬁfwxﬁ}

1 1
+E {GIuOI, + SR, + luol?, - 20000, |

i {/OT (% (IE12 -, +21B@I? ., - 4<Fu(t)aB(t)>H1)dt} .
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Apply Theorem 4.4 to find a process v € A%, with values in LP*1(D) such that
(=A)"H(=0(t)) € dp(v(t)) = vP, F, = B, and v(0) = vy.

It follows that v(t) = vo + fot AvP(s)ds + fo (s)dW (s), provides a solution for (5.2).

5.3 Stochastic PDE involving the p-Laplacian

Consider the equation

du = (A pu — ululP=2)dt + B(t)dW on D x [0,T]
u(0) = on 0D,

where p € [2,+00), Ayu = div(]Vul[P~?Vu) is the p-Laplacian operator, and ug is given such
that ug € Wy P(D) N {u; Apu € LP(D)}. Tt is clear that Wy (D) ¢ LP(D) continuously and
densely, which ensures that the functional

1/ 1
= - Vuxpdx—i—f/uxpdx,
le ()] le()\

is convex, lower semi-coninuous and coercive on VVO1 "P(D) with respect to the evolution triple
Wy (D) ¢ LP(D) c L*(D) ¢ Wy *(D)* ¢ LY(D),

where % + % = 1. Theorem 4.4 applies to the self-dual functional

T
I(w)= E /O (<p(t,u)+<p*(t, i) dr
FE (G102, ) + 5 @I, )~ 2o, u(0) + Juol?, )

= @wFoumw FIBWIE, ,, ~ 2(Fu(0). B)) dt.

to yield a Wy (D)-valued process v € A%z( p)» Where the null infimum is attained. It follows
that
—3 € 0p(v) = —Apv + v|v|P2,

U(O) =g, Iy =B,
and hence v(t) — ug — f(f B(s)d fo s)ds = fo L0(s)ds — fo v(s)[P=2ds.

6 Non-additive noise driven by self-dual Lagrangians

In this section, we give a variational resolution for stochastic equations of the form

{d? ):: ig( ) (t) dt + B(t,u(t))dW (6.1)

where £ is a self-dual Lagrangian on LY(Qr; V) x LP(Qr;V*), 1 < a < +oo and 3 is its
conjugate, and where V. C H C V* is a given Gelfand triple.
We shall assume that £ satisfies the following conditions:

Co[[ullze ) + IIPIIi&(Q y — 1) < Llu,p) < G+ lullZg o) + ||p|| on) (62
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and ~
1By < Cs(1+ s r). (6.3)

Note that in the last section, we worked in a Hilbertian setting, then used inf-convolution
to find a solution that is valued in the Sobolev space V. This approach does not work in
the non-additive case, since we need to work with stronger topologies on the space of Ito
processes that will give the operator B a chance to be completely continuous. We shall
therefore strengthen the norm on the It6 space over a Gelfand triple, at the cost of losing
coercivity, that we shall recover through perturbation methods.

More precisely, we are searching for a solution u of the form

u(t) = u(0) + /0 i(s)ds + /0 By (s)dW (s), (6.4)

where u € L*(Qp; V), @ € LP(Qp;V*) and F, € L?(Qp; H) are progressively measurable.
The space of such processes, will be denoted )¥, and will be equipped with the norm,

lullyg = lu®liLg @r) + 12Oz, @p) + [Fu@®l22,@0)-

As shown in [29], any such a process u € J{ has a dt ® P-equivalent version ¢ that is a
V-valued progressively measurable process that satisfies the following It6 formula:
P-a.s. and for all ¢ € [0, 7],

lu®)1Z = [lu(O)]Z +2 / (0(5),8(5)) ., ds + / 1Fu(s) 2ds +2 / (u(s), Fuls)) dW (s),

(6.5)
In particular, we have for all ¢ € [0, T],

E(lu()llf) = E(lu(0)|%) + E / (260(5). @(5)),- o + [ Fus) ) ds.

Furthermore, we have v € C([0,7]; H). In fact, one can deduce that for any u € )},
u e C([0,T);V*) and u € L>*(0,T; H) P-a.s ([28] and [29]). From now on, a process u in Y
will always be identified with its dt ® P-equivalent V-valued version .

Theorem 6.1. Consider a self-dual Lagrangian £ on L®(Q; V) x LP(Q7;V*) satisfying
(6.2) and (6.3), and let B : Y& — L?(Qp; H) be a —not-necessarily linear— weak-to-norm
continuous map such that for some C' >0 and 0 < § < %H,

1Bull 2, ) < Cllullye(qyy for anyu e Y. (6.6)
Let ug be a given random variable in L?*(, Fo,P; H). Equation (6.1) has then a solution u
in Y5, that is a stochastic process satisfying

u(t) = uo 7/0 5£(u)(s)ds+/0 Bu(s)dW (s). (6.7)

We would like to apply Theorem 2.5 to £ on L*(Q7; V) x L?(Q; V*) and to the following
operators acting on G = {u € Y{; u(0) = up},

A1 G C y‘? — La(QT,V), Fl G C y‘? — L’B(QT,V*)
Az (u) = u, I(u) =—u

Agchy‘(}—)[P(QT;H), FQGCJJ‘(}—)[P(QT,H)
As(u) = %Fu, Iy(u)=—-F, + gBu.
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Unfortunately, the coercivity condition (2.2) required to conclude is not satisfied. We have
to therefore perturb the Lagrangian L (i.e., essentially perform a stochastic elliptic regu-
larization) as well as the operator I'y in order to ensure coercivity. We will then let the
perturbations go to zero to conclude.

6.1 Stochastic elliptic regularization

To do that, we consider the convex lower semi-continuous function on L%(Qp, V)

LE (Tla@))f.dt if o
W(u) =P Jo lla@®lly 1 ue Yy (6.8)
+o0 if w e LE(Qr)\Vy,
and for any p > 0, its associated self-dual Lagrangian on L{; (Qrp) x Lf,* (Qr) given by
« P
Wp(u, p) = pp(u) + pyp (;)- (6.9)

We also consider a perturbation operator
L a—1
Ku = (HuHLg(QT))DUa
where D is the duality map between V' and V*. Note that by definition, K is a weak-to-weak
continuous operator from ) to Lf/* (Qr).
Lemma 6.2. Under the above hypothesis on L and B, there exists a process u, € Y5 such
that w(0) = ug, w(T) = @(0) = 0, and satisying
Ty + Kuy, + 09 (uy,) € —0L(uy,)
F,, = Buy.

Proof. Apply Theorem 2.5 as follow: Let Z = V&%, X1 = L*(Qp; V), Xy = L*(Qp; H) with
G = {u € Y¥;u(0) = up} which is a closed linear subspace of J{}, and consider the operators

Ay G C g — LY V), I :GCYs— LP(Qr; V)
Ai(u) = u, Ti(u)=—-tu— Ku
Ay G C Yo — L*(Qp; H), Ty:G C Yy — L*(Qp; H)
1
As(u) = §Fu, Iy(u) = —F, + gBu (6.10)

where their domain is G, Ay, Ay are linear, and I'1, 'y are weak-weak continuous.
As to the Lagrangians, we take on L (Qr) x L?,* (Qr), the Lagrangian

Ll(uap) = [: 2 \I/u(uap)7
while on L2, (Q7) x L% (Qr), we take

T
L(P,Q) = E /0 M(P(t,w), Q(t, w)) dt,

where M(P,Q) = 5[|P|% + 31QI%-
In other words, we are considering the functional

T T
IM(U) =L \IJM(Alu, Flu) — E/O <A1u, F1u>dt + E/O M(F2u7 A2U> — <A2u, F2u> dt
T
:£®\Ifu(u,—ﬂ—Ku)—E/ (u, — — Ku) dt
0

T
+ IE/ M(F,/2,—F, + 3Bu/2) — (F,/2,—F, + 3Bu/2) dt.
0
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We now verify the conditions of Theorem 2.5.
¢
Go=Ker(42) NG = {u € Yy u(t) =uo —|—/ u(s)ds, for some @ € L@(QT)}
0

It is clear that A;(Gp) is dense in LY(Q7; V). Moreover, A2(G) is dense in L?(Qr; H). To
check the upper semi-continuity of

T
u— ]E/ (A1u,Tyu) + (Aqu, Dau) dt
0
on Yy equipped with the weak topology, we apply It6’s formula to obtain that

T T
E/ (Aru,T1u) + (Agu, Tou) dt = E/ (u, =t — Ku) + (F,,/2,—F, + 3Bu/2) dt
0 0

1 9 1 2 a+l
= 5]E l[uollzr — §E”“(T)”H - ||“HL3(QT)

3

T
+ E]E/O (Fu(t), Bu(#))dt.

Upper semi-continuity then follows from the compactness of the maps Y& — L?(; H) given
by u — (u(0),u(T)), as well as the weak to norm continuity of B, which makes the functional

u— E fOT<Fu, Bu)dt weakly continuous.

To verify the coercivity, we note first that condition (6.2) implies that for some (different)
Cy >0,

He(0,0) > Oy (Julgg ) 1)

By also taking into account condition (6.6) on B, with the fact that § < <L, we get that

T T
Hg(O,u)—&-/u/)(u)—i—E/o (4 Ku) dt+JE/O Hat(0, Fuf2) — (Fu /2, —Fy + 3Bu/2) dt

_ Hy~nB 1 2 1 2 a+l
= H(0,u) + BHUHL‘@*(QT) ) [woll T2 (osmr) + B (D) 7200y + ||u||L“1/(QT)

T
+ IR O = T [ (P, Butt) di
> O (lllfgon 1) + 51l g, +IulEla,)
+ G (1P ()23, (o) — 1 Full iz, ) | Bullis, oy ) + €
> O (Il n — 1) + 51215 g, +IeliElary
+ & (1IR3, @) — IFullzs, @ 033,00 ) +C

o o
> LNl g, + NuliEfan (14 olulzg @) + Col PO 0.

Therefore, by Theorem 2.5, there exists u, € G C Y§} such that I,,(u,) =0, i.e.

T
0=L& YV, (u,, -0, — Ku,) — ]E/ (up, =0, — Ku,) dt
0

T 1 3 1 3
—|—E/ M(:F,,,—F,, + ~Bu,) — (- F,,, —F,, + = Bu,) dt.
0 2 12 13 2 2 123 H 2
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Since £ & ¥, is convex and coercive in the second variable, there exists 7 € L"@/* (Qr) such
that
LY, (u,, —0, — Ku,) = L(u,,7) + ¥, (u,, -0, — Ku, —7),

hence

T
0= L(uy,7) — (up,7) + ¥, (uy, =0, — Ku, —7) + IE/ (up, Uy + Kuy, +7) dt
0

T 3 1 3
+ ]E M(ﬁFuM’ 7Fulb =+ iBUIL) — <§Fult’ 7}7“” =+ iBu’“) dt
0

Due to the self-duality of £, ¥, and M, this becomes the sum of three non-negative terms,
and therefore

T
£luer) =B [ G, (0).7(0)de =0,

U (e, =ty — Ky, —7) + E/TWu(t)aau(t) + Kuy () +7(t)) dt =0,

T
E /O M(%Fuu (£), —F, (t)+gBu#(t)) - <%Fuu (t), = Fu, (t) + ;Buu(t»dt = 0.

By the limiting case of Legendre duality, this yields

Ty + Kuy, + p0(uy,) € —0L(uy,) (6.11)
3 = 1 1
—F,, (t)+ §Bu#(t) € OM(t, §Fuu (1) = §FuH (t).

The second line implies that for a.e. ¢ € [0,T] we have P-a.s. F,, = Bu,. Moreover, from
(6.11) we have that 0¥ (u,) € L‘ﬁ/*(QT).
Now for an arbitrary process v € Y} of the form v(t) = v(0) + fot 0(s)ds + fot F,(s)dW (s),
we have (09 (uy(t)),v) = (||t ?/IZD_IQ,@. Applying Tto’s formula with the progressively
measurable process X (t) := ||@i,,||?~> D~ i, we obtain

E/OT<||au|

V2D ), (t))

T
VD0, 50) = B [ (Gl
+E (7DD, (T), o(7))
B (a0 52D au(0),00), (612

which, in view of (6.11), implies that

0=E / (@ () + Ky (8) + OL(w,),v) + i |- D iy, 5)]

T
- E/o <ﬁu(t) + Ku,, (t) + 0L(u,,) — u%(

+ pE (|lau(T))|

\ﬂu||€ZQD’1ﬂ“),v> dt

V22D, (T),0(T)) — pE ([, (0)]|5=> D~ a,(0), v(0)),

hence i, (T) = ,(0) = 0 and @, + Ku, — pd(||a,]5-> D a,) € —0L(uy). O

In the following lemma, we shall remove the regularizing term pd.

Lemma 6.3. Under the above assumptions on L and B, there exists u € Y& with u(0) = ug,
such that

T
L(u, i — Ku) + IE/ (u(t), @) + Ku(t)) dt = 0,
0

F, = Bu.
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Proof. Lemma 6.2 yields that for every p > 0 there exist u, € )J§ such that u,(0) = uo,
t,(T) = u,(0) = 0, and satisfying

iy + Kuy, + 09 (uy,) € —0L(uy,) (6.13)
Fy, (t) = Bu,(t).

Now we show that u, is bounded in )§} with bounds independent of p. Indeed, multiplying
(6.13) by u, and integrating over Q x [0,77], we obtain

E / ' () + Kup () + 10, (1)), ) = / (B ), .

Apply Ité’s formula and use the fact that Ef0T<u 0Y(uy(t)),u,) dt > 0 to get

1 1 1 il
— 5 N2y + 5 1 (D) (g = 3 1P B,y + Il

__E / (1 0(u,) + DL ), u,) d

T
< —]E/ (OL(up), uy) dt.
0
Since for u,, € Yy we have u, € L>(0,T; H), then in view of (6.3), we get

Ci+ ||uﬂ||%;$%QT) < ||5‘C(u#)”L€*(QT)”U‘MHL(\‘,(QT)
< Clluplle or)-

The above inequality implies that [|u|/Le (o) is bounded.
Next, we multiply (6.13) by D~'4,, and integrate over Qr to get that

T
0= E/ ((0) + Ky (0) + 1100, (1)) + DLt ), D, ) e
0
From (6.12), and choosing v = ||11H||‘B,:2D_111H with 0 = %(HQ#H‘B;QD_%M) and F, =0, we
get that EIOT (O (uy(t)), D~4,) dt = 0, which together with condition(6.3) imply that
Hﬂ#”i@*(gﬂ < ||Kuu||L€*(QT)HQHHL@*(QT) +C ||u#||L(\X/(QT)||ﬂ’#||L€*(QT)’
hence
Hﬁﬂ”L{j*(QT) < ||KU;L||L€/*(QT) +C ||“u||L?,(QT)

which means that ||12MHL€*(QT) is bounded. From (6.6) and since F,, = Bu, we deduce that
[ Fu, || 22, (7 s also bounded. Now since (u), is bounded in Vi, there exists u € Y} such
that u, — u weakly in )%}, which means that u, — u weakly in L{(Qr), @, — u weakly
in Lg*(QT), and F,, — F, weakly in L3, (Qr). From (6.13) and since B is weak-norm
continuous we have F,, = Bu. Then, by (6.11) we obtain

0= L(uy, =0, — Kuy — p0Y(uy,))
T
v ]E/O <uu(t), G, (t) + Ky (t) + uaw(uu(t)> dt

T
> (=i = Ky = 1 00(0,)) [ (0,00 35,(0) + K (1) .
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Since K is weak-to-weak continuous, (0¢(u,)), u,) = HﬂNHiﬁ is uniformly bounded, and £
-

is weakly lower semi-continuous on Lf, X L‘ﬁ/*, we get
T
0> liminf £(u,., 7, — Ku, — pdub(u,)) + B / (1), i, (1) + K (6)) dt
n— 0
T
> L(u,—u — Ku) + E/ (u(t), a(t) + Ku(t)) dt.
0

Since £ is a self-dual Lagrangian on L{, X L?/*» the reverse inequality is always true, and
therefore

L(u,—ii— Ku) + E /T<u(t), a(t) + Ku(t)) dt = 0.
0

6.2 A general existence result

We shall work toward eliminating the perturbation K. By Lemma 6.3, for each € > 0, there
exists a u. € G such that F,,_, = Bu, and

T
L(ue, —te —eKue) + E/ (ue(t), te(t) + eKue(t)) dt =0, (6.14)
0

or equivalently -
te + eKu. € —0L(ue). (6.15)

Similar to the argument in Lemma 6.3 we show that u. is bounded in )§¥ with bounds
independent of e. First, we multiply (6.15) by u. and integrate over 1 to obtain

T T
E/ (e (t) + eKue(t), uc(t)) dt = fIE/ (0L (uz),u.) dt
0 0
< ||8£(u6)||L@*(QT)HUEHL%(QT)
<C ||Ue||2Lg,(QT)a
where we used (6.3). In view of (6.14) and (6.2), this implies that
C(H“E”%WQT) —1) < L(ue, . —eKue) <C HuE”QL;}(QT)a

from which we deduce that u. is bounded in L{(Q7). Next, we multiply (6.15) by D™ 14, to
obtain

T T
]E/ (e (t) + eKu(t), D" . (t)) = — / (0L (u), D™ . (b)) dt,
0 0
and therefore similar to the reasoning as in Lemma 6.3 we deduce that
||ﬂ€||L€*(QT) < ||Kuﬂ||L€*(QT) +C ||Uu||Lg(QT)~

Hence . is bounded in L‘ﬁ/*(QT), and there exists u € Y such that u. — w weakly in
LY (Qr), and . — @ weakly in L‘B,* (Qr), and F,, — F, weakly in L% (Q7r). Moreover,

T
Ozﬁ(us,fﬂsfeKus))JrE/O (ue(t), e (t) + Kue(t)) dt

T
> Llue, i — eKu.) + ]E/O (e (), e (1)) dt.
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Again, L is weakly lower semi-continuous on L X Lﬂv*7 therefore by letting ¢ — 0 we get

T
0> L(u,—a) +E /0 (u(t), a(t)) dt.

Since the reverse inequality is always true we have

L, —11)+E/0 (u(t), @(t)) dt = 0,

and also F,(t) = Bu(t). By the limiting case of Legendre duality, we now have for a.e.
t € [0,T], P-as. @ € —0L(u), integrating over [0,¢] with the fact that fot u(s)ds = u(t) —
up — fot F,(s)dW (s), and F,(t) = Bu(t) we obtain

u(t) = uo —/0 5£(u)(3)ds+/0 B(u(s))dW (s).

7 Non-additive noise driven by monotone vector fields

7.1 Non-additive noise driven by gradients of convex energies

The first immediate application is the following case when the equation is driven by the
gradient of a convex function.

Theorem 7.1. Let V C H C V* be a Gelfand triple, and let ¢ : V. — R U {+o0} be an
Qr-dependent convex lower semi-continuous function on V. such that for a > 1 and some
constants Cy,Cy > 0, for every t € [0,T), P-a.s. we have

T
Callul gy~ D <E [ ot u(t)dt < €1+ g o)

Consider the equation

{du(t) = —0¢(t, u(t)dt + B(u(t)) dW (t) 1)

u(0) = uyg,

where B : Y& — L*(Qr; H) is a weak-to-norm continuous map satisfying for some C > 0
and 0 < 6 < O‘TH,

1Bull 2, 0r) < Cllullye o,y for any ue V.
Let ug be a random variable in L*(Q, Fo,P; H), then Equation (7.1) has a solution u in V.

Proof. 1t suffices to apply Theorem 6.1 to the self-dual Lagrangian

T
L(u,p) =E / ot ult, w)) + ¢* (1, p(t, w)) dt.

O
Example 7.2. Let D C R" be an open bounded domain, then the SPDE
du(t) = Audt + |u|9= udW (7.2)
u(0) = wp.

has a solution provided % <g <5
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Proof. Applying Theorem 6.1 with a = 2, V = H§(D),H = L*(D), p(u) = 3 [, |Vu|*dz
and Bu = |u|?7"'u, we see that B is weak-to-norm continuous from Y3 to L?(Qr; L3(D)), as
long as 2g < 2%, that is ¢ < ;;"5. As to the second condition on B, one notes that

1
T 2
|Bull 2 o) = (E / a2y dt) < Cllullly Tl
which means that if % <qg<1,then 0<4g—2<2and
|Bul[z2, () < CHuIILz I\UIIL4q » < CIIUIIL2 IIUI|L2 < COlullgs »

which is the condition required by the above theorem. Note that here, § = g < % = "T'H
On the other hand, if 1 < ¢, then we apply the theorem with @ = 4q — 2, then the above
computation gives that

|Bull2, (0r) < C||U||i4q—2a

since 2 < 4q —2. Note also that ¢ < 2¢— % = a“ . However, the Lagrangian (here the convex

function () is not coercive on the space A = A4q 2 To remedy this, we add a perturbation
that makes the Lagrangian coercive on this space by considering the convex function

1
= 5/1:)|Vu|2 dx

By applying Theorem 6.1 with o = 4¢—2, V = H}(D), H = L*(D), and ¢, we get a solution
u for the equation

{du(t) = (Au + eAyq_ou) dt + |u|T udW (73)

U(O) = Uug.

An argument like what we have already done (twice) above, then allows us to let € go to zero
and get a solution for (7.2). O

7.2 Non-additive noise driven by general monotone vector fields

More generally, consider the following type of equations

du(t) = —A(t,u(t))dt + B(t,u(t))dW(t) (7.4)

u(0) = wo, '
where V'.C H C V* is a Gelfand triple, and A: Qx[0,T]xV — V* and B: Qx[0,T] xV —
H, are progressively measurable.

Theorem 7.3. Assume A : D(A) C V — V* is a progressively measurable Qr-dependent
maximal monotone operator satisfying condition (3.1) with o > 1 and its conjugate 8, as
well as

[ Aw,

for some k € L>=(Qr).
Let B : Y& — L*(Qr; H) be a weak-to-norm continuous map such that for some C > 0 and
0<d<

<k(w, )1+ |lully) forallueV,dt®P a.s. (7.5)

|Bullzz, or) < Cllullinqy) for any ue V.

Let ug be a given random variable in L% (Q, Fo,P; H), then equation (7.4) has a variational
solution in V.
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Proof. Associate again to A, ; an Qp-dependent self-dual Lagrangian La,, ,(u,p) on V x V*
in such a way that for almost every ¢ € [0, T, P-a.s. we have A, ; = 0L4,,. Then by Lemma
3.3, the Lagrangian

La(up) =E /0 " L (e t).pleos )t
is self-dual on LY(Qp; V) x L?(Qp; V*), and satisfies
CrllullZe r) + ||pHLa @~ 1) = Llup) < Co(L+[lullze o) + ||P|\Lﬁ @)
(7.5) also implies that for some C3 > 0,
0L 5, () < C3(1+ lullLg @)
The rest follows from Theorem 6.1. O

7.3 Non-additive noise driven by monotone vector fields in diver-
gence form

We now show the existence of a variational solution to the following equation:

{du = div(B(Vu(t,z)))dt + B(u(t))dW (t) in [0,7] x D 76)

u(0,2) = ug on 0D,

where D is a bounded domain in R”, and where the initial position ug belongs to L?($, Fo, P; L2(D)).
We assume that

1. The Qp-dependent vector field 8 : R™ — R™ is progressively measurable and maximal
monotone such that for functions ¢1, ca, c3 € L>(Q7), and my, mo € LY(Qr), it satisfies
dt @ P-a.s.

(B(x), ) > max{cy|z|

2. —my, c2||B(z)||3. —mo} for all z € R™, (7.7)

and

18(2)]

2. The operator B : yHl(D)
that for some C > 0 and 0 < § < O‘TH,

re < c3(1+ ||z||gn) for all z € R™, (7.8)

— L?(Qr; L*(D)) is a weak-to-norm continuous map such

s
||Bu||L2L2(QT) < CHUHL% (Qr) for any u € y?{é(D)-

Theorem 7.4. Under the above conditions on 5 and B, Equation (7.6) has a variational
solution.

We shall need the following lemma, which associates to an Qp-dependent self-dual Lagrangian
on R" x R, a self-dual Lagrangian on L?(Qr; HY (D)) x L?(Qr; H-Y(D)).

Lemma 7.5. Let L be a Qp-dependent self-dual Lagrangian on R™ xR™, then the Lagrangian
defined by

Z(u,p) 1nf{ / / t,Vu(t,x), f(t,z)) dzdt; fe L*(Qp;L3.(D)), —div(f) :p}
is self-dual on L*(Qr; H (D)) x L?*(Qr; H-Y(D)).
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We shall need the following general lemma.

Lemma 7.6. Let L be a self-dual Lagrangian on a Hilbert space H X H, and let I1:V — H
be a bounded linear operator from a reflexive Banach space V into H such that the operator
IT*II is an isomorphism from V into V*. Then, the Lagrangian

L(u,p) = inf {L(Mw, f); f € H,IT*(f) =p},
is self-dual on 'V x V*.

Proof. For a fixed (q,v) € V* x V, write

~

L*(q,v) =sup? {q,u) + (v,p) — L(u,p); u €V, pE V*}

(a.u) + (v,p) = L{u, f); w eV, p e V', f € LI (f) = p}

= sup +
= sup +

(gyu) + (v, T f) — LT, f); w €V, f € 7—[}

= sup 4 (q,u) + (v, f) — L(u, f); ueV, f € H}.

e W e e

Since II*II is an isomorphism, for ¢ € V* there exists a fixed fy € H such that IT* f, = q.
Moreover, the space
E ={g € H; g=Tu, for some u € V},

is closed in H in such a way that its indicator function xe¢ on H

(g) = 0 geé&
Xe\y) = 400 elsewhere,

is convex and lower semi-continuous. Its Legendre transform is then given for each f € H by

. _Jo mf=0
Xe(f) = {+oo elsewhere.
It follows that
£*(g,v) = sup {(fo. TTu) + (v, f) = L(Tu, f); we V. f € 1}

= sup {(fo,g> + (v, f) = L(g, f) — xe(9); g€ M, f € H}
= (L + xe)" (fo,v)
= inf {L*(fo —rIv) + xe(r); r € 7—[}

where we have used that the Legendre dual of the sum is inf-convolution. Finally taking into
account the expression for x¢ we obtain

L*(q,v) = inf {L*(fo —r,w); r e H,IT*r = 0}
= inf {L(Hv, fo—r)reH,II'r = O}

= inf {L(Ilo, /); f € H,11"f = ¢}
= L(v,q).
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Proof of Lemma 7.5: This is now a direct application of Lemma 7.6. First, lift the random
Lagrangian to define a self-dual Lagrangian on L?(Qr; L2(D;R"™)) x L?(Qp; L?(D;R")), via

T
—E /O /D L(t, ult, ), p(t, o)) da dt,

then use Lemma 7.6 with this Lagrangian and the operators

L(Qp; HE(D)) 7% L2(Qg; LA(D;R™)) =" L3(Qp; HY(D)),
to get that . is a self-dual Lagrangian on L?(Qr; HE (D)) x L*(Qr; H-1(D)). Note that
II*II = V*V = —A induces an isomorphism from L?(Qr; H} (D)) to L*(Qr; H1(D)).

Proof of Theorem 7.4: Again, by Theorem 2.1 and the discussion in Section 3.1, one
can associate to the maximal monotone map £, ;, an r-dependent self-dual Lagrangian
Lg, ,(u,p) on R x R™ in such a way that

Bw,t - 5Lﬁw,t'

If 3 satisfies (7.7), then the Q7-dependent self-dual Lagrangian Lg , on R™ x R" satisfy for
almost every ¢ € [0, 7], P-a.s.

Cr([lzlffn + IplEn —n1) < L, , (x,p) < Co(llzl|gn + pllEn + n2), (7.9)
where C1,Cy € L®(Q7) and ny,ny € LY(Qr).
We can then lift it to the space L*(Qr; L3. (D)) x L?(Qg; L3, (D)) via

T
= E/ / Lg,  (u(t,w,x),p(t,w, x)) dzdt,
o JD
in such a way that for positive constants Cy,Cy and Cj (different from above)
CalllulZs ) + 19125 @y = 1) < £5(,p) < Co(1+ [ull2s o + P12 (00
where H := L2, (D). In view of (7.8), we also have
||5£B(u)||L§I(QT) < Cs(1 + [lull L2, (or))-
Use now Lemma 7.5 to lift £ to a self-dual Lagrangian %3 on L*(Qr; H} (D)) x L*(Qr; H~1(D)),
via the formula

inf{E/ /ngyt(Vu(ux),f(t,x))d:rdt; feL2(QT;L§n(D)),—div(f):p}
0 D

inf {£5(Vu, £); f € L*(Qr; 12.(D)), —div(f) = p}, (7.10)
Apply now Theorem 6.1 to get a process v € y};{%( D) such that
Ls(v,—0) + (v,0) =0
F,=8B
v(0) = ug.

Zs(u,p)

Now note that
0= ZLs(v,—0) + (v, D)

T T
= vt B[ B (Vo deanan =0} 5 [T, ,

T
:feL2(QT, n(D)){E/O /DLﬁ(w o (Vu, f) — (Vv(m,t),f(x,t)>dxdt}
N ()

ferr@ril Zn (D))
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where

J,(f) =E / /D (L) (Yo, ) — (Fo(a, 1), (1)} da dt.

Note that condition (7.9) implies that L(y,0) < C(1+]|y||3.), which means that .J, is coercive

on L?(Qp; L. (D)), thus there exists f € L?(Qp; L3, (D)) with div(f) = o such that

T
E/O /DLB(w,t)wv,f)—<vu(x,t),f(a:,t)>dxdt=o.

The self-duality of L then implies that f(z,t) = OL(Vv(z,t)) = B(Vo(x,t)). Taking diver-
gence leads to v € div (8(Vv)). Taking integrals over [0, ¢] and using the fact that v € yi,&( D)
finally gives

/0 div (B(Vu(s))) ds = /0 0(s)ds = v(t) — v(0) —/O F,(s)dW (s)

=ou(t) —up — /0 B(v(s))dW,

which completes the proof.
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