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(T2) Every subset of an CmdeP’{
set & indept.

(I%) If x 2§, all maxl indept
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Some o\’u\eshons

@__}_, 1s everﬁ rmotroid F- rep,
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Contraction

I-F {'Q‘} LS O lOoF (O(\Q'Q\szn{ CAfCuL‘L)
of o moatroid N\) then

MZ7¢ = M\e,
¢ §e} s Cﬁo\zl)?.r\oler\)c and M= (EJY),
then Mze = (E-{e} ¥) (M ontvct €)
where ¥'= { X € E-fef: xU{ef € ¥].

o M/e & oo motoid,

o M\e\f = M\Ff\e
M7/ = M/F/
M\e/f = M/f\e
® MAX/Y (s o minor of M,

for cisjoink subsets X and ¥ of E.



Lemmo: Ever\.s MM Llnor oF (o Wal F—V‘Q[),

motroid S F-re.\v.

excluded N O (s for F-re‘), * v ahroids
thot are not F-vep. but every olele hon

ond every contrachHon s F'“[’- |
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E={,234 S

y={xee: |xle2} (9= Uay
M-2.):.\. s not bir\arj:
o - dimensional vector Space over

GF(,Z) hg_s 22"1 NON=- 2@rO \/QC"'OI'.S.

Theorem (Tutte 1958) A motroid

LS \oinanﬁ L\C-C L{: \hos no uz,q'M(f\OF.



'Bf.r\o.rj mohoids haove momj

other charackterizatons,

xay= (x-Y)U(Y-x)

Theorem The Fol\owiaa ore
equivalent for o mohoid M:

G M hiﬁar\j.
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For o marmid M with ground
set E and wath @ as ks set of
bases, the olM.o.(. mod'rouci M* has
S Pund set E ond s set of bases
C {E -B: B € @)}

Lemma [ I~ 1D] re?reserd's an
n-element matroid M ower o Feld F
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N
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e  MAT = Wt/

o A moboid N s o minor of M

Cf£ N* s o ~minor of M*



o M s on excluded wanor (:or‘

F—we‘;. <= MY* (s o~ excluded munor
for \:"'\N’-?.
Terming_\_gs_j

M* N
ciceutr t cocireuk
basis c o loasts

A Set s S‘Panr\(.f\a f it weatauns o basis,

(\) X s o basis of M&S E-X s & basis of M*

() X s S‘l)o.nn.ir\3 M= K contauns a thO{M'

¢S E-X s contrunad tn
o basis of M*,

&> E-Xs Lr\ola[;{ n M

(‘l'\‘\) X XS hO(\-Sl)o.:nﬁ;.f\3 & E-X s oLzF"L \n M*.
M



(i) X s non-spanning E-X (s olependent

(v Kis a moxl > E-X& o minimal
Y\W\-S‘)ann&.f\% set taM olQP"L ek i M*,

> E-X s aarcwmt
of M¥
&S E-X s o coulewt
of M.

Maximol Non- sPanr\.ir\s set ! "\\quPlane.

Lemma. The hjpur;lane: of M are

Ehe oomP\eme.n:l's of Us (ourcwts.

Coro\\arj A circuit ond a wareit

W O ~ ool d Connot Nowe qu'l'l-:,

one COM0n O_\szr\{.



Cireut - cocreuit untersechons

Theocem  "The Pcl\c:wir\a O Qquin\en'[:

br oo modmid M,

()Y M s \Dimanj

() [CNAC*] s even for Qvery
cireuit C and courcuit C

Gy | C NC*l %3 R every cireurl C

and cocireucl C:Jf




Cocircubs and wecﬁ\l\‘ts

Lemmo Lot A be oo mafmx over
o Reld F, and let M= MLA] The
cocirants of M oincde wath the
LAl o) Mt\—zrv\?“"j smlo‘aor{'s of veclors

Qmm the row space of A.

o [f A (s o 39.r\er‘a.lor ramy  of
0. code C ) then the minimum weﬁah‘t

of C s the minimum coarcwtsizeof MCA]



U ni Form M otroids

Let E={12..,n} Ofr=n

Ur,n = ( E,g) where 8-.-: {'XE E: \Xlﬁf‘}‘

uf,’:\ - un-r‘,n
@ I‘F Ur)n \S GF(C‘/)—\(‘QF.) we Nave
on Cxn marax A over GF(GQ Such

tWot every ~ columns ore LCA.CNJQ_[::JQ

The [n,l-wde over GF(q)
%Qh%(‘ox't-eo‘ \oj A s o
M OIMUM — S stan ce —S-O.[:arq\ole (MDS)
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Mouin .c__q_(_\ie.chre ED_r MDS codes

Conjecture For all pame powers q,
Ueo+2 Us an excluded minor for the
class of GiF(g)-rep. malvids
for all ¢ {23,..,9] for q odd,
for all ¢ a {2,3,.,91- {3,971} for o even,

o Holds fHr rz2 5.
e Holds For o\(fz—f.

E—_Xcﬁmo\ecj MANO (S Fg_r‘ Hf‘nanj matrords
@ uz 5 and ‘U"S M) u-3,5'

y
l

& =) F—“ ‘HM?. Fano Mc\ht‘ol)
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The dwmol code s the \nir\c\nj
Hammlr\a code  Hom (_3)7-)‘) N w/?.P’n
Cor F-l* LS O 32.\«\0.(‘&’("0(‘ Y'Y'\OLM¥ Fbr HQMB,?-),

“Theorem ( Reid; Bixby; So.nmou.r)
1A T \a719 1279
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NO MuAol Csomor‘a\mtc 1"‘0 Okmj o-p

*
uZ,S) u?’)s) F—() or F—,.



Rota's C—Or\\jec{'ure. (1970)

For all Raite Relds GF(g), there
are only Raikey many 2xcluded

minors o the class of G—F(cb) P,
ra ohrovds

1=2 Uz, 4
q’: E uz'sJ u'j“g) F-’J F’l*

Theorem (G—ee\en) Gerards, K°~Poor 2 000)

(\here ore e.xac,H.j Seven excludud

ranore for the class of GF(‘t-)“V'EP
W\on.‘\'YDtdS,

© FO(‘ Qll ir\Pir\{J('e. ‘F\Q(ds F) ’H'\QFQ are
fh@(n\\—e\j rnan u excluded minors for F-—reF.



@Qau\gr rn o Troids

(representa\o\e over evary -p{e\d)

Theorem ( Tutte)
The (‘:D\lowif\a ore QotwLVoL\O.n‘\: 'FDP
o rohrold M

() M s r‘ecau\ar_

(ii) M s \’)Cr\our‘\j and -"P.rr\oxrj.

iy M (s binary ond F-rep for
Some G\'e\o\ OF characlerishe no’c 2.I

Class Excluded winors
bdt\o-ﬂj U\qu.
terna ™~ Uz s, U : F-,) F-,*
reojuqu MiND - Mminimal Nem\"ﬂ;&
{"-: loir\anj N "rernanji of {.uzi"‘”uz'y) ua,s) =, F7§
Tutte (19583) = {uz,or, quF-,*S
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)

Nnon - (SO. F-MF. n-elt matroidg

>0
#Y\On- L$O . n-element M_o.h'oicl:

oS N — 60,

Conjechure (Moyhew, Newman, Welch Whitle
T - ’ ’ ' 2009)

#V\On-ﬂso. M(: n-elt Mo;"(w'wk e
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o N K
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‘Pm?oé‘.]clog Evend maboid withh oF most

7 elements s YQ{)(Q&‘Q{\“‘&\D\Q; SO S o.uenj

roboid with B elements unless Uts raak
< 4,

ExamP\e

ey ( £ o\no)

The odofted
line 2ncodes

‘H\?. Qﬁu.o»Hon
1+l = O



PrOFOSi%'\On E.VO.(‘\j ma‘:roid wit'\z\ o:k MOSE

T elements (s re?resen'k ohle } So (s every
mobroid with B o.\emer\’cs- unless (ks ranl
S L

Example

Fq (Fano) F.,' (r\on-Fomo)
(45,63 s o (45563 s not o
ciccuit Al bt

= 1+l = O S+l =0



Fi @ F5 (& not V‘@.[)'\O\Q-

Thi mabhoid hasg 3{‘0»\{\& sel E(F—DUE(F—T)_

I+s Lr\o\e[}L sets : {I\UIZ!I\éy(Fﬂ,
I eJ(F)}

® F—, e F_,-) Hhe olirect sum of £ ond F—,-;

hae |4 elements ond mnlt.=3+3=é>.



A diffecent W oy o Pu.’t P ond Fo
{';D%Q'H\QFI tn ro“"__l" 3

3l

2’ 6’
E = $12,..,7 02,7
¥ = {_xc_:_ E: |x|¢3, elemesty of X are

not wllinear }



Ano'\"h%‘ \:_J_q_._j +_1:> \)?_Lr_\_ E—-‘ o.nd F—;

\A ok i

o B e,\ame,r\JCS) onle 4

. - ] To contract 2
® N\/2 = F’? Projec't ‘FVOM 2.)80

M73 = F7 Ll') _7, ond b P\uj
the holes uvn F_,"'.



urm * N -element mabroid

® Q.\JQ(‘j r-'Q\QMQr\'b SQ{: S O \QO&.SCS

® 6 ?oin‘k's
u'ﬁ b A The
J . .
P\MQJ no
L [ & tlhree

collinear,



ur)n X A - element MQJCrOiol.

o every c-element set s « bascs

“Three oCange Waes wrres()or\ol to
cirewmts and h‘jpuplmes: Circuit-hyperplanes

L 394\0.\"01) J(‘a\de O~ Subse{?x
of bthe bases of Urn so ot

no two members of X have wmore Than

-2 common elements.
¥ -sets oare non- Pases - +\rw_.j be come.
Cirwi.’c-hj?u?\anes,

(hig %{v‘es oL Sparse Pavina mea.k roid




EXOLMP_\E: Start with qua

Lot X ={ {1234%, {3456} {5678,
{v2,718%, {347,831

N\ a.troi d \/%3 . The Vdmos matroid

E = {\,2,...,3}
bases & all &-element sefs e,xcn.[ﬂ- those tn X |

This m~moahoid & not rePrese.n'ta\ole,



Rar\k A IOMS

Lemmo et E be o Raite set. A

Cunckon (1 25> ZTu{0}

's the rank Punchon of o mabeid onE
el

(R1) If XS E, then (X (X[,

(R2) If XEYEE, then (X)£r(Y),

U(\C(QQSir\a)

(R2) If X YsEg, thea
(submodular)

(XY +c(Y)Z c(xUY)+c(XnY)

lndeper\o\er\'\? SQ,{'S"Z lxl'-" ('(X)



(R1) If XSE, fthen r(X)=|X]|
(R2) If X € Y<E thea c(X)=(Y).
(R3) If XY<E, then

c(X)+e(Y) = c(XUY)+r (XAY),
W e o ken (th) “D

(RAY’ r(®) = O.
RQSultif\ﬂ s‘mxc-hres are Poljmod‘r'bf&s.

EXO\-MPlQ Ir\ o. ve cbr SPQC?_ V)

le'(;' E be some SQ'E of Sulos[)qc_es

~ +f E congists of one-duml Su\os[mces °n[fh

Hren we lnave o rMoachroid.,



Vg (s not

rep resentable

Proof

Suppose Vg s
fe[)reso.n’rog\ote. Thea vt Stts tn o onjec{\'»/e

S?ace

e ({,234p03) +e (€427,8,p3)

> ¢ ({123,478, p3) + c({12,p3)

343 % 4 + r({y2p)
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— 9ene relizes vechr S]'mce OrHWQQnali[U
— mm’(‘:hes U\P wn‘\'l'\ Caodaw\s 'H\Qorj oluqli‘j

® Jdeletion

O wf\Mcl'\'Of‘\
— dual of delehon

— OOrres[)onds 3e.ome.+ﬂ'ca\\5 \"D pfojtcHOn.

® MLIAOIr
e Secztuence of delehons and conrachions

BO-S‘CC. QJXO\MP\Q. F—V.QP mog’rvo(o\s

Rotas Coni For oM o, the set of
excluded WnOrs for GF(q,)-mP s fnite




Noa -—rePresen’m\o\e Matoide

gxam?\es

Ve, \/&mos
matvoid
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