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Abstract

We use the theory of selfdual Lagrangians to give a variational approach to the homogenization of equations
in divergence form, that are driven by a periodic family of maximal monotone vector fields. The approach
has the advantage of using I'-convergence methods for corresponding functionals just as in the classical case
of convex potentials, as opposed to the graph convergence methods used in the absence of potentials. A new
variational formulation for the homogenized equation is also given.
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1 Introduction

We consider the homogenization of the problem

o (x) € B(Ein,Vun(x)) x € S,
—div(r,(z)) = ul(x) z €, (1)

up(r) = 0 x € 09,

where Q is a bounded domain of RV and 8 : O x RY — R is a measurable map on Q x RY such that
B(z,-) is maximal monotone on RY for almost all z € €, and such that 8(.,&) is Q-periodic for an open
non-degenerate parallelogram @ in R™. This problem has been investigated in recent years by many authors.
We refer the interested reader to [1, 5, 6, 8, 11, 14, 15, 24] for related results.

The particular case where the maximal monotone operator is a subdifferential of the form

Bz, &) = 0c(,€), (2)

with ¥ : @ xRY — R being a convex function in the second variable is particularly appealing and completely
understood. Indeed, under appropriate boundedness and coercivity conditions on 1, say

Co(|€]P — 1) < 9(x, &) < C1(J€P + 1) for all (z,€&) € Q@ x RN,

where 1 < p < co and Cy, C; are positive constants, one can then use a variational approach to identify for
a given u* € W~5P(Q), the solution (u,7) of (1) as the respective minima of the problems

inf { [ o(x, Vu(z))de — [ w*(x)u(z)de; uwe Wy Q) (3)
U, / }
" inf{ /Q V* (z, 7(x)) da; div(r) = u} (4)

where ¢* is the Fenchel-Legendre dual (in the second variable) of ¢. In this case, the classical concept of
I'-convergence —introduced by DeGiorgi— can be used to show that if v} — u* strongly in W~19(Q) with

qg= ﬁ, then up to a subsequence u,, — u weakly in Wol’p(Q) and 7, — 7 weakly in L(Q;R"), where u is
a solution and 7 is a momentum of the homogenized problem
T(x) € Brom(Vu(z)) ae. ze€Q, (5)
—div(r(x)) = u*(x) a.e. x €.
Here Bj,0m can be defined variationally as follows: for & € RY, B4, (€) = 0tnom (€), where
. 1
Unon(©) = _min [ (64 Viola) d (6)
eewir (@ Q@ Jo
and
WL (Q) = {u e W(Q); /Q w(@)dz =0 and uis Q — periodic}. (1)

As mentioned above, a similar result can be obtained for general maximal monotone maps 5 : Q@ x RN — RV
with appropriate boundedness conditions (see below), by using the more cumbersome graph convergence (or
G-convergence) methods. In this case, Bjon, is defined by the following non-variational formula

Bhom (§) = {fQ g(y)dy € RY; g € LL(Q;RY), g(y) € B(y, &+ Vi(y)) ae. in Q for some ¢ € W;”’(Q)},
(8)



where
1@ ") = {g € LQRY) [ 0. Felan dy =0 for every o W@} (9)

More recently, the first-named author proposed a variational approach to deal with general maximal mono-
tone operators, including corresponding equations of the form (1) via the theory of selfdual Lagrangians on
phase space [17, 18]. Our goal here is to describe how this approach is particularly well suited to deal with
the homogenization of such equations, first by showing that —just as in the case of a convex potential (2)—
the limiting process can be handled again through I'-convergence of associated selfdual Lagrangians, and
secondly by giving a variational characterization for the limiting vector field (8) in the same spirit as in (6).
We first recall that a selfdual Lagrangian L on a reflexive Banach space X, is any convex lower semi-
continuous function on phase space L : X x X* — RU {+oo} that satisfy the following duality property:

L*(u*,u) = L(u,u”) for all (u,u*) € X x X*, (10)
where X* is the Banach space dual to X, and L* is the Fenchel-Legendre dual of L in both variables, i.e.,
L*(u*,u) = sup{{v,u*) + (u,v*) — L(v,v*) : (v,0") € X x X*}.
Such Lagrangians satisfy the following basic property:
L(u,u*) — (u,u*) > 0 for every (u,u*) € X x X*.

We then consider the corresponding —possibly multivalued— selfdual vector field OL : X — 2% defined for
each u € X as the —possibly empty— subset dL(u) of X* given by

OL(u) = {u* € X*; L(u,u*) — (u,u*) = 0} = {u* € X*; (u*,u) € OL(u,u*)}. (11)

Here OL is the subdifferential of the convex function L on X x X*, which should not be confused with L.
Before going further, let us note that selfdual vector fields are natural and far reaching extensions of subdif-
ferentials of convex lower semi-continuous functions. Indeed, the most basic selfdual Lagrangians are of the
form L(u,u*) = p(u) + ¢*(u*) where ¢ is a convex function in X, and ¢* is its Fenchel dual on X* (i.e.,
©*(u*) = sup{(u, u*) — p(u); u € X}, in which case

OL(u) = dp(u).

More interesting examples of selfdual Lagrangians are of the form L(u,u*) = ¢(u) + ¢*(—Tu + u*) where
© is a convex and lower semi-continuous function on X, and I' : X — X* is a skew adjoint operator. The
corresponding selfdual vector field is then

OL(u) = Tu + dp(u).

Actually, both 0p and 0p + I are particular examples of the so-called mazimal monotone operators, which
are set-valued maps 3 : X — 2% whose graph in X x X* are maximal (for set inclusion) among all monotone
subsets G of X x X*, i.e., those G satisfying

(x —y,p—q) > 0 for every (z,p) and (y,q) in G. (12)

It turned out that the class of maximal monotone operators and the one of selfdual vector fields coincide.
Indeed, the following was proved in [17].

Theorem 1.1 If B8 : D(B) € X — 2% is a maximal monotone operator with a non-empty domain D(B),
then there exists a selfdual Lagrangian on X x X* such that 3 = OL. -

Conversely, if L is a proper selfdual Lagrangian on X x X*, then the vector field uw — OL(u) is mazimal
monotone.

This means that selfdual Lagrangians can be seen as the potentials for maximal monotone operators, in the
same way as convex lower semi-continuous energies are the potentials of their own subdifferential, leading
to a variational formulation and resolution of most equations involving maximal monotone operators such



as the one in (1). This was indeed done in [17] in the case where 8 does not depend on the state z € .
We shall however need to consider in this paper measurable families B(z,.) : Q x RY — RY of maximal
monotone operators with suitable boundedness and coercivity conditions, and the possibility of associating
to them measurable families L(x,-,-) : @ x RN x RN — R¥ of selfdual Lagrangians on RY — R” that reflect
these conditions. For that we recall the definition of the class Mg ,(R") introduced in [8].

Definition 1.1 For a domain Q in RY, p > 1 and % + % = 1, we denote by Mq ,(RY) the class of all

possibly multi-valued functions B : Q x RN — RN with closed values, which satisfy the following conditions:
(i) B is measurable with respect to L(Q) x B(RY) and B(RY) where L(Q) is is the o-field of all measurable
subsets of Q and B(R™N) is the o-field of all Borel subsets of RN.

(ii) For a.e. x € Q, the map B(z,.) : RN — RYN is mazimal monotone.

(iii) There exist non-negative constants mi, ma,c1 and ca such that for every &€ € RN and n € 8(¢),

c c
(€ 2 max{ SHep — mn, 2yl - ma | (13)
holds, where (., g~ is the inner product in RN .

The following is the main application of the results in this paper.

Theorem 1.2 Let Q be a domain in RN, ¢, p > 1 with %Jr% =1, and assume ul, — u* strongly in W—19(Q).

Let u,, (resp., ) be (weak) solutions in Wy P (Q) (resp., momenta in LY(Q; RN)) for the Dirichlet boundary
value problems (1), where 8: Q x RN — RY belongs to Mg ,(RY).
If B(., &) is Q-periodic for an open non-degenerate parallelogram Q in R™ then, up to a subsequence

Up — U weakly in W, (%),

Tp — T weakly in LI(Q;RY),

where u is a solution and T is a momentum of the homogenized problem

7(z) € Bhom(Vu(x)) ae. z€Q,
—div(r(z)) =u*(x) ae xz€Q, (14)
ue WyP(Q).

Here 8,01, = 5Lh0m, with Lpom being a selfdual Lagrangian on RY x RN defined by

Lpom(a,b) := min(Q) @1| /Q L(z,a+ Dg(z),b+ g(z)) dz, (15)

QPEW:%'I)
geLL (QRY)

where for each x € Q, L(x,-,-) is a selfdual Lagrangian on RN x RN such that
B(x,-) = OL(x, ). (16)

The above theorem will be a byproduct of several results which have their own interest. In section 2,
we consider various topologies on the class of selfdual Lagrangians that are relevant for homogenization.
It turns out that the standard concept of I'-convergence is equivalent to the stronger notion of Mosco-
convergence in the context of selfdual Lagrangians. This has a direct implication on the corresponding
maximal monotone operators. We also extend to selfdual Lagrangians one of the most attractive properties
of the Mosco convergence of convex functions, which is that it implies the convergence of the graphs of their
corresponding subdifferentials in the topology of Kuratowski-Painlevé on sets. We shall show in section
2 that similarly, the map L — OL is continuous when we equip the class of selfdual Lagrangians with the
topology of I'-convergence and the class of maximal monotone operators with the topology of G-convergence.
In section 3, we start by extending Theorem 1.1 above by establishing a correspondence between state-
dependent measurable maximal monotone operators in Mg ,(RY) and the following class of Q-dependent
selfdual Lagrangian on Q x RV x RV,



Definition 1.2 An (Q,p)-dependent selfdual Lagrangian on € x RY x R¥ is a measurable function L :
QxRN x RN — R such that

1. For any = € ©, the map (a,b) — L(z,a,b) is a selfdual Lagrangian on RY x RV,

2. There exist non-negative constants Cy and C; and ng,n; € L*(Q) such that

Co(lal? + b|? — no(x)) < L(z,a,b) < Cyi(|alP + |b|? + ny(z)) for all a,b € RV. (17)

As in Theorem 1.1, any map B : Q x RY — R¥ in Mgﬁp(RN) can be seen as a potential of an 2-dependent
selfdual Lagrangian L : Q x RY x RNV — R, that is OL(z,a) = B8(x, a) for almost all z € Q.
We then proceed to use the above representation of § to give a variational resolution for the problem

f eB(x,Vu(x)) ae xe€Q,
—div(f) = u*, (18)
ue WyP(Q),

by “lifting” the corresponding Q-dependent selfdual Lagrangian L on Q x RY x R to a selfdual Lagrangian
on the function space Wy?(Q2) x W~14(Q) via the formula:

F(u,u*) := inf{/ L(z, Vu(z), f(z)) dx; f € LYQ;RYN), —div(f) = u*}. (19)
Q
A solution can then be obtained by simply minimizing for a given u* € W~19(Q) the non-negative functional

() = f((f)) | [ Vala). @) = (uta). @] o
—div(f)=u*

on Wy P(Q). We end the section by showing that if dL(z,.) = B(z,.), then
Bhom = 5Lhom, (20)

where 8,0, is defined in (8) and Ly, is as in (15).

We start section 4 by a homogenization result via I'-convergence for general Q-periodic Lagrangians which
are not necessarily selfdual. This is then applied to obtain the result claimed in Theorem 1.2 above in the
case of selfdual Lagrangians. The last section is an appendix meant for auxiliary results that are needed
throughout the paper.

2 Preliminaries on selfdual Lagrangians

We first recall the needed notions and results from the theory of selfdual Lagrangians developed in the book
[18]. We shall also establish new ones, in particular those regarding the convergence properties in suitable
topologies of selfdual Lagrangians and their associated maximal monotone vector fields. X will denote a real
reflexive Banach space and X* its dual.

2.1 A variational principle for selfdual Lagrangians

As mentioned in the introduction, maximal monotone operators 8 can be written as 8 = 0L, where L is a
selfdual Lagrangian on X x X*, in such a way that solving the equation

u* € B(u), (21)

amounts to minimizing the non-negative functional I(u) := L(u, u*) — (u, u*). The following existence result
is essential for the sequel. It gives sufficient conditions for the infimum of selfdual Lagrangians to be attained,
and —as importantly— to be zero.



Theorem 2.1 Let L be a selfdual Lagrangian on a reflexive Banach space X x X*, let u* € X™* be such that
(0,u*) € Dom(L), and consider the functional I(u) := L(u,u*) — (u,u*). Then

Jg( I(u) =0, (22)

and in particular, if the functional I is coercive on X, then there exists u € X such that

I(a) = mi}r{l I(u) =0 and u* € OL(u). (23)
ue
Note that since Ly« (u,v*) := L(u,u* + v*) — (u,u*) is a selfdual Lagrangian whenever L is, it suffices to

assume that «* = 0. The above theorem is then a consequence of the following result originally established
in [16] (see also [18]) under a slightly stronger coercivity condition.

Theorem 2.2 Let L be a selfdual functional on a reflexive Banach space X x X* such that for some ug € X,
the functional v* — L(ug,v*) is bounded above on a meighborhood of the origin in X*. Then there exists
€ X such that I(u) = mi)1} I(u) = 0.

ue

Proof of Theorem 2.1: Since L is a selfdual Lagrangian on X x X*, so is its A-regularization,
Ly(u,u*) = inf {L(v v*) + iHu —ol? + éHv||2 + i||u* —v*|]? + i||U*||2 ve X, vte X*}
’ ’ 2\ 2 2\ 2 ’ ’ ’

for each A > 0, by virtue of Lemma 3.2 in Chapter 2 of [18]. Note that the Lagrangian L) satisfies the
boundedness condition of Theorem 2.2. It then follows that min,ex Lx(u,0) = 0. On the other hand,
because of the properties of Yoshida regularization for convex functions, for each (u,u*) € Dom(L) we have
liminfy o Ly (u,u*) = L(u,u*). It follows that

inf L(u,0) = inf liminf L 0) = liminf inf L 0) =0.

S0 = Tk it Ealn 0) = Tt Jag £, 0)

Therefore inf,cx I(u) = 0. Now if I is coercive then the minimum is attained for some u € X, i.e.,
I(a) = L(u,0) = 0 and consequently @ is a solution of 0 € OL(u). O

2.2 Mosco and I'-convergence of selfdual functionals

We first recall the main definitions and statements in the theory of variational convergence for functionals,
as well as the graph convergence for possibly multi-valued operators. A complete study relating the various
modes of convergence of convex functions and their subdifferentials can be found in [10].

Definition 2.1 Let F,, and F be functionals on a reflexive Banach space X. The sequence {F,} is said to
I-converge (resp., Mosco-converge) to F, if the following two conditions are satisfied:

1. For any sequence {u,} C X such that u, — u strongly (resp., u, — u weakly) in X to some u € X,

one has
F(u) <liminf F, (up).

n—oo

2. For any u € X, there exists a sequence {u,} C X such that u,, — u strongly in X and

lim F,(u,) = F(u).

n—oo

The following is a fundamental property of Mosco-convergence.

Lemma 2.1 Let F,,, F be a proper convex lower semi-continuous functionals, then {F,} Mosco-converge to
F if and only their Fenchel-Legendre duals {F}} Mosco-converge to F*.

In the following we note that this property implies the agreable fact that Mosco and I'-convergence are
actually equivalent for a sequence of selfdual Lagrangians {L, }, as long as the limiting Lagrangian L is itself
selfdual.



Theorem 2.3 Let {L,} be a family of selfdual Lagrangians on X x X*, where X is a reflexive Banach
space, and let L be a Lagrangian on X x X*. The following statements are then equivalent:

1. {L,} Mosco-converges to L.
2. L is selfdual and {L,} T-converges to F'.

3. L is selfdual and for any (u,u*) € X x X*, there exists a sequence (un,u)) converging strongly to
(u,u*) in X x X* such that
limsup Ly, (un, u),) < L(u,u®).
n

Proof. For (1) — (2) we just need to prove that L is selfdual since Mosco convergence clearly implies
I'-convergence. Since L is the Mosco limit of L,,, it follows from Lemma 2.1 that L* is a Mosco limit of L} .
Denoting

LT (u*,u) := Lp(u,u*) and LT (u*,u) := L(u,u*),
it follows that LT is a Mosco-limit of LI on X* x X. On the other hand, by selfduality of L, we have
that LT = L from which we obtain that LT = lim,, LI = lim,, L} = L*, and therefore LT = L*, and L is
therefore selfdual.
(2)—(3) follows from the definition of I'-convergence.
For (3)—(1) we let (u*,u) € X*x X and consider a sequence {(u}, u,)} C X*x X such that (uf, u,) = (u*, u)
weakly in X* x X. By the definition of Fenchel-Legendre duality we have

liminf L} (u), u,) = lim inf sup  {{un,v") + (v,u)) — Lp(v,0")}. (24)
n o (vwr)EX X X*

Consider now an arbitrary pair (4, a*) and let {(d,, )} be the recovery sequence given in item (3). It
follows from (24) that

lim inf Ly, () > lim inf (<un,a;§> + (i, ) — L it a;;)) = (u, @) + (@,u*) — L, @).

n
Since (u,w*) is arbitrary, taking the supremum over all (a,a*) yields

liminf L} (uy,, up) > L*(u*, u).
Since both L, and L are selfdual, this implies that
lim inf Ly, (up, w)) > L(u, u®),
n

and therefore that L is a Mosco-limit of L,,. O

Remark 2.1 Note that while the Mosco convergence of selfdual Lagrangians automatically implies that the
limiting Lagrangian L is itself selfdual, this fails for T'-convergence as shown in the following example.

Let H be an infinite dimensional Hilbert space. Consider a set {e, } with |le,|| = 1 and e,, — 0 (For example,
the orthonormal basis of the space). Define

L, u’) 1= 5w = eall® + 5l + (u, ),

in such a way that L, is selfdual. It can be checked directly that for any (u,,u)) — (u,u*) in H x H we
have lim,, L, (u,,u’) = L(u,u*), where

L1 1, . 1
L(uw,u) i= gl + S|P + 5,

This means that L is a I'-limit of L,,. On the other hand, it is easily seen that L is not selfdual and therefore
we do not have Mosco convergence.



2.3 Continuity of L — 0L for the I'-convergence of selfdual Lagrangians

One of the most attractive properties of Mosco convergence is the fact that for convex functions it implies the
graph convergence (or Kuratowski-Painlevé convergence) of their corresponding subdifferentials [2, Theorem
4.2]. We shall extend this result to selfdual Lagrangians by showing that their Mosco (or I'-convergence)
also yield the graph convergence of their derived vector fields (i.e., their corresponding maximal monotone
operators).

Considering a sequence of sets {A,} in X, the corresponding sequential lower and upper limit sets are
respectively given by

Lix (An) ={u € X : Ju, —u, u, € A,},

and
Lsx (An) ={ue X : 3k(n) — 00, Jup) — U, Unk) € Ar}.

In other words, Li (A,,,) corresponds to the collection of all limit points of the sequence {A,} and Ls (An) is
the collection of all cluster points of the sequence {4, }. We clearly have Lix (A,) C Lsx(Ay).

Definition 2.2 A sequence of subsets {A,} of X is said to converge to A C X, in the sense of Kuratowski-
Painlevé, if Lsx(A,) = A = Lix(A,).

This definition, when X is replaced by the phase space X x X* and when the subsets A,, are graphs of maps
from X to X*, is also refered to as graph-convergence (see Definition 3.5 on [8]).
Recall that for a selfdual Lagrangian F' on X x X*, its associated vector field at u € X is denoted by OF (u)
and given by 0F (u) = {u* € X*; F(u,u*) = (u,u*)}. We shall therefore also denote by OF the graph of OF
in X x X* ie,

(u,u*) € OF if and only if u* € OF(u).

The following is the main result of this section.

Theorem 2.4 Let X be a reflexive Banach space and suppose {F,} is a family of selfdual Lagrangians on
X x X* IfF: X x X* — RU{+oo} is a selfdual Lagrangian that is a U'-limit of {F,}, then the graph of
OF,, converge to the graph of OF in the sense of Kuratowski-Painlevé.

For the proof, we shall make use of the following theorem that can be seen as the counterpart of the
Brgndsted-Rockafellar result for convex functions [23].

Lemma 2.2 Let L : X x X* — RU{+oo} be a selfdual Lagrangian and assume that for a pair (uo,ug) €
X x X*, we have L(ug,ul) — {ug, uy) < e. Then, there exists a pair (ue,u’) € IL such that

1 lue —uoll < Ve,
2. uZ —uglls < Ve,
3. [L(ue,uz) — L(uo, up)| < 2& + vE([luoll + [lugll+)-

Proof: First assume that M is a selfdual Lagrangian such that M(0,0) < e. We claim that there exists
then a pair (ve,v}) € M such that

Lol < Ve,
2. ozl < Ve,
3. |M(ve,v})| <e.

Indeed, denote by J the duality mapping from X to X* and use the fact that OM is a maximal monotone
operator to find 4 € X such that

—Ji € OM (7).
It follows that M (1, —Ja) = (4, —Ju) = —||a||*. Now, since M is selfdual, we have
M(0,0) = M*(0,0) = sup  —M(u,u*) > —M(a,~Ja) = |a]?

(u,u*)eX xX*



*

from which we obtain that ||i||? < e. Since ||@|| = ||Ji]|+, it suffices to set v. := @ and v}

that [|ve|| = [[vZ]|. < V& and [M(ve, v7)| = [Jve]|* <e.
To complete the proof of Theorem 2.2, we set

:= Ju, to obtain

M (u,uw*) := L(u 4 ug, u* + ugy) — (u, ug) — {(ug, u”) — {ug, ugy),
which is a selfdual Lagrangian on X x X*. The hypothesis yields that

M(0,0) = L(ug, ufy) — {ug, uy) <€

It then follows from the above that there exists a pair (ve,v?) € OM such that |lv.|| < /z, |[vf]l < &
and |M(ve,v)| < e. Setting ue = ve + up and u} = v} + uf, and since M (ve,v}) = (ve,vE), we have
L(ue,u) = (ue,u?), and therefore (uc,u?) € L. Note also that [lu. — uo|| < vz and [Juf — uj|l. < VE.
Finally, we have

L(ue, u?) — L(uo, ug) = M(ve,v7) + (ve, ug) + (uo, v7) — M(0,0),
which together with |M (v, v})| < ¢, yields that

| L(ue, uf) = L(uo, ug)| < 2¢ + Ve([luoll + [lugl))-

O
Proof of Theorem 2.4. Fix (u,u*) € OF. There exists then in view of the I'-convergence, a sequence
(un, ul) converging strongly to (u,u*) in X x X* such that F,, (u,,u)) — F(u,u*). We then have F(u,u*) =
(u,u*) = limy, (u,,ur), and therefore if we define e, := Fy,(un,u’) — (un,u)), we obtain that lim, e, = 0.
Hence, by Lemma 2.2, we have the existence of a pair (i, ) € OF, such that ||u, — @] < /&, and
lup — @5 |l« < /En. Clearly @, — u and @}, — u* as €, — 0. This shows that OF C Li(0F,).
To complete the proof, we just need to show that Ls(0F,) C OF. Letting (v,v*) € Ls(0F,), there exists
some sequence (vn,, vy ) € OF,, such that (Un(k)» Un(r)) — (v,v*). Now take an arbitrary (u,u*) € OF.
From what we have shown, there exists a sequence (u,,u}) € dF,, such that (u,,u}) — (u,u*). For each k
we have (Un (k) = Un(k)s Up (k) — VUnry) = 0, and as k — oo we get (u—wv,u” —v*) > 0. The above holds for all

(u,u*) € OF and so by the maximality of OF we obtain that (v,v*) € OF, which completes the proof. O

3 A selfdual variational approach to existence theory

In this section, we first establish a correspondence between maximal monotone maps in MQ,p(RN ) and a
class of (2-dependent selfdual Lagrangians. We then proceed to give a variational formulation and resolution
to equation (1) even in the case where the maximal monotone operator (3 is nor derived from the potential
of a convex function.

3.1 Selfdual Lagrangians associated to maximal monotone operators

Definition 3.1 Let Q be a domain in RV,

(i) A function L : Q x RY x RY — RU {+c0o} is said to be an Q-dependent Lagrangian on Q x RN x RV,
if it is measurable with respect to the o-field generated by the products of Lebesgue sets in {2 and Borel sets
in RY x RY,

(ii) Such a Lagrangian L is said to be selfdual on Q x RY x RY if for any z € Q, the map L, : (a,b) —
L(z,a,b) is a selfdual Lagrangian on RN x R i.e., if L*(z,b,a) = L(z,a,b) for all a,b € RY where

L*(l', ba a) = Sup{<ba £>RN + <a7n>RN - L((L‘7§, 77) : (5777) € RN X ]RN}
The following was proved in [17] for a single maximal monotone operator.

Proposition 3.1 If § € MQJ)(RN) for some p > 1, then there exists an Q-dependent selfdual Lagrangian
L:Q xRN xRN — R such that (z,.) = dL(z,.) for a.e. x € Q and

Co(lal? +1b]? — no(z)) < L(z,a,b) < C1(|al? + [b|? + ni(x)) for all a,b € RV, (25)



where Cy and Cy are two positive constants and ng,n1 € L*(9). B
Conversely, if L: Q x RN x RN — R is an Q-dependent selfdual Lagrangian satisfying (25), then OL(x,.) €
MQJ)(RN)

Proof. Let N : Q x RN x RV — R U {+oc} be the Fitzpatrick function [13] associated to 8, i.e.,

N(Jj, a, b) = sup{(b, §>RN + <a' - 5’77>]RN;7] € B(Ji,f)}

Note that measurability assumptions on  ensures that N is a normal integrand. Also, by the properties of
the Fitzpatrick function [18], it follows that

N*(z,b,a) > N(z,a,b) > (a,b)g~ for a.e. x € Q and for all a,b € RV,

Moreover,
n € B(x, &) if and only if N*(z,n,&) = N(z,&,n) = (n,&)ry a.e. x € Q. (26)
Define L : Q x RY x RN — R by

o1 1. 1 1 1 1
L(z,a,b) = lﬂf{QN(ﬂ%ahlh) + §N (7,02, a2) + %|a1 —a|” + @Vh —b2|% (a,b) = 5(“1751) + 5(“271)2)}-

We shall show that L is Q-dependent selfdual Lagrangian such that

N*(z,b,a) > L(x,a,b) > N(z,a,b) for a.e. z € Q and for all a,b € RV. (27)
Fix a,b € RY. We have
L*(vaaa) = sup {<£ab>RN +<a777>RN 7L(‘Ta§7n)}
£neERN
1 1,
= swp {(€bhan + (@ may — 5N(@ Em) — SN (@, €,2)
£ nERN 2 2

—$|§1 — &P — 4*1q|771 —n2l? (§m) = %(51,771) + %(52,772)}

sup {<§1 + f27b>RN + <a7771 + 772>]RN - N(x7€17771) - N*($,§2, 772)
&1,62,m1,m2ERN

1 1
T T P T
2p|§1 & 2q|771 2| }

DN | =

Using the fact that the Fenchel dual of some of two functions is their inf-convolution, we obtain

1 2¢—1 or—1
L*(x,b,a) = = inf {N*(a:,bl,al)+N(x,2a—a1,26—b1)+ |b— 1|7 + |a—a1|p}.
2 ay1,b1 RN D
Setting as = 2a — a1 and by = 2b — by we have a = % and b= %. It then follows that
L*(z,b,a) = ial,bl,;?,fl;geRN {N (z,b1,a1) + N(z,az,bs)
2a—1 b1 — by q or—1 ap —az, 1 1
. (a,b) = =(a1,b1) + = (a2, b }
+ p | 5 | % | 5 " (a,b) 2(a1, 1)+2(a2, 2)

1 1 1 1
_ inf{iN*(:c,bl,al) N (a2, b2) + by~ bal o+ far — af”

(.6) = ~(arby) + & (az.ba)}
= L(z,a,b).

Thus, L is a Q-dependent selfdual Lagrangian. Inequalities (27) simply follow from the definition and
selfduality of L. We shall now prove that L satisfies the estimate (25). Note first that for all n € 8(z, ) we
have

1 1
];\ﬂp + 5|77|p <my +ma + (c1 + ) (€, Mrw-
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It follows from the definition of the Fitzpatrick function N that

N(z,a,b) = sup{(b,{)r~y + (a — & nrv;n € Bz, &)}

1 1 mi + mo
< su{b, + (a, — P a— in € B(x, }
< sup {0 a + (0 - —— +Cz)| el = e e ()
mi + mo

< su {b, + (a, — P ‘1—7}

g,negl\' < €>RN < 77>]RN p( +02)|§| (Cl +02)‘T]| c1 + o

p—1 -
S Y P ) PR U (28)
D G )

Let no(z) € 8(z,0). By assumption |no(z)|? < ma + (0,n0(x)) = mq for ae. = € , from which we get
1o € LI(2). It also follows from (26) that N*(x,no(z),0) = 0 for a.e. « € ). From the definition of L and
(28), we get that

1 1 24 2p
L(z,a,b) < §N(ac, 2a — no(x),2b) + §N*(x,770(m),0) + @|b|q + @|a —no(z)?

IN

Ci(lal? + 16|+ n1(z)) a.e. z€Q,

where (1 is a positive constant and n; € L'(Q2). The reverse inequality follows from the selfduality of L.

Conversely, let L be a 2-dependent selfdual Lagrangian satisfying (25). If n € OL(z, &) then

(€ m) = L(z,&n) = Co([§]7 + " = no(x)),
from which we conclude that dL(z,.) € Mg ,(RY). O

3.2 Self-dual Lagrangians on W,*(Q) x W~19(0Q)

We now show how one can “lift” an {2-dependent selfdual Lagrangian to a selfdual Lagrangian on the phase
space Wol P(Q) x W—14(Q). This will allow us to give a variational formulation and resolution —via Theorem
2.1- of equations involving maximal monotone operators in divergence form. The following extends a result
n [17].

Theorem 3.1 Let 8 € Mq ,(RY) for some p > 1, then for every u* € W=19(Q) with %4’% =1, there exist
ue WyP(Q) and f(z) € LY RN) such that

{ Ji(if((fz a(x)) ae x€Q (29)

It is obtained by minimizing the functional

I(u) == feLg?%;RN) /Q [L(z, Vu(z), f(z)) — (u(z),u" ())g~] do
—div(f)=u*

on VV})WQ), where L is an Q-dependent selfdual Lagrangian on  x RY x RN associated to B in such a way
that OL(x,-) = B(x,-) for a.e x € Q.

The above theorem will follow from the representation of a maximal monotone map in Mg ,(RY) by an
Q)-dependent selfdual Lagrangian on 2 x RY x RY (Proposition 3.1) combined with the following two propo-
sitions.

Proposition 3.2 Suppose L is an Q-dependent selfdual Lagrangian on Q x RN x RN such that L(-,0,0) €
LY(Q), then the Lagrangian defined on W,'* () x W=14(Q) by

_ inf{/Q L(z, Vu(), f(z)) dz; f € LI(QRY), —div(f) = u*}, (30)

is selfdual.
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Proof: Denote W**(€) by X and its dual W~14(Q) by X*. For a fixed (v*,v) € X* x X, we have

Fr(w*v) = sup{{(y,v") + (u",v) — Flu,u*);u € X,u" € X"}
= sup {(u,v*) + (u*,v) — / L(sc,Vu(x),f(:c)) dx}
FELI(HRY) Q
—div(f)=u*

(w,u")eX x X"

= sup{(u,v*) — (div(f),v) —/QL(ac,Vu(x),f(a:)) dz;u € X, f € LY(Q; RY)}
= sup{(u,v”) + (f, Vv) — /Q L(z,Vu(z), f(z)) dz;u € X, f € LY RY) )

Now set E := {g € LP(Q;R");g = Vu, u € X} and let xg be the indicator function in LP(Q;R"Y), e.g.,

(g) = 0 geE,
XE\9) =\ 4oo elsewhere.

An easy computation shows that

Wﬂ:{o div(f) =0,

XE +o0o  elsewhere.

Fix fo € LY(Q;RY) with —div(fy) = v*. It follows that

F(v%,v)

sup{(g, fo) + (f, Vv) — /QL(x,g(x),f(w)) dz — xe(g);g € LP(GRY), f € LY(Q;RY)}

inf{/Q L*(x, fo — f, Vo) dz + x5(f); f € LI(QRY)}.

Note that we have used the fact that ([, L(z,.,.) dx)*(g,f) = JoL* (=, f(z),9(x)) dz that holds since
L(.,0,0) € LY(Q). We finally get

F*(v*,v) = inf{/Q L*(z, fo — f, Vo) dz; f € LY RY), div(f) = 0}
— inf{ /Q L(z, Vo, fo— f)dz; f € LYQRY), div(f) = 0}
_ mqéLWJMJyMJeL%mRM,dwuy:w}
= F(v,v").

O
Here is our variational resolution for equation (29).

Proposition 3.3 Suppose L is Q-dependent selfdual Lagrangian on  x RY x RN Assume the following
coercivity condition:
L(z,a,b) > m(z) + C(|a|P + |b]?) for all a,b € RY, (31)

where m € LY () and C is a positive constant. Then for every u* € W=14(Q) the functional

I(u) = feL‘}(I(lsg;RN)/Q [L(z, Vu(z), f(z)) — (u(z),u*(z))r~ ] do
—div(f)=u*

attains its minimum at some @ € Wy P(Q) such that (@) = 0, and there exists f € LI(%RN) such that

{ ()(5( a(x))  ae zeQ

12



Proof. Take fo € L4(Q;RY) with —div(fo(x)) = u*(z). Since L is an Q-dependent selfdual Lagrangian,
M(z,a,b) .= L(x,a,b+ fo(x)) — (a, fo(z)) is also an Q-dependent selfdual Lagrangian on 2 x RN x RV, It
follows from the above proposition that

F(v,v%) = inf / M (z,Vu(z), f(z)) dz
feLYRY) Ja
—div(f)=v*

is a selfdual Lagranglan on Wo P(Q) x W~14(Q). In view of the coercivity condition, Theorem 2.1 applies
and there exists u € W P (Q) such that

F(u,0) = inf / M (x z), f(z)) dz = 0.
feLI(;RY)
—div(f)=0

Using again the coercivity condition, we get that the above infimum is attained at some f; € L4(Q;RY)
with div(f1) = 0. Thus,

0=F(u,0) = /QM(x,Vﬂ(:E),fl(:c))dx
= [ L6 Vi), f(o) + fle) — (Vi) foees] d
— [ £ Vat). fi(o) + fole)) — (Vaa), /) + Joo))as]

Taking into consideration that L(x, Vu(x), fi(x) + fo(x)) — (Va(x), f1(z) + fo(x))ry > 0, we obtain that
the latter is indeed zero, i.e.,

L(z,Va(z), fi(z) + fo(z)) — (Vu(x), f1(x) + folx))ry =0 for a.e. x € Q.

Setting f := f1 + fo, we finally get that f(x) € OL(z, Viu(x)) for a.e. x € Q and that —div(f) = u*. O

3.3 Variational formula for the homogenized maximal monotone vector field

Given a maximal monotone family 8 in Mg ,(RY) that is Q-periodic for an open non-degenerate parallelo-
gram @ in R, its homogenization 8}, is normally given by the non-variational formula (8). In this section,
we shall give a variational formulation for the vector field 8., in terms of a suitably homogenized selfdual
Lagrangian Ly, derived from the 2-dependent selfdual Lagrangian associated to 8.

Theorem 3.2 Assume B € Mg ,(RY) is Q-periodic and let L be an Q-dependent selfdual Lagrangian such
that B(x,.) = 0L(x,.) given by Proposition 3.1. If the operator Bpom is given by (8), then Bpom = OLpom
where Lyom 15 the selfdual Lagrangian on RN x RN given by

Lipom(&,n) = 2,6+ Vo(z),n+ g(z)) de. (32)

@ewl P(Q) 1Q /

geLL (QRY)

The proof will follow from the following propositions. First, we show that the homogenized Lagrangian Lo,
inherits many of the properties of the original 2-dependent Lagrangian L such as convexity, boundedness
and coercivity.

Proposition 3.4 Assume L is an Q-dependent Lagrangian on QxRN xRN satisfying (25) for some p,q > 1.
Then Lypom is conver and lower semi continuous, and for every a*,b* € R™,

1
Fom(@®,b%) = inf —/ L*(z,a* + g(z),b* + Ve(z)) dz, (33)
PEW T (Q) @]
geLY (QiRY)

where £ + & =1 and X + L = 1. Furthermore,
p ' p a " q

Co(lal® 4+ |b|? = 1) < Lpom(a,b) < C1(1+ |al” + b|?) for all a,b € R™. (34)
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The following gives the relation between the subdifferentials of Ly, and of L.

Proposition 3.5 For each a,b € R™, the subdifferential map 0Ly om(a,b) is given by
1 - -
OLnom(a,b) = Ql /Q OL(y,a +Va(y),b+g(y)) dy,
where @ € W#p(Q) and § € LY (Q;RN) are such that

Liom(a,b) = @ﬂ /Q L(y.a+ V@), b+ i) dv.

We need a few preliminary facts. For each 1 < r < 0o, set
E,:={f =Vuec L"(Q;RY); for some u € W;ET(Q)}

and
E.+R":={f+n: feE.,neR"}.

The Poincaré-Wirtenger inequality which states that for D bounded open and convex, there exists K :=
K(r, D) > 0 such that

[l — ﬁ fD uHLT(D) < K[| Vullw1.(py for every u € wbr(D),
implies that E,. + R" is a convex weakly closed subset of L"(Q;R”"). The indicator function of E, + R",

_Jo | € B, +R",
XE,+Rn (f) = { oo f e L™ (Q;RN)\ (B, +R"),

is therefore convex and lower semi-continuous in L"(Q;RY). Assuming that r’ is the conjugate of 7, i.e.,
% + % =1, define

Ef = {g€ LT/(Q;RN); /(f(x),g(x))RN de=0 forall f€E,+R"}.
Q
The Fenchel-Legendre dual x5 ,gn of X, +re is then given by,

Gl = s ] (7)o@ de = xpn ()}

FeLT(QRN

s [ () g e = X, 0)

fEE +R™

forallg e L™ (Q;RN). Also due to the convexity and lower semi-continuity of x g, ; g~ one has X::l, = XE, +R"-

Similarly one can deduce that,
X*E'j‘ﬂr]R" (f) = XEr(f)

for all f € L"(Q;RY). Note also that E, is the isometric image of W;’T(Q) by V and E;- = L, (Q;R").

Proof of Proposition 3.4. We first prove (33). Fix (a*,b*) € R” x R™ and write

Lhom(a™,b7) = sup  {{a,a")r~ + (b,b")r~ — Lnom(a,b)}
(a,b)ER™ xR
1
= sup — / [(a, a* )y + (b,b*)gy — L(z,a + Ve(z),b+ g(x))} dz
(a,b)ER™ XR™ 1Ql Jo

(p.9)EWLP(Q)x LL (QRY)

1
- sup —/ {(a,a*)Rw + (b, 0")g~y — L(z,a + f(:z:),b+g(x))} dz.
(@perxr™ Q] Jo
(£,9)EEpx By
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Setting A(z) = a + f(z), B(x) = b+ g(z) and substituting above we have

* * Lok 1 * *
(@) = s [ [(A e + (B - L(e AG), Bo) | do
Ace vt Q1 Jg
BEE] +R"

1 * *
= sup {—/ [(A,a )y + (B, 0" )py — L(x,A(:ELB(a:))] dz
aerr@rm Q| Jg
BELI(QR™)

—XE,+r(4) — XE}+R" (B) }

Now using the fact that the Fenchel dual of a sum is their inf-convolution, we obtain

hom(a”,07) = inf / L*(z,a" = g(z),b" — f(2)) dz + xp1 (9) + xE,, (f) }

FeL? (QR™) |Q| »
geLP'(Q-R")

= inf L*(z,a* —
[ P
gEEL

= mf / L*(z,a" + g(z),b* + Ve(z)) da
peW L (Q) @l

’
geLl, (Q;RY)

This proves (33), which then implies that L}*
continuous.
We now prove estimate (34). In fact, the upper bound simply follows from

hem = Lnom and therefore Lpon, is convex and lower semi-

|Q Q1 Jq
For the lower bound, note first that since Co(|al? + [b|9 — 1) < L(x,a,b) for all a,b € RY | it follows that

Co(p —
(Cop)?

C()(q -1

Cor? ) b9 +Cy  forall abeRY.

L*(z.a.b) < Diap' +

On then get from (33) that

Co(p —
(Cop)

Col(q —
(Coq)?’

L} (a,b) < L*(x,a,b) dz < )| P )|b|q +Cy forall a,beRY,

IQ\

from which we get that Lyom(a,b) = L}* (a,b) > Co(|alP + |b|2 — 1) for all a,b € RV. O

hom

Proof of Proposition 3.5. Setting A(a,b) := ﬁ fQ OL(y,a+V@(y),b+ g(y)) dy, we shall first show that

A C OLporm- For that consider (aj,b;) € RN x RN € W;p(Q) and g € LY (Q; RY). From the convexity of
L:

L(y.a1 +Vo(y),bi +9(y)) > L(y,a+Ve(y),d+3(y))
(01 L(y,a+ VoY), b+ 3(y), a1 + Vo(y) —a— VE(y))rn
+H(OaL(y,a+ VE(y),b+ §(y)), b1+ g(y) — b — G(y))r~

Averaging the above on () implies that

L / L(yv ap + v@(y)a b + g(y)) dy > Lhom(a’ b) + <A(a7 b)v (al —a,by — b)>RN><RN7
QI Jg
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from which we get
Lhom(ah bl) > Lhom(aa b) + <A(CL, b)7 (al —a, bl - b))]RNXRN'

This implies that A C dLjem. To prove the reverse inclusion, let (d,c¢) be in dLjopm(a,b). Since Lpom, is
convex and lower semi-continuous, we have

Lpom(a,b) + Ly, (d, ¢) = {(a,d)py + (b, C)r~

It follows from Proposition 3.4 that there exist ¢ € W;’q/ (Q) and g € Li (Q; RY) such that

1
L, (a*,b%) = —/ L*(z,a* + g(z),b* + Vo(z)) dz
QI Jq
and therefore
1 1
@ /Q L(y,a + Vo(y), b+ g(y)) dy + @ /Q L* (:p,d +g(x),c+ Vgo(x)) dz = (a,d)gny + (b, c)p~
On the other hand,
1 -
(a, dya + (b, ) / @+ Vo). d+ 9w + 155 [ (b+5(w).c+ Violy)an o
~Ql QI Jq
which together with the previous equality yield
/Q [L(y,a+V (), b+3(y)) +L" (3, d+9(y), c+V(y)) —(a+VE(y), d+g(y))enx —(b+3(y), c+Vo(y))rr] dy = 0.

Taking into account that the integrand is non-negative we obtain
Ly, a+Ve(y),b+3(y) + L* (y.d+9(y), c+ Ve(y)) — (a+Ve(y), d+g(y)ry — (b+3(y), c+ Veo(y))ry =0
for almost all y € @. This implies that

(d+9(y),c+Veo(y) € OL(y,a +Vo(y),b+3a(y))  ae yeQ.

Integrating the above over ) implies that

(d,c) € /3Ly,a+Vg0()b+g( ))

QI
which completes the proof. (]

Proof of Theorem 3.2 Let 7 € OLjom () in such a way that Lpom(€,1) = (£,7)r~y. From the definition of
Lpom, we have

Lhom(&,m) = z,&+ Vo(x),n + g(x)) da.

gaeWI ”(Q) 1Q /

geLL (QRY)

From the coercivity assumptions on L, it follows that there exist ¢ € W;p (Q)and g € Liﬁ(Q; R?Y) such that

Lhom (&) = ﬁ /Q L(x, &+ Do(x),n + g(x)) da.

Hence

0 = Lhom(gan) - <§777>RN
= |51| /Q L(z, £+ Ve(z),n+ g(x)) dz — (&, n)rw

= |Ql|/Q [L($,€+V<P(l‘),77+g(x)) — <£+V<p(x),n+g($)>RN] du,

16



and since the integrand in non-negative we obtain

L(z,&+ Veo(x),n+g(x)) — (£ + Ve(z),n+ g(z))gy =0 for ae. z€Q,

from which we have -
n+g(z) € OL(z, £ + Vp(z)) = B(z, & + V(x))

and finally n = fQ (n + g(x)) dz. This implies that Lpom C Brom and the equality follows since OLjop, is
itself a maximal monotone operator. (|

4 A variational approach to homogenization

We start by studying the homogenization of a class of Lagrangians that is more general than the one
introduced in Proposition 3.2. We shall then apply this result to deduce Theorem 1.2 announced in the
introduction.

4.1 The homogenization of general Lagrangians on W!?(Q) x L(Q;RY)

The following homogenization result does not require the 2-dependent Lagrangian L to be selfdual nor that
the exponents p and ¢ to be conjugate.

Theorem 4.1 Let Q be a reqular bounded domain and Q an open non-degenerate parallelogram in R™. Let
L:Q xRN xRN =R be an Q-dependent Lagrangian such that:

(1) For each a,b € RN the function * — L(x,a,b) is Q-periodic.

(2) There exist constants Co, C1 > 0 and exponents p,q > 1 such that for every x € €,

Co(la]” +[b|* = 1) < L(x,a,b) < Ci([a]” + [b]" + 1).

Let {G.;e > 0} be the family of functionals on W1P(Q) x LI(Q; RY) defined by

Ge(u,7):=  inf / L(E,Vu(x),T(x) + f(z)) du,
feLi(QrY) Jo €
divf=0
and set )
Lhom(a,b) :=  min  — / L(z,a+ Ve(z),b+ g(z)) da. (35)
cewir@ QI Jg

geLL (QRY)
Equip L1(Q;RYN) with the following topology denoted by T,
Tn — 7 for T if and only if 7, — 7 weakly in LY(;RY) and div(r,) — div(r) strongly in W~ 9(9),
There exists then a Lagrangian Ghom on WEP(Q) x LI(Q;RYN) that is a T-limit of {G.;¢ > 0} as € — 0.

Moreover, Gpom 1S given by the formula

Crom(,7) = inf / Lo (Vu(2), 7(x) + f(z)) dz, (36)
fer et Ja

Remark 4.1 Note that when the Lagrangian L is independent of the third variable, i.e.,
L(z,a,b) = p(z,a) for all (z,a,b) € Q x RY x RY,

for some function ¢ : Q x RY — R, this homogenization problem is completely understood. Also, when the
Lagrangian L is independent of the second variable then this problem can be dealt using the bi-continuity of
the Fenchel dual (see for instance [1, 10]). The proof for the general Lagrangians consists of two parallel parts
corresponding to each of these variables and should be done simultaneously for both. The part regarding
the first variable is rather standard and the same argument can be found for instance in [1].
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The proof of Theorem 4.1 will follow from the following two lemmas.

Lemma 4.1 For any (u,7) € WHP(Q) x L1(;RY), there exists a sequence (u.,7.) € WIP(Q) x LI(; RY)
such that u. — u strongly in LP(QY), 7. — 7 strongly in LI(;RY) and

limsup Ge(ue, 72) < Ghom(u, 7).

e—0
Lemma 4.2 Let f € LI(;RY) with div(f) = 0. For any (u,7) € WHP(Q) x LY(Q;RY) and any sequence
(ue,7e) such that u. — u strongly in LP(Q) and 7. — T with the T -topology in L4(Q;RY), we have
liminf/ L(S,VUE(I),TE(.I) + f(x))dx > / Lhom (Vu(z),7(x) + f(x)) dz.
Q Q

e—0

We first show how Theorem 4.1 follows from the two lemmas above.

The limsup property in the definition of I'-convergence readily follows from Lemma 4.1. For the liminf
property we must show that for any (u,7) € WHP(Q) x LI(Q;RY) and any sequence {(u.,7.)} C WHP(Q) x
L(2;RY) such that

ue — u strongly in LP(Q) and 7. — 7 in the 7 — topology,

we have that
lim inf GE (UE, Tg) Z Ghom (’LL, T)'

e—0

By Lemma 4.2 we have

lim inf L(g,vus,75+f)dl'2/Lhom(vu77—+f) dz,
Q

e—0 Q

for every f € L4(;RYN) with div(f) = 0. Since

inf liminf/ L(E7 Vue, 7e + f)de = liminf  inf / L(f7 Ve, T + f)dx,
feLi(uRN) 20 Jo € e=0 fepaRMN)Jo €
divf=0 divf=0

we obtain that liminf, o Ge(ue, 7e) > Grom(u, T), as desired. a

Proof of Lemma 4.1. Note that without loss of generality we may assume L > 0. Assume first that u is
an affine function and 7 is constant on 2, that is

u(z) = (a,z) + @ and 7(x) = b,

for some a and b in R™ and o € R. Fix n € R™ and let ¢ and g to be the minimizers on the formula for
Lpom given by (35):

Liom(a,b+1) = |Q1|/QL(x,a+Vg5(x),b+n+§(x)). (37)
Define
uc(z) ;= u(x) +ep(2) and 7.(x) =T

Note that by Lemma 5.4 in the Appendix, § can be extended by periodicity to an element of L?OC(RN :RV),
still denoted by g such that div(g) = 0. It follows that

limsup Ge(u.,7e) = limsup  inf / L(f,a—l—V@(f),b—&-f(x)) dz
€ e feLUQRN)Ja € €
divf=0

< inf limsup/ L(g,a—f—V@(f),b—ﬁ—f(x)) dz
FELIQRY) e Jo € €
divf=0

IA

limsup/L(E,a+V¢(£)»b+U+§(E)) dz.
o ¢ € c

£

18



By Lemma 5.2 of the Appendix we have as ¢ — 0,

T _x _x Q ~ -
/ L(=,a+V@(=),b+n+g(=)) de — 1] L(y,a+Va(y),b+n+gy)) dy.
o € € £ 1Ql /g
It then follows from (37) that
lim sup G, (ue, 7) < |Q|Lpom(a, b+ 1),

e—0

and since 7 is arbitrary, we have that

limsup G (ue, 7) < inﬂg |Q|Lpom (a, b+ ).
neR™

e—0

By Lemma 5.1 of the Appendix we have

inf / Liom (a, b+ f(x)) dz > inf |Q|Lpom(a,b+n),
feLY(RY) Jo neRrn
divf=0

and thus we conclude, as desired

limsup G (ue, 7:) < inf / Lhom (a7 b+ f($)) dz = Grom(u,T).
e—0 FeELUURY) Jo

divf=0
Assume now that u is a piecewise affine function and 7 is a piecewise constant function on {2, that is for
{Q;}jer, and {Q}rer,, both finite polyhedral partitions of €2, we have

w(z) = (aj,x) +o; forz € Q; and 7(x) = by for x € U,

for fixed a; € R™ and b, € R™ and constants o;. By considering non-empty intersections Qj N Q and
re-indexing them, we can consider {€;};c; a polyhedral partition of Q such that

u(z) = (a;, ) + o for x € Q; and 7(x) =b; for z € Q.

Analogous to what was done previously, fix {n;} C RY and let ®; and §; be such that
1 - -
Lhom(ai, by +m;) = ] / L(z,a; + Vi(x),b; + n; + §i(x)) da,
Q

and set ul(z) := u(x) + @i (2).

Unfortunately, we cannot consider u. as the piecewise construction of the above functions, as the ¢; won’t
necessarily match along the interface between the €2; and thus will not in general be a function in W (Q).
This can be remedied by the following standard construction (see for instance [1]): Let ¥ be the interface
set between the Q;, and define for 6 > 0, 35 := {z € Q : d(x,%) < ¢}. Consider a smooth function ¥s so

that
N 1 zeXs

\II‘S(I)_{ 0 e\ X5,

and define
wl(z) == (1 - Us(z))ul(z) + Us(z)u(z) forz €Q; and 7.:=T7.

It can be checked that the function u‘g lies in W1P(£2). Note that by Lemma 5.4 of the Appendix, each g;
can be extended by periodicity to an element of L (RN;RM), still denoted by g; such that div(g;) = 0.

Thus div(n; + §i(£)) = 0 on RY and in particular on Q; \ X5. Define f. 5(2) = n; + gi(£) on €; \ Xs. One
can also extend (using Theorem 2.5 and Corollary 2.8 in [20]) f- s to an element in L(Q; RY), still denoted
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by fes such that || f. s pa(q;r~) is bounded and div(f. s) = 0. Take now any 0 < ¢ < 1, then

Ga(tug,rg) = inf / L(Vtug, Te + f) dz
fejiq(fﬂ;ﬂéN) Q

/QL(Vtug, T+ fg,g) dz
t

€T .
Ll—,t(1-v Vé-‘rt\lfv + (11—t
zi:/ﬂi\zé (6 ( 5) ! v ( )(1 _t)

+~/Ea L(Vtug,rg + fs’g) dzx

Since L is convex in the middle variable and since ¢(1 — ¥s) +t¥;5 + (1 — t) = 1, we obtain

IN

(=) Vs, by + s+ Gi( D)) da

T T T
c(tud, ) < t(1—=Ws)L{ -, a; pi(=) bi+mi+gi(=) ) d
Gultul.m) < 2:/9_\25( ) (an@(g) o) da

x t ; T
 (u— UV, by +m; + Gi( =
+§ / 5,(1_ (u =) Vs, by + i+ Gi(2) da

\Ea t)

+/ t\ll(;L( Vb +m; + Gi(= )dx
Y25\8s

-i-/Eé L(Vtuﬁ,n + fg,(s) dz.

For the first term on the right hand side of this inequality we have

Q;

T T T z T T
t(1 =Ws)L{ =, ai + V@i(=), bi+m + gi(—) ) do < L{—,ai+Vei(=), bi+n + gi(-) ) da.
/wé A= )L(Z 0+ VD) b+ m+6i(5)) da /\25 (Soai+ Vet +m+ (D)) da

Using the boundedness of L we get the following estimate for the second term,

x t . x t )
_ T (u—ut ) Cg(Z < _ ot P
/91_\26(1 t)L(E,(l_t)(u uE)V\Ifg,bl+m—|-gz(€))dx < a0 t)/ (1 — ul) VU]

|l
Q\Zs ( (1-1)
x
loi + i+ Gi(D)? +1) da,
and similarly

[owr(Evubenra@) < [ (1 9al o g (Ol do.
25\Zs € € 25\ Zs €

as well as

/ L(Vtug,fs + fw;) Az < Cl/ (1 + VP |7 + f€75|q) dz
25 26

It then follows that

G (1l 7.) Z/ L(Z 0+ VE(E) b+ i+ () do
Q; \25 E 13

+C1(1—1t) Z/

i [ (L Ivap b (D)) do
D25\ €

s 1_t(u—u)V\115|p+|b + 0 + Gi(— )|q—|—1)dx
)

+01/ (14 19027 + [re + fogl?) d
DF
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By taking limsup._,, on both sides and considering u! — u on LP(;), and then letting t — 1 and § — 0
we finally get,

Q;
lim sup lim sup G, (tu?, 7.) < Z ||Q| L(z,a; + V$;i(x),b; + n; + §i(x)) dz. (38)
t—1 e—0 - Q
0—0 K

Also note that,

2 8 .
> |Q|| L(z,a; + V@i(), bi +mi + §i(z)) dz =Y _ || Liom (i, bi + ;).
Q A

i i

A diagonalization argument yields from limit (38) the existence of some ¢(¢) and d(e) such that t(e) — 1

4(e)

and d(¢) — 0 as € — 0. Defining u, := t(¢)ue ’, we obtain

limsup G (u., 7.) < Z || Lnom (@i, bi +n5),

e—0
K3

and since the {n;} is arbitrary one has

lim sup Ge(ue, 7)) < Z €2 nlgﬂg Liom(ai, by +n;).

e—0

Now we use Lemma 5.1 of the Appendix to obtain

Z || inf Lpom(ai, b +1;) < inf / Liom (Vu(x),r(m) + f(x)) dax,
- n; ER™ fGLQ(Q;RN) Q
g divf=0
from which we get limsup,_,, Ge(ue, 7c) < Ghom (u, 7).
Finally, consider any (u,7) € WhP(Q) x LI(Q;RY). There exists then a sequence {u,} of piecewise affine
functions and a sequence {7,} of piecewise constant functions such that (u,,7,) — (u,7). By Proposition
3.4, the function Gy, are continuous, so we also have

Hm Grom (Un, Tn) = Ghom (4, T).

For each n, we have shown the existence of (ug, 7<) such that ué, — u,, and 75 — 7, in LP(2) and L9(Q;RY)
respectively and

lim S(l)lp GE (ui, Tﬁ) < Ghom (unv Tn),
£—

so we get
lim sup lim sup Ge (us,, 7)) < Ghom (u, 7).

n e—0

From the same diagonalization argument as before, there exists some n(e) such that n(e) — oo as € — 0 for
which, by defining (uc,7) := (ui(a), T,Z(E)) we obtain
u. — u strongly in LP(Q), 7. — 7 strongly in L9(;RY)

and
limsup G (us,, 7)) < Ghom(u, 7).

e—0
This concludes the proof of Lemma 4.1. O
Proof of Lemma 4.2. Let (u,7) € W1P(Q) x LI(Q;RY) and f € LI(Q;RY) with div(f) = 0. We assume

that u. — wu strongly in LP(Q) and 7. — 7. in 7. For constant vectors a;, b;,n; € R™, consider as before
functions @; € W;p(Q) and g; € L% (Q; R") such that

1
Lhom(ai, by +m;) = ] /Q L(z,a; + Vi(x),b; + n; + §i(x)) da.
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Denote 01 L the subdifferential of L with respect to the middle variable and 05 L the subdifferential of L with
respect to the last variable. From the above we have both

div (O L(y, a: + DEily), bi +mi + Gi(y)) ) = 0 e y € Q, (39)
and
/Q<62L(y, a; + D@i(y), bi +ni + Gi(y)), 9(y)) dy = 0, (40)
for any g € LY, (Q; RY). Tt follows from (40) that
O L(y,ai +V@i(y), b +mi + 3i(y)) = Vw(y)  ae yeq, (41)

for some w € W;’p (Q). Tt also follows from Lemma 5.3 that w can be extended by periodicity to an element in

WZO’S(RN) Now, let & € W1P(£) be a piecewise affine functions and 7 € L4(2;RY) be a piecewise constant
function such that for some partition {€;} of € we have

(x) = (a;, ) + «; for © € Q; and 7(x) = b; for x € ;.

Consider now for x € €;,
e () := u(x) + e@4(Z) and 7. (x) := 7(x).
From the convexity of L we get
L% Vue(e), (@) + f(@)) 2 L(Z, Vie(e), 7o) + o+ ()
HOL (., Vite (@), 7e(@) i+ 5:(2)), Vo) — Ve ()
HOL(Z. Vite(2), 7o) i + (D)) 7o (@) = 72(2))
FOL (2. Vite(@),32(2) + i+ 3:(2)) . S (@) =i = (D).

Consider now smooth functions ¥; : 2; — R with compact support such that 0 < ¥; < 1. Multiplying the
above convexity inequality by W;, integrating over €); and adding over all 7, we get the following:

[ LE Vs e > Z/ L0+ VB, b i+ G0 5) W) do
+Z/ O L(Z a5+ TE(E),bi 1+ Gi(5)), Vuel) — Vi () i) da
> v<azL(g7ai+V¢i<§>,bi+m+§i<§>),n<x> ~ (@) Wi(r) da

+Z/v<azL(§ai+v¢i<§>,bi+m—+gi<§>),f<x>fm>wi<x>dx

xT

+Z/ (0oL aH-V%( )sbi +mi + 3i(— ))7—§i(g)>‘1’i($)dx~

Now we deal with each term independently. For the first term on the right hand side of the above expression
we have

L(g a; + V@i(g),bi +n; + fh(g))‘l’z(x) dz — / Liom(ai, by +n;)V;(x) dz,

by virtue of Lemma 5.2.
For the second term, by integrating by parts and by then taking into account (39) we obtain

/Q@l (a al—f—VgoZ( ), bi + 1 + §i(— )),Vua(x)—Vﬁs(x»\I/i(x)dm

_ /Q<a1 ( Ja+VE(E )bi+77i+§i(§)),(us—ﬂs)V\Ili(x»dx
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It follows from Lemma 5.2 and Proposition 3.5 below, that if € — 0 then,

/<81L(§aaz+v¢z(§)abz+771+§z(§))a(Usfﬂs)v\:[lz(x»dx - ‘/Q/<81Lhom(ai;bi+77i)v(ufﬁ‘)v\:[li(x» da

i

Integrate by parts on more time to get
/ (81Lh0m(ai, bl + 772), (U — 'LAL)V\IJZ(LC» dx = — / <81Lh0m(ai, bz + 'I]l), Vu — V’LAL>\I/l((E) d.’E,
from which one has

/ O L(E i+ V(5,05 + 0+ 5:(5)), Ve (2) — Vi (1)), (x) dz —
Q, € € €

/ (01 Lo (a1, b; + 7). Vit — V) Uy () da.
Q;

For the third term, we use (41) to get 02L (2, a; + D@i(2),bi +ni + §i(£)) = Vw(Z) for some w € W;gp(Q).
Using an integration by parts, we obtain

/Qi<Vw(“Z),Ts(x)—%E(x»qfi(x)dx — _/Qigw(

_/Qigw(

which goes to 0 as € — 0 since 7. — 7 in the 7-topology.
Similarly as above, the fourth term can be seen to converge to

/Q (@ Lnom (i, + 1), 1 (@) = 1) Wi(a) d,

)div (7’5 (z) — 7 (x)))lllz(m) dr

M8 o8

J(VVi(z), 7e(2) — 7=(x)) da,

while for the fifth term, we first observe that the function
mi(z) == (0oL (x,a; + V@i(2),bi +mi + §i(2)), §i(x))

is Q-periodic, and thus setting (m;)-(x) := m;(%), it follows from Lemma 5.2 that (m;). — T; weakly in
L', where

m; = i/ (02L(y,a; + V@i(y),bi +mi + Gi(y)), —3i(y)) dy,
Q[ Jo

which is equal to 0 in view of (40). The fifth term therefore disappears as e — 0.
Putting now all of the above together we obtain that

liminf/L(g,Vue,Tg+f)da: > Z/ Lipom(ai, by +n;)¥;(z) da

e—0

+Z/Q7 <81Lhom(ai,bi + nz),vu($) _ V'&(x»\yz(.ﬁ) dz

+Z/91 (02 Lpom (@i, by +1:), f(x) — )V, (z) da.

By taking into account the estimate
|0Lpom(a,b)] < M(1+ |aP~ + |b|7h) for all a,b € RY,

which follows from estimate (34) in Proposition 3.4, and letting ¥; T 1 on each €;, it follows from the
dominated convergence theorem that

mgglf/QL(gvua,rﬁf)dx > /QLhom(Va(x),%(x)+f(x))da:

—|—/ <81Lhmn(Vﬂ(:c),7A'(x) + f(:c)),Vu(x) — Vii(x)) dx
Q

+ / (Do Liom (Vit(z), #(x) + F(2)), f(z) — F(x)) da.
Q
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where f € Li(2;RY) is a function defined by f () = m; on ;. The above is valid for arbitrary piecewise
affine function 4, and piecewise constant functions 7, f. We can then let 4 — w in WP(Q) and + — 7 and
f — fin L9(2;RY) to obtain

liraniélf L(g, Vue, 7. + f)dax > / Lpom (Vu(z),7(z) + f(z)) dz.
—0 Jo Q

This completes the proof. O
Before proceeding to the next subsection, we note the following slight extension of Lemma 4.1, which will
be needed for Proposition 4.1 below. We note that the proof is known when G. is independent of the second
variable, and here we show that the same proof with minor modification works for general Lagrangians just
as in Theorem 4.1.

Lemma 4.3 Let G. and Ghom be as in Theorem 4.1. Then, for any (u,7) € WLP(Q) x LI(;RY), there
exist a sequence (ue,7.) such that u—u. — 0 weakly in W*P(Q) and 7. — 7 in the T -topology. Furthermore,
u—u. € WyP(Q) and for this sequence:

limsup G (ue, 7.) < G(u, 7).

e—0

Proof. From Theorem 4.1, there exist a sequence (#e,7:) with @ — w in LP(Q) and 7. — 7 in the
T -topology, such that
Ghom(u7T) = i.l_I)I(l) Gs(aeaTs)-

Up to a subsequence one may assume that
e — u weakly in WP (Q).

Pick any ¢ € W, P(2) with ¢ > 0 in Q. Define:

Gie u(z) — p(z) < . < u(z) + ¢(z)
us(r) == ¢ u(r) — () e (z) < u(z) — ()
u(x) + ¢(z) u(x) 4 p(z) < U (z)

Note that u. —u € Wy *(Q) and since @ — u weakly in W(Q), so u. — u weakly in W1?(£2). Note that
L+ Cy > 0. For any f € L(Q;RY) with div(f) = 0 we have

X

G+l < [ (L V@), £+ ) + Co] da

*/{%_M [L(E, Vuelo), £(2) + 7(2)) + Gy do.

For z in the set {us # 4.}, the norm of Vi, (z) is controlled by the norm of [Vu(z)| + |Ve(x)|. It follows
that

Guluerms) + Col) < /{ [ (0w + 19w + bt s+ 1) .Gt
+/Q {L(g’v%(f”)vf(x) JFTe(I)) JrC'o} dx.

Take now the infimum over all f € L(Q;RY) with div(f) = 0 and subtract the latter by Cp|Q2|. Since
H{ue # t:}| — 0 and Grom (u, 7) = lime G (., 7. ), we obtain

limsup G, (ue, ) < G(u, 7).

e—0
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4.2 Variational homogenization of maximal monotone operators on W, ”(Q)

In this section we establish a homogenization result for selfdual Lagrangians on Wy (Q) x W~14(Q) where
% + % = 1 and then proceed to prove Theorem 1.2.

Theorem 4.2 Let Q) be a reqular bounded domain, Q@ be an open non-degenerate parallelogram in R™, and
L:Q xRN xRN =R be an Q-dependent selfdual Lagrangian such that:

(1) For each a,b € RN the function x — L(x,a,b) is Q-periodic,

(2) For some constants Co,Cy > 0, we have for every v € RY,

Co(lal” +[b") < L(z,a,b) < Ci([al” + [b]? + 1), (42)

where p > 1 and % + % = 1. Let u} — u* strongly in W=19(Q) and let u,, be solutions and 7, be momenta
for the Dirichlet boundary value problems

Tn(2) € OL(E, Vuy(z)) ae. z€Q
u, € WoP(Q).

Then, up to a subsequence,
u, — u weakly in WP (Q) and 7, — 7 weakly in LI(;RY),
where u is a solution and T is a momentum of the homogenized problem

7(2) € OLpom(Vu(x)) ae. €
—div(r(x)) = u*(x) x € (44)
u e Wy (Q),

where Lyom is the selfdual Lagrangian on RN x RN defined by

1
Lpom(a,b) ==  min — / L(z,a+ Dg(z),b+ g(z)) d. (45)
cewirQ QI Jg
9ELY (QRY)

This will follow from the following proposition.

Proposition 4.1 Let Q,Q and L be as in Theorem 4.2, and let {F.;e > 0} be the family of selfdual
Lagrangians on Wy (Q) x W—=14(Q) defined by

F.(u,u*):=  inf / L(E,Vu(sc),f(x)) dz.
feLi(QR™) Jo "€
—divf=u*

Then, there exists a selfdual Lagrangian Fpom on RN x RN that is a T-limit of {Fy;e > 0} on Wy*(€) x
W=Y4(Q). It is given by the formula

From(u,u®) := inf / Liom (Vu(x),f(z)) dx,
feLt(RY) Jo
—divf=u*

where Lo, 1 the selfdual Lagrangian on RN xRN defined by (45), and which satisfies for all (a,b) € RN xRN
Co(lal” + b7 = 1) < Lpom(a,b) < Ci(lal” 4 [b]* 4 1).

Proof. Note first that the selfduality and uniform bounds of Ly, follow from Proposition 3.4. It also
follows from Proposition 3.2 that both F. and Fj,,, are selfdual Lagrangians on Wy (Q) x W~14(Q). Given
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(u,u*) € WyP(Q) x W=14(€), we now show the existence of a sequence {(uc,u?) € Wy () x W-11(Q)}
with u, — u weakly in W, ?(Q) and u* — u* strongly in W~19(£2) and such that

lim sup Fr (ue, v)) < From(u, u*). (46)

e—0

For that we consider {G.;& > 0} be a family of functionals on W1P(Q) x L(Q; RY) defined by

Ge(u,7):=  inf / L(E,Vu(x),r(x) + f(z)) du,
fegq%QiﬂéN) o ¢

and
Ghom(u,T) == inf / Liom (Vu(z),T(x) + f(:v)) dz,
regl b

Take 7 € L4(Q;RY) such that div(r) = u*. It follows from Lemma 4.1 and Lemma 4.3 that there exists
(ue,7.) € Wy (Q) x LI(Q;RYN) such that u. — u strongly in LP(Q) and 7. — 7 strongly in L?(€; RY) and

lim sup G (ue, 7e) < Ghom(u, 7).

e—0

The sequence u, is bounded in Wy?(€2), so we may assume u. — u weakly in Wy (Q). Since 7. — 7 strongly
in L9(;RY), it follows that u? := div(r.) — div(7) = u* strongly in W~19(Q). Thus, the inequality (46)
follows by noticing that Ge(ue, 7c) = Fe(ue, u) and Grom(u, 7) = Fhom (u, u*).

We shall now show that if (u,u*) € Wy P(Q) x W=14(Q) and u. — u weakly in W, *(Q) and u* — u*
strongly in W~14(Q) then
From(u,u*) < lim i(I)lf F.(ue,ul). (47)

Take an arbitrary element in (v, v*) € Wy () x W~14(Q). From the above, there exists (ve, v*) € Wy () x
W=14(Q) with 7. — v weakly in Wy*() and v* — v* strongly in W~19(Q) and such that

limsup F; (ve, v7) < Fhom(v,v).

e—0

By the self duality of F. we have

Fo(ue,ul) = FX(ul,us) = sup{{ue,w”) + (ul,w) — F.(w,w"); (w,w") € Wol’p(ﬂ) X Wﬁl’q(Q)}
<uc€)vz> + <u:)1]6> - FE(UEaU:))

v

from which we get

limiglf F.(ug,ul) > limiélf{<u5,v:> + (ul,ve) — Fe(ve,vl)}
E— E—
= (u,v") + (u*,v) — limsup F.(ve, v7)
e—0
> (u,v") 4+ (u*,v) — From(v,v").

Since the above holds for an arbitrary (v,v*) € W, P(Q) x W~14(12), we obtain
Ey o (u u) < lim iélf F(ue,ul).
E—
Taking into consideration that Fj,,, is selfdual we obtain

From(u,u*) = Fr . (u",u) < limiglfFE(uE,u;)7
£—

as desired. 0
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Proof of Theorem 4.2. Since (u,,7,) are solutions of (43), it follows that

0 = /QL(*,Vun(x)yTn(a:))da:—/Q<Vun(3;)’7n(x)>RN da

En

- / LS T (@), 7 (2)) d — / ()’ () da. (48)
Q Q

En

Due to the coercivity assumption on L and the strong convergence of u}, it follows that the sequence u,, is
bounded in W, ?(Q) and 7, is bounded in L4(€2; RY). Thus, up to a subsequence, u,, — u weakly in W, (£2)
and 7, — 7 weakly in LI(Q;RY). We also have div(r,) = u} — u* = div(7) strongly in W~14(€), from
which we indeed have 7,, — 7 in the 7-topology (introduced in Theorem 4.1).

Taking f € LI(Q;RY) with divf = 0, it follows from (48) that

/Q L Vun(@), ma(2)) dz = /Q un ()% () d

En

= —/ Up ()div(r, + f) dx
Q
= /(Vun(a:),rn + flr~ dz
Q

< /QL(—,Vun(a:),Tn+f(x)) dz.

€n

This indeed shows that

/L(E,Vun(x)ﬁn(x)) dz = inf /L(E,Vun(x)ﬁn(x)—ﬁ-f(x)) dz.
Q Q

€n fELI(QRY) €n
divf=0
Let
G., (v,7):=  inf / L(E,Vv(x),%(m) + f(z)) d=.
feLi (RN Jao  En

divf=0
It then follows that fQL(i,Vun(x),Tn(x)) dz = G., (un, ). Define H : Wy P(Q) x LI(;RY) — R by

H(v,7) = [o,(Vv(z),7(z))g~x dz. Note that H is continuous if we consider the weak topology of WP ()
and the 7-topopogy for L(£; RY). Tt then follows from Lemma 4.2 that

/Q Lom (Vu(z), 7(x)) dz — H(u,7)

IN

lim inf [Gen (un, Tn) — H(Um Tn)}

En—

_ ngli%f[ /Q L(%,Vun(x),rn(z))dz— /Q un(x)div(m(x))dx}

= 0.
On the other hand, we have that

/QLhom(VU(x),T(x)) dz — H(u,7) = /

) [Lhom(vU(x),T(x)) - <Vu(x),T(:17)>RN] dz > 0. (49)

which means that the latter is indeed zero, i.e.,

/ [ Liom (Vu(2), 7(2) = (Vu(@), 7(2)sn |do = 0.
Q
Since the integrand is itself non-negative we have
Luom (Vu(x),r(a:)) — (Vu(z),7(z))gpy =0 a.e. x € 9,
which together with —div(7(z)) = u*(z), yields

7(2) € OLpom(Vu(z)), a.e.x €€,
—div(r(x)) = u*(x), x €,
u e WyP(Q).
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5 Appendix
We shall here state some of the results used throughout the proof.

Lemma 5.1 Assume L : R™ x R" — R is a convez function such that Co(|alP + 0|2 — 1) < L(a,b) <
Ci(la? + [b|? + 1) for all a,b € RY where p,q > 1 are two constants. Suppose ) is a bounded open domain
in RN and 7y € LP(Q;RY) and 75 € LI RY) are two piecewise constant functions such that

T(x) =a;, x€Qy, and To(x) =b;, x € Qy,

where {Q;}icr is a finite polyhedral partitions of Q, and {a;}icr, {b; }icr are two sequences € RN. Then

min L(11,m72(x) + f(x)) dz > E Q;| inf L(a;,b; +mn;).
feLQ(Q;RN)/Q (1 2(2) + f( )) i61| |meR" ( ni)
divf=0

Proof We first prove a stronger result (actually an equality) when the set index I is a singleton. For any
constant 7 € RV we have

min / L(a,b+ f(z))dz < / L(a,b+n)dx = |Q|L(a,b+n),
feL‘l(fQ;JléN) Q Q
divf=

from which we obtain

min L(a,b+ f(x))dz < inf |Q|L(a,b-+n),
I RICXENE) int [9IL(a,b+ 1)
divf=0

Let now f be the element in L9 (;RY) with divf = 0 such that

/ L(a,b+f(w)) dzr= min / L(a,b+ f(z)) da.
Q Q

FELI(QRN))

divf=0
Using Jensen’s inequality, we obtain
1 ~
inf |Q|L(a,b+ < |Q|L(a,b+ — z)dz
neRN‘ 1L( n) QIL( Q) Qf() )

1 1 ~
= |Q|L(@/Qadx,@/ﬂb+f(x)dm)
/QL(a,b-i-f(x)) dx
= min /QL(a,b—I—f(x)) dz.

feLi(;RrY)
divf=0

IN

This completes the proof for I being a singleton. Now we prove it for the general case. Note first that, using
the above argument on each 2; we have

gELI(Qs;RY) /Q ( g )) mERN |2 L( 1) (50)
divg=0

One also can easily deduce that

inf L z),o(x) 4+ f(x))dx > inf / L(a;,b; + fi(x)) dx. 51
resttiay /Q (r1(2), 72(x) + f(2)) Ei)fi%q;m;m o, ( filx)) (51)
ivf=0 ivf;=0
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In fact if inf ;o) Jo L(11(z), 72(2) + f(z)) dz = [, L(11(2), 72(z) + f(x)) dz for some f € LI(Q;RY)
_ divf=0
with div(f) = 0, then

/QL(ﬁ(m),Tz(x) + f(z)) dz Z/Q L(ai,b; + f(x)) dz

icl
> inf / L(a;,b; + fi(x)) dz.
iezlfieLqmm;RM Q; ( (=)
divfi:O
The proof therefore follows from combining (50) and (51). O

The following three Lemmas are standard and we refer to [25] for the proof.

Lemma 5.2 Let r > 1 and f € L"(Q). Then f can be extended by periodicity to a function (still denoted
by f) belonging to L7 (RN). Moreover, if (¢}) is a sequence of positive real numbers converging to 0 and

loc
gr(x) = 9(3).
If1<r < oo, then fr —» M(f) = I%él fQ f(x) dz weakly in L} (RY),

loc

and
if 1 = 0o, then fi, — M(f) weak* in L (RY).

Lemma 5.3 Letr > 1 andu € W;T(Q), then u can be extended by periodicity to an element of Wllo’CT(RN).

Lemma 5.4 Let r > 1 and ' = 2. Let g € L" (Q;R"N) such that fQ<g(:c)7Vv(x)>dx = 0 for every

r—1°
v E W;’T(Q). Then g can be extended by periodicity to an element of Lf;C(RN;]RN), still denoted by g, such
that div(g) = 0 in D'(RY).
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