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e Whittaker functions. Let G be a (quasi)-split real
connected reductive group. The Iwasawa decomposition:

G=U_-A-K A:{exl,...,emN}
The Gauss (Bruhat) decomposition:
Go=U_-A-U,.
Character of B_ = U_A with v = (v1,...,7n):
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The principal series representation (7., V )

ndjy X, = { £ € C¥(G) | Flbg) = x,(0) fl9), e B

Definition 1 The Whittaker function V.(z) is a smooth
function on X = G/B, given by

Uy (z) = e =70y, my(e” =) p), (1)
the Whittaker vectors ¥, Yr € V, are defined by

Eibw = ~3¥n,  Far=-—7t,  i=1l.. N-1

Remark 1 The Whittaker function can be lifted either to a
B -invariant function \Ill(g), or to a K-invariant function
®,(g); the following relation holds:

\Ijl(i) — q)j(i) ) jji — 5 X, 5/2' — 2/% )
fort=1,...,N.



e In 1996 Givental proposed an integral representation:

+ Fy (@)
N (z) = /C M T T o (2)

IN-11 < IN2

o1 < T32 <— ... TNN-1

[ T

ry1 <~ T22 <~— ...IN-1N-1 ~— INN

e [teration over the rank /V:

v ) = [ e @S (e vl PR o)
RN-1
N N-1 _
gaf_l — exp { YN ( Z CUN,z'_Z 37N—1,z’> _ Z <69€N,7:—9€N—1,z'_|_efﬂN—1,z'—9€N,7:+1) }
1=1 1=1 =1

corresponding to the Givental diagram:
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INN

1,N—-1



e In 2000 Kharchev and Lebedev proposed the Mellin-
Barnes representation:

m=1 k=1
B (o)

S

n+l n
N_1 H HF(%H—lm '7nk>

VN (z) = (3)

\

’ti

3

N—1
- exp {m( Vn,j Z ’Yn—Lj) } H dVnj
7=1 n=1

1
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j<n

where min{Im(vyz;)} > max{Im(yer1m)}, k=1,...,N =1
J m

IN.1 IN,2 e YN,N-1 YNN
YN-1,1 YN—-1,2 e YN—1,N—1
Y21 Y22
Y11
e [teration over the rank /V:
[ Vol [
V() = / Py, Qo Vel on) VN ).
RN—l
Vg N VYN WN 1k
9[1\7 1 HHF( / ) eXp{ZxN(Zf}/NJ Z’YN 1k>}

7=1 k=1
corresponding to the Gelfand-Zetlin pattern

TN 1 YN ,2 . YN .N-1 YNN

TN-1,1 YN—-1,2 . TN—-1,N—1



e Introduce the dual Baxter operator with the kernel

V210 @zz i
Q Al =€ al HFZ%—M

1,7=1

The following holds:
v oly o v oly o AN gl
& (@) = [dy @ (igle) 1) = ¢ 08V

SN
e Introduce the Baxter (Q-operator with integral kernel
N 1 N-1
Q(LQ’)‘> = 2% exp { Z LA (yz—a:z) 7 2 (62(?/i_$z‘>_i_62($i_yi+1)>

1=1

1
_ ﬁ62($N—yN) } 7
y1\ /y2 e - /ZJN\
X1 \ . TN-1 TN
Theorem 1 Consider the K-bitnvariant function on G

A N-1

_N-1 1
dalg) = 2V det(g)| =T exp{ == T(g'g) |-
Then for the K-invariant Whittaker function CDi[N (9):

/ dg S (g™ h) BV (g) = QN+, (z) — Lo(A) & (y),

G
where
N

Lo = [17 1(*57)

1=1




e Macdonald polynomials. Given a partition A = (A; >
... > Ay >0) € ZY it labels two types of bases in & y(z):

A A A
1. HA = Do TonTolyy - Tylw
ceGy
N N
2. mn = [] 7, with T = Y, axl
i=1 i=1

where m,, = |{k|pr = n}|.

Definition 2 Macdonald polynomials Py(x|q,t) are the
symmetric functions over Q(q,t) such that

PA(£|Q7t> — HA =+ Z UAT A HA UAT A S Q(Q7t)7
N=A
(Pa(z), PA’(£)>q,t =0, A #A

Basic properties:

1. The (q, t)-deformation of the Cauchy identity:

N N

I =22 - S nwrw. o

i=1 j=1n=0

where

Pyy)
<PA7 PA>q,1§7

Py(y) =



2. Eigenvalue property:

H, Pr(z) = (@) Paz),  ola®) =) J] ¢ 1",

I, i€l,
with the Macdonald difference operators:

=30 L T e o)
Iy

i€l j¢l, €1,

where I, = (i1 < o < ... <i,) forr=1,... N,

3. For a normalized Macdonald function

N
Z_El Aip; 00 1 — t2in—Aj+n

Palzlg,t) =t

P .
1 — tq/\z‘—/\j-l-n A(% q, t) )

1<3 n=0
the following self-duality holds:

Pald" 7 q,t) = Puld**;q,1). (6

~—

Relation to (¢g-deformed) Whittaker functions:

\Dl(i)
t—0 q—1
A
Py(z|q, t) T, (A)
v
t—00 q—0
xa(2)
with
xZ:in7 Zz_q%7 Z:L 7N



e ¢-Whittaker function: the First formula.

For ¢ < 1 consider the limit ¢t = ¢~*

M= {pki

Pl

— 00, k — o0.

Pr+1i Z Phi 2 pk—l—l,z’—i—l} c ZNW-1/2

Pyn-1 = {EN_l |pN,z' > PN-1i = pN,z'—i—l} c PW
Theorem 2 The g-Whittaker function 1W.(p, ) reads

(1) For p,. being in the dominant domain py;1 > ...

Z H Pl =Py

Py epV
N—1k—1
H H (pk:,i - pk,z’—i—l)q!
=2 i—1
[T rr1i — pri)g! Ori — Prstiv1)g)

1<i<k<N-1

> PNN

(7)

(1) When p, is outside the dominant domain *V,(p) = 0.

PN_1€PN,N-1

Z Alp P, 1) !pN| Pyl 10

gly
gln_1

Ny

1
[
Qgé\] )(pvaN 1IQ> _
H (pN,i - pN—l,i)q! (pN—u - pN,H—l)q!
1
9
Alpy_,) H PN—1,; — PN—1,i+1)q!
Example: The case Uq(glz).
( » P1 7191 —-Pp 127 P9
2
(#122) p§2 (P1=Dp)q! (P—p2)q! p1 = p2
\ 0 ) P1 < D2




o Gelfand-Zetlin formula for dominant p = (p; > ... > py):

é1_r)r(1)q\11_ Z H Pl =l ol 1_’(§>' (8)

Py ep@) k=1
e In the limit ¢ — 1 consider Q\Ilg(g) = A(]_)N)Q\Ifg(g)
N-1 N
— E;
él_{l} q\D—( ) = yalz)PV H X (2)PNATPN L = TI‘Vf | Z;
k=1 =1
N1 ®(p p )
. N
Vi = Vw]I:,NN ®Vw]€ N.k~PN, k+1 (9)
k=1

o For w € W the subspace VirEl(m) ¢ V(w) is 1-dim.
Demazure module V,,(w) := U(b) VIvEl(m) c Viw)

chy, (@) Z dlmV w)et = D, - ... - Dy, - e”

Al

neP

h D _ 1—e % S; d -
wiere Si T 1o ana w = Sil 0 S

W-orbits in P with Z x (Z/Zy), and for 0 < i < N let
wr; = koy +w; = (k+1,... k+ 1k ... k)

e
1

Identify a set of

m"*

be the representatives of the W-orbits. Besides, let us intro-
duce the homomorphism 7 : Z[A| — Z|q; 21, - . ., zn] defined
by m(e¥0) =1, m(e¥k) = 21 - -+ 21, 0 < k < N, and 7(e?) = q.
Theorem 3 Let @y, = wo+wy,;, and let wy,; € W be such
that the projection of wy,; - @wi; onto P is anti-dominant.
Let Ay ; = wq - wy;; then the following holds.
~ Lo —r(As - Ay s
qué(]_)N) _ q2( ki» @hi) Q(Ak,wAk,z)ﬂ-(ChVU}k’i(Ahi))

where Py = Agi.



e ¢-Whittaker function: the Second formula.
Consider the limit ¢ — 0. Let {z;;;1 < i < k < N}
with RN,i = Zi, 1 S 1 S N.

Theorem 4 In the dominant domain py1 > ... > pNN

(N-1)(N-2) 1 [dz,,
W (py) = L@ ] 74 j

- 271 2 i
1<j<n<N-1 )

n
N-1 1:[ I'q (Z;}ZnJrlz)

. H( Zk,z")PN,k z;l jH Fq( 1 ) (10)

i<k Rk—1,i — pts Zn,mAn,
where o o
r B 1 B z
q(z)_Hl_an Z(n)|
n=0 n=0

The second formula also admits a recursion w.r.t. the rank N:

Z Z Z PNN
ay —F N2 1,k NN)
ZN(pN H%sz cee

1.k ~1,1 N—1,N—1
\/A \/g[N \Ij !
) (gN—1> Qg[N 1('2]\772]\7 1‘Q) ZN—l(BN)
where . .
Azy_y) = H Fq( N_Lk)
ki N1
\/g[N N N-1
i=1 k=1 “N-Lk

Example: p = (n+k, k,... k).

1 [dt
[ _ -n .
W (A K, by k) = (212) ]{ -t j||1 Ly(2t)
t=0 -



e Counting holomorphic sections.

My(PH, PV = {holomorphic maps P — PY 71 of degree d}

— {fl(y17y2)7'°'7fN(y17y2) degf — }/(C*
C IP)N (d+1)—
Let G = S' x U(N), and L}, is such that Ej; - £, = kL},, then

N(d+1)-1 ) RLo -+ ZZV: o

XG(Lk(n)) - (_1) Ter(PN(dJrl)fl’Lk(n)) € =1

k=0
N d
dt
_ A _ 7{ o (
nk 2122 2m H H 1 — z]tq )
= j=1m=0
Proposition 1 For g = e" and z; = e one has

A = lim A = Wtk k. k) (12)

For the equivariant cohomology

HE, (PN = €[z, B /H H z — \; — ohim)

j=1m=0
the Riemann-Roch-Hirzebruch formula reads

xc(Lx(n)) = (Chg(Ly(n)) Tdg, [PV (13)

where
ne+ k(A +...4+AN)

Chg(ﬁk( >) = e ,

N T — A\ —1hm
Td (TIEDN (d+1)— H H ejj+zhm—$) .

7=1 m:()

Problem: Construct a relevant semiinfinite cohomology the-
ory for (g-deformed) Whittaker functions W, (z) and W, (p).

10



e Parabolic Whittaker functions. Let N =/ +m
and
b+ _ h(m,€+m) D ng_m7€+m>

with the N-dimensional commutative subalgebra spanned by

H1 :E11+---+Emm7 H]{:EL]{;, k:2,,m,
Hm—i—” — Lm+k, l+m, n:17"'7€_17
Hivm = Epitms1+ -+ B tem

and the subalgebra generated by

Ev oy, Ei t4m Em oxm;
Ekk) ]C:Q,,N—l, Ej,j+17 ]:2,,N—2
Definition 3 The (m, ¢ + m)-Whittaker function associ-
ated to (my, V,) is given by

N
U)oy (e S n) (14

the Whittaker vectors ¥, Yr € V, are defined by

1
En+1,n¢L:}—i¢La nzla"'aN_la
( Ebp = 0, k=2...,N—1
Eijtr =0, j=2.. ., N—2
El,m+1¢R — Em,€+m¢R = 0
_1)etm)
L E1orm¥r = %1@%

The Casimir elements C,. € ZU(gly), r =1,..., N act by
M, (@, 8,)- W™ M) (z) = B el (g 1 (Cr g(2))¥R)

o
= 0, (7) W ()

11



The L-operator

£(x’ax) mﬁ—i—m Z e;j e —p1(z1— $£+m)<¢l}ﬂ-7( i g( >)¢R>

1,7=1

Let Pj = h@,j—1 ., N, the limit & — 0 implies

P ... P, 0O ... (—1)5 T1—TN
R
rep) = | o
s =10 z
\ 0 0 -1 Py

e Consider the case Gr(1, £+ 1) = Pland N = ¢+ 1

Theorem 5 The (1, ¢ + 1)-Whittaker function with © =
r1, -1 =0 and e(1, L +1) =1+ @ coincides with the
generating function of St x U(£ + 1)-equivariant quantum
cohomology of P':

+1

(1’@_1) 1 s )‘ ZH— >‘j
O w,0,0,0) = — [ dH 7 Hh ( - )
R+10 j=1
! 1 Y 1<
= /Hdt exp{—ﬁ)\gﬂx—e k=1 _ﬁz < (Ae—Aei1) tr+ e’ )}
o k=1 k=1

The corresponding D-module Q H(P') is defined by

(TL(02 ) + e} w0 = o

12



e [-funciton as an equivariant symplectic volume.
An element of My(P!, CV) is a collection

d
flly) = fow™, i=1,...,N.
m=0

Symplectic form on QM (CY) is

(] N d : — 1 ol r ; -
0= 5330 A ndfy = 23 [ax0X0)
=0

1=1 m=0

The momenta of Hamiltonian action of G = S x U(1)" are
2m

d
HU(l)i - _52 ’fm|2 - _E d ’f (9)|27 L= 177N7
m=0 0

NN | | X 21 | |
Ho = =53 > > mlfl* = —EZ /de T(0)-0:f7(6)
=t

1=1 1=1 m=0

The G-equivariant symplectic volume of My(Pt, CV):

ZD(\, h) =/ e

My

N

7

N d
1
= volULY [T]] o (15)
i=1 m=0 """

This is Gaussian integral, when d — oo is defined using the
Hurwitz zeta for Re(s) > 1 and arg(an + b) € (—; 7l:

0

1 1 b
Ca(s; 0) = nzom, Ca(0; D) = 57 (16)
b 1 b
Ca(()? b) = —(5 — a) lﬂa + hl \/%F(E> .

13



Theorem 6 The G-equivariant volume Z(A, by ) reads:

/ (D%\|[Dy] e Seft = HAB r( ) (17)

17 M (CV)
where A = A(h;u), B= B(h; ), and

Sy — ﬁ 10 3" [ (6)XT0) — FO{N -+ han}'(0)]

1=1

e Fixed point calculation. To the equivariant volume:

Z(Niy h; ) = 27w/daze“Aif” / o1 (Qx) +hHg1)

R PM(D,C)
apply the Duistermaat-Heckman formula:

. i hH g1 (pn
/ o h Q) +hHg) _ Z e/ st on) . (18)
1 detTpnPM (% 7}51)
PM(D,C) pn€PMS
Pn = @nezn97 [:[Sl(pn) = N, n=>0,...,00,
h
In Tpﬂ%\/{ —1151 = {lnH }
m;«én
O [~ _,_, /ahm\=s = sahm\—
(G XG0 L
m=1 m=1
Using the Riemann zeta values ((0) = —= and C'(0) = T

Z(N\i B B —,u\/_/dxeumz _ (ahe“hx)

=\ oo { e — e} = (e (R,

14



e Parabolic Whittaker function as a symplectic
equivariant volume.
The above considerations can be extended to parabolic Whit-
taker function.

Theorem 7 The following holds:

41

(@) = / e =T (19)

M(D,Pt)

15



