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The problem

(e−tA)t≥0 contraction semigroup in a Hilbert space H .

A question which occur in many models is about the exponential
decay

‖e−tA‖ ≤ Ce
−λt

C?λ? ,
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The problem

(e−tA)t≥0 contraction semigroup in a Hilbert space H .

A question which occur in many models is about the exponential
decay

‖e−tA‖ ≤ Ce
−λt

C?λ? ,

or possibly

‖e−tA −
N
∑

j=1

e−λj tΠj‖ ≤ Ce−λt , λ > Re λj .
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Classical results

Gearhardt-Prüss-Hwang-Greiner Theorem:

When ‖(z − A)−1‖ is uniformly bounded in {Re z ≤ τ} then
there exists Cτ such that ‖e−tA‖ ≤ Cτe

−τ t .
If ‖e−tA‖ ≤ Cτe

−τ t then for every α < τ , ‖(z − A)−1‖ is
uniformly bounded in {Re z ≤ α} .
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Classical results

Gearhardt-Prüss-Hwang-Greiner Theorem:

When ‖(z − A)−1‖ is uniformly bounded in {Re z ≤ τ} then
there exists Cτ such that ‖e−tA‖ ≤ Cτe

−τ t .
If ‖e−tA‖ ≤ Cτe

−τ t then for every α < τ , ‖(z − A)−1‖ is
uniformly bounded in {Re z ≤ α} .

Consequence

lim
t→+∞

− log ‖e−tA‖
t

= inf
z∈Spec(A)

Re z(=: ΣA) .
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Classical results

Gearhardt-Prüss-Hwang-Greiner Theorem:

When ‖(z − A)−1‖ is uniformly bounded in {Re z ≤ τ} then
there exists Cτ such that ‖e−tA‖ ≤ Cτe

−τ t .
If ‖e−tA‖ ≤ Cτe

−τ t then for every α < τ , ‖(z − A)−1‖ is
uniformly bounded in {Re z ≤ α} .

Consequence

lim
t→+∞

− log ‖e−tA‖
t

= inf
z∈Spec(A)

Re z(=: ΣA) .

When A is normal, the functional calculus gives

‖e−tA‖ ≤ 1e−ΣAt .
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Classical results

Gearhardt-Prüss-Hwang-Greiner Theorem:

When ‖(z − A)−1‖ is uniformly bounded in {Re z ≤ τ} then
there exists Cτ such that ‖e−tA‖ ≤ Cτe

−τ t .
If ‖e−tA‖ ≤ Cτe

−τ t then for every α < τ , ‖(z − A)−1‖ is
uniformly bounded in {Re z ≤ α} .

Consequence

lim
t→+∞

− log ‖e−tA‖
t

= inf
z∈Spec(A)

Re z(=: ΣA) .

When A is normal, the functional calculus gives

‖e−tA‖ ≤ 1e−ΣAt .

But it is not true for general non self-adjoint generators. What
about Cλ in ‖e−tA‖ < Cλe

−λt for λ ≤ ΣA ? Is it important ?
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Relevant quantities and the case of sectorial

operators

Consider the three quantities Σ = infz∈SpecA Re z ,
Ξ = infψ∈D(A) , ‖ψ‖=1 Re 〈ψ ,Aψ〉 ,
Ψ =

(

supλ∈iR ‖(iλ− A)−1‖
)−1

.
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Relevant quantities and the case of sectorial

operators

Consider the three quantities Σ = infz∈SpecA Re z ,
Ξ = infψ∈D(A) , ‖ψ‖=1 Re 〈ψ ,Aψ〉 ,
Ψ =

(

supλ∈iR ‖(iλ− A)−1‖
)−1

.

G-P-W-G theorem with Σ while ‖e−tA‖ ≤ 1e−Ξt is obtained by
differentiating ‖e−tAu‖2 .
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Relevant quantities and the case of sectorial

operators

Consider the three quantities Σ = infz∈SpecA Re z ,
Ξ = infψ∈D(A) , ‖ψ‖=1 Re 〈ψ ,Aψ〉 ,
Ψ =

(

supλ∈iR ‖(iλ− A)−1‖
)−1

.

G-P-W-G theorem with Σ while ‖e−tA‖ ≤ 1e−Ξt is obtained by
differentiating ‖e−tAu‖2 .
The first resolvent formula gives

Ξ ≤ Ψ ≤ Σ .
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Relevant quantities and the case of sectorial

operators

Theorem (Gallagher-Gallay-N.): Assume |arg〈ψ,Aψ〉| ≤ π
2 − α for all

ψ ∈ D(A) with α > 0 .

i) If there exist C ≥ 1 and µ > 0 such that ‖e−tA‖ ≤ C e−µt for
all t ≥ 0, then

Σ ≥ µ , and Ψ ≥ µ

1 + log(C )
·
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Relevant quantities and the case of sectorial

operators

Theorem (Gallagher-Gallay-N.): Assume |arg〈ψ,Aψ〉| ≤ π
2 − α for all

ψ ∈ D(A) with α > 0 .

i) If there exist C ≥ 1 and µ > 0 such that ‖e−tA‖ ≤ C e−µt for
all t ≥ 0, then

Σ ≥ µ , and Ψ ≥ µ

1 + log(C )
·

For any µ ∈ (0,Σ) , the estimate ‖e−tA‖ ≤ C (A, µ) e−µt holds
for all t ≥ 0, where

C (A, µ) =

(

µN(A, µ) + 2π
)

π tanα
, N(A, µ) = sup

λ∈R

‖(A−µ−iλ)−1‖ .
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Relevant quantities and the case of sectorial

operators

Theorem (Gallagher-Gallay-N.): Assume |arg〈ψ,Aψ〉| ≤ π
2 − α for all

ψ ∈ D(A) with α > 0 .

i) If there exist C ≥ 1 and µ > 0 such that ‖e−tA‖ ≤ C e−µt for
all t ≥ 0, then

Σ ≥ µ , and Ψ ≥ µ

1 + log(C )
·

For any µ ∈ (0,Σ) , the estimate ‖e−tA‖ ≤ C (A, µ) e−µt holds
for all t ≥ 0, where

C (A, µ) =

(

µN(A, µ) + 2π
)

π tanα
, N(A, µ) = sup

λ∈R

‖(A−µ−iλ)−1‖ .

For µ ∈ (0,Ψ), N(A, µ) ≤ (Ψ− µ)−1 .
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Relevant quantities and the case of sectorial

operators

Consequences

When µ = Ψ
2 then C (A, µ) ≤ 1+2π

π tanα and

‖e−tA‖ ≤ 1 + 2π

π tanα
e−

Ψt
2 . (1.1)
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Relevant quantities and the case of sectorial

operators

Consequences

When µ = Ψ
2 then C (A, µ) ≤ 1+2π

π tanα and

‖e−tA‖ ≤ 1 + 2π

π tanα
e−

Ψt
2 . (1.1)

When µ ≤ Σ , ‖e−tA‖ ≤ C (A, µ)e−µt makes sense (i.e improves

‖e−tA‖ ≤ 1) for t ≥ log C(A,µ)
µ .
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Relevant quantities and the case of sectorial

operators

Consequences

When µ = Ψ
2 then C (A, µ) ≤ 1+2π

π tanα and

‖e−tA‖ ≤ 1 + 2π

π tanα
e−

Ψt
2 . (1.1)

When µ ≤ Σ , ‖e−tA‖ ≤ C (A, µ)e−µt makes sense (i.e improves

‖e−tA‖ ≤ 1) for t ≥ log C(A,µ)
µ .

If µ ∈ (Ψ,Σ) then C (A, µ) ≥ e
µ
Ψ−1 .
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Relevant quantities and the case of sectorial

operators

Consequences

When µ = Ψ
2 then C (A, µ) ≤ 1+2π

π tanα and

‖e−tA‖ ≤ 1 + 2π

π tanα
e−

Ψt
2 . (1.1)

When µ ≤ Σ , ‖e−tA‖ ≤ C (A, µ)e−µt makes sense (i.e improves

‖e−tA‖ ≤ 1) for t ≥ log C(A,µ)
µ .

If µ ∈ (Ψ,Σ) then C (A, µ) ≥ e
µ
Ψ−1 .

The latter is exponentially large when µ = Σ
2 ≫ Ψ .

The time estimate does not make sense for t ≤ 1
Ψ − 2

Σ .
It becomes better than (1.1) only when t ≫ 1

Ψ .
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After linearization of non linear models

Jt work with T. Gallay and I. Gallagher (cont’d by W. Deng):
A simplified version of linearized fluid mech. equations is

Hǫ = − d2

dx2
+ x2 + i

f (x)

ǫ
x ∈ R , f (x) ∼ 1

|x |k , k > 0 .

We proved
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After linearization of non linear models

Jt work with T. Gallay and I. Gallagher (cont’d by W. Deng):
A simplified version of linearized fluid mech. equations is

Hǫ = − d2

dx2
+ x2 + i

f (x)

ǫ
x ∈ R , f (x) ∼ 1

|x |k , k > 0 .

We proved

Ψ(ǫ) ∝ ǫ−νψ with νψ = 2
k+4 .
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After linearization of non linear models

Jt work with T. Gallay and I. Gallagher (cont’d by W. Deng):
A simplified version of linearized fluid mech. equations is

Hǫ = − d2

dx2
+ x2 + i

f (x)

ǫ
x ∈ R , f (x) ∼ 1

|x |k , k > 0 .

We proved

Ψ(ǫ) ∝ ǫ−νψ with νψ = 2
k+4 .

When f (x) = 1
(1+x2)k/2

, Σ(ǫ) ≥ ǫ−νσ with νσ = min
{

1
2
,

2
k+2

}

Σ(ǫ) ≫ Ψ(ǫ) .
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Gallay’s numerical experiment

Time scales for ‖e−tHǫ‖:

0

‖e−tHǫ‖

t

1

Ψ(ǫ)

Ξ(ǫ)

Σ(ǫ)
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Gallay’s numerical experiment

Time scales for ‖e−tHǫ‖:

0

‖e−tHǫ‖

t

1

Ψ(ǫ)

Ξ(ǫ)

Σ(ǫ)

t ∝ ǫ
2

k+4 | log ǫ| t ≥ ǫ
2

k+2 log[C(ǫ)]t ≤ ǫ
2

k+4

ǫ

2
k+4 ≫ ǫ

2
k+2 but C(ǫ) exponentially large.
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Gallay’s numerical experiment

Time scales for ‖e−tHǫ‖:

0

‖e−tHǫ‖

t

1

Ψ(ǫ)

Ξ(ǫ)

Σ(ǫ)

t ∝ ǫ
2

k+4 | log ǫ| t ≥ ǫ
2

k+2 log[C(ǫ)]t ≤ ǫ
2

k+4

ǫ

2
k+4 ≫ ǫ

2
k+2 but C(ǫ) exponentially large.

T. Gallay was stopping the numerical simulation when ‖e−tHǫu‖ ≪ ‖u‖ but

before reaching the exponential regime ∝ e−tΣ(ε) .
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Kramers-Fokker-Planck operators

Jt work with F. Hérau (cont’d by Hérau, Hitrik, Sjöstrand, Helffer,
Hairer...)

K = v .∂x−
1

m
∂xV (x).∂v+

γ0

mβ

(

−∆v +
m2β2v2

4
− mβ

2

)

, x , v ∈ R
d .

Assumptions: C−1〈x〉m − C ≤ V (x) ≤ C 〈x〉m + C , m > 1 , +
derivatives...



Accurate
estimates for the

exponential
decay of

semigroups with
non self-adjoint

generators

Francis Nier,
IRMAR, Univ.

Rennes 1
and INRIA
project

MICMAC.

Some general
estimates

Natural examples

Artificial
examples

Kramers-Fokker-Planck operators

Jt work with F. Hérau (cont’d by Hérau, Hitrik, Sjöstrand, Helffer,
Hairer...)

K = v .∂x−
1

m
∂xV (x).∂v+

γ0

mβ

(

−∆v +
m2β2v2

4
− mβ

2

)

, x , v ∈ R
d .

Assumptions: C−1〈x〉m − C ≤ V (x) ≤ C 〈x〉m + C , m > 1 , +
derivatives...

Equilibrium M(x , v) = e
−β

2

(

mv2

2 +V (x)
)

,

‖e−tKu − cuM‖ ≤ Q(m, β, γ0, ω, t)e
−ωt ,

where ω = ω(γ0, β,m) is related to the spectral gap of some
Witten Laplacian and Q is an algebraic expression.
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Kramers-Fokker-Planck operators

Jt work with F. Hérau (cont’d by Hérau, Hitrik, Sjöstrand, Helffer,
Hairer...)

K = v .∂x−
1

m
∂xV (x).∂v+

γ0

mβ

(

−∆v +
m2β2v2

4
− mβ

2

)

, x , v ∈ R
d .

Assumptions: C−1〈x〉m − C ≤ V (x) ≤ C 〈x〉m + C , m > 1 , +
derivatives...

Equilibrium M(x , v) = e
−β

2

(

mv2

2 +V (x)
)

,

‖e−tKu − cuM‖ ≤ Q(m, β, γ0, ω, t)e
−ωt ,

where ω = ω(γ0, β,m) is related to the spectral gap of some
Witten Laplacian and Q is an algebraic expression.

K is not sectorial but hypoelliptic estimates allow resolvent
estimates and contour deformations in the complex plane.
For the refined analysis of the low-lying spectrum, the
“PT”-symmetry is important.
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Artificial examples
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Adiabatic evolution for 1D shape resonances

Jt work with A. Faraj and A. Mantile (cont’d by A. Mantile)
Hh = −h2∆+ V (x) V (x) well in an island, x ∈ R .

Resonances are unveiled by a complex deformation parametrized
by θ ∈ iR which makes σ(iHh(θ)) ⊂ {ℜz ≥ 0} and
σess(iH

h(θ)) \ {0} ⊂ {ℜz > 0} .
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Adiabatic evolution for 1D shape resonances

Jt work with A. Faraj and A. Mantile (cont’d by A. Mantile)
Hh = −h2∆+ V (x) V (x) well in an island, x ∈ R .

Resonances are unveiled by a complex deformation parametrized
by θ ∈ iR which makes σ(iHh(θ)) ⊂ {ℜz ≥ 0} and
σess(iH

h(θ)) \ {0} ⊂ {ℜz > 0} .
The imaginary parts of resonances= life-time of quantum
metastable states = eigenvalues of Hh(θ) are O(e−

C
h ) .
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Adiabatic evolution for 1D shape resonances

Jt work with A. Faraj and A. Mantile (cont’d by A. Mantile)
Hh = −h2∆+ V (x) V (x) well in an island, x ∈ R .

Resonances are unveiled by a complex deformation parametrized
by θ ∈ iR which makes σ(iHh(θ)) ⊂ {ℜz ≥ 0} and
σess(iH

h(θ)) \ {0} ⊂ {ℜz > 0} .
The imaginary parts of resonances= life-time of quantum
metastable states = eigenvalues of Hh(θ) are O(e−

C
h ) .

Time-adiabatic evolution of resonances
iε∂tu = [−h2∆+ V (x , t)]u or iε∂tuθ = Hh(θ, t)uθ , when uθ(0)

is a resonant state and ε = e−
C′

h .
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Adiabatic evolution for 1D shape resonances

Jt work with A. Faraj and A. Mantile (cont’d by A. Mantile)
Hh = −h2∆+ V (x) V (x) well in an island, x ∈ R .

Resonances are unveiled by a complex deformation parametrized
by θ ∈ iR which makes σ(iHh(θ)) ⊂ {ℜz ≥ 0} and
σess(iH

h(θ)) \ {0} ⊂ {ℜz > 0} .
The imaginary parts of resonances= life-time of quantum
metastable states = eigenvalues of Hh(θ) are O(e−

C
h ) .

Time-adiabatic evolution of resonances
iε∂tu = [−h2∆+ V (x , t)]u or iε∂tuθ = Hh(θ, t)uθ , when uθ(0)

is a resonant state and ε = e−
C′

h .

Adiabatic evolution justified under well controlled estimates for
‖Uθ(t, s)‖ with iε∂tUθ(t, s) = Hh(θ, t) and Uθ(s, s) = Id .
Hh(θ) non-selfadjoint makes it almost impossible.
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Adiabatic evolution of 1D shape resonances

Jt work with A. Faraj and A. Mantile (cont’d by A. Mantile)
We decided to introduce an additional deformation of Hh by
modifying −∆:
Exterior dilation.

Hh(θ) = UθH
hU−θ

= −h
2
e
−2θ×1R\[a,b]∆+ V

D(Hh(θ)) =











u ∈ H2(R \ {a, b}) ,
e
− θ

2 u(b+) = u(b−) ,

e
− 3θ

2 u′(b+) = u′(b−) ,

e
− θ

2 u(a−) = u(a+) ,

e
− 3θ

2 u′(a−) = u′(a+) ,
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Adiabatic evolution of 1D shape resonances

Jt work with A. Faraj and A. Mantile (cont’d by A. Mantile)
We decided to introduce an additional deformation of Hh by
modifying −∆:
Exterior dilation + modification.

H
h
θ0(θ) = UθH

h
θ0U−θ

= −h2e−2θ×1R\[a,b]∆θ0 + V

D(Hh
θ0(θ)) =











u ∈ H2(R \ {a, b}) ,
e
−
θ0+θ

2 u(b+) = u(b−) ,

e
−

3θ0+3θ
2 u′(b+) = u′(b−) ,

e
−
θ0+θ

2 u(a−) = u(a+) ,

e
−

3θ0+3θ
2 u′(a−) = u′(a+) ,
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Adiabatic evolution of 1D shape resonances

Jt work with A. Faraj and A. Mantile (cont’d by A. Mantile)
We decided to introduce an additional deformation of Hh by
modifying −∆:
We proved

Introducing the new parameter θ0 bring O(θ0) relative errors on
all the relevant quantities (including the imaginary parts of
resonances) and to some extent uniform in time small error on
the dynamics.
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Adiabatic evolution of 1D shape resonances

Jt work with A. Faraj and A. Mantile (cont’d by A. Mantile)
We decided to introduce an additional deformation of Hh by
modifying −∆:
We proved

Introducing the new parameter θ0 bring O(θ0) relative errors on
all the relevant quantities (including the imaginary parts of
resonances) and to some extent uniform in time small error on
the dynamics.

When θ0 = θ = iτ with τ ∈ R the equation
iε∂tUθ0,θ(t, s) = Hh

θ0
(θ, t)Uθ0,θ(t, s) defines a dyn. syst. of

contractions
‖Uiτ,iτ(t, s)‖ ≤ 1 , ∀t ≥ s ;

→ good adiabatic evolution of (modified) resonant states.
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Optimizing the sampling of equilibrium distributions

Jt work with T. Lelièvre and G. Pavliotis
When one wants to sample the equilibrium distribution

ψ∞ = e−V
∫

RN
e−V (x) dx

a natural way is to use the reversible dynamics

dXt = −∇V (Xt ) +
√
2dWt .

Reversible means a self-adjoint semigroup generator for the
Fokker-Planck equation.
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Optimizing the sampling of equilibrium distributions

Jt work with T. Lelièvre and G. Pavliotis
When one wants to sample the equilibrium distribution

ψ∞ = e−V
∫

RN
e−V (x) dx

an alternative approach consists in using the non

reversible dynamics

dXt = (−∇V (Xt ) + b(Xt))dt +
√
2dWt with ∇.(be−V ) ≡ 0 .
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Optimizing the sampling of equilibrium distributions

Jt work with T. Lelièvre and G. Pavliotis
When one wants to sample the equilibrium distribution

ψ∞ = e−V
∫

RN
e−V (x) dx

an alternative approach consists in using the non

reversible dynamics

dX J
t = −(I + J)SX J

t dt +
√
2dWt J t = −J

in the linear case with ψ∞(x) = det(S)1/2

(2π)N/2
e−

xt Sx
2 .
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Optimizing the sampling of equilibrium distributions

Jt work with T. Lelièvre and G. Pavliotis
When one wants to sample the equilibrium distribution

ψ∞ = e−V
∫

RN
e−V (x) dx

an alternative approach consists in using the non

reversible dynamics

dX
J
t = −(I + J)SX J

t dt +
√
2dWt J

t = −J

in the linear case with ψ∞(x) = det(S)1/2

(2π)N/2
e−

xt Sx
2 .

By setting LJ = −((I + J)Sx).∇ +∆ the problem is about the
optimization of (λS (J) and CS (J)) w.r.t J for

‖etLJu − (

∫

RN

uψ∞)ψ∞‖L2(ψ∞dx) ≤ CS(J)e
−λS (J)t‖u‖L2(ψ∞dx)

while LJ is no more self-adjoint for J 6= 0 .
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Optimizing the sampling of equilibrium distributions

Jt work with T. Lelièvre and G. Pavliotis
Results

The optimum value λS = Tr [S]
N

can be reached by constructing

J̃ = S1/2JS1/2 = −J̃ t and Q = Qt > 0 s.t.

J̃Q − QJ̃ = −QS − SQ +
2Tr [S ]

N
Q .
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Optimizing the sampling of equilibrium distributions

Jt work with T. Lelièvre and G. Pavliotis
Results

The optimum value λS = Tr [S]
N

can be reached by constructing

J̃ = S1/2JS1/2 = −J̃ t and Q = Qt > 0 s.t.

J̃Q − QJ̃ = −QS − SQ +
2Tr [S ]

N
Q .

The constant CS (J) is bounded by CNκ(S)
7/2 where

κ(S) = ‖S‖‖S−1‖ and CN = O(N3) .
This estimate uses some bosonic QFT inequality:

∑

1≤i ,j,k,ℓ≤N

Ai ,j,k,ℓa
∗
j a

∗
i akaℓ ≥ 0

when A ∈ L(CN2

) satisfies A = At ≥ 0 .
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