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In this talk I will shortly discuss:

• An introduction to jamming for hard sphere.

• The large dimensions limit.

• Mean field theory for glasses.

• A new crucial phenomenon: the Gardner transition.

• The fractal picture arises.

• Conclusions

I am trying to summarize many years of work. I will skip many many things.













The MKK model

We consider a random regular lattice of coordination number z. On each site i we

have a variable xi that is a d-dimensional vector in box of side L and volume Ld. For

each link we have a random shift sik.

We are interested the configurations such that for each link i, k

|xi − xk − si,k| > 1

In a first approximation forget the shifts s. In each box we have spheres of diameter

1.

Each sphere see the sphere on the nearby box. The density is

ρ = zL−d

The SK limit is obtained when z → ∞ at fixed ρ.

We are interested to compute the entropy as function of ρ. i.e. the volume in

configuration space where all the bounds are satisfied.

S(ρ) → ∞ when ρ → ρj . The pressure (−dS/dρ) goes to infinity at ρj .



Frozen phase, where the particles are confined in a cage. The effects of the other

particles forbid a given particle to move too much.

The local order parameter is the form of the cage Pi(x− xi). It is the generalisation

of the magnetisation

The global order parameter is the probability distribution of the probability of the

cages:

P(P )

Franz Leone type bounds are likely correct and they should reach the true value.

We have a functional order parameter: a big mess for explicit exact computations

(Mézard, Parisi, Tarzia, Zamponi).



Idea

All cats are grey in the dark and all functions are Gaussian in infinite dimensions. So

we can take Pi(xi) to be a Gaussian.

Final approximation

Pi(xi) ∝ exp
(
−(xi − xcage

i )2/(2A)
)

The number of particle interacting at a given time with a given particle is of order d,

a Gaussian distribution is natural.

Gaussian variational computations should provide a lower bound that is reached

when d goes to ∞

With replicas: one introduce m replicas.

Xi ≡ {x1
i · · ·xm

i } ρ(Xi) ∝
∫

dxcage
i exp

(
−
∑

a=1,m

(xa
i − xcage

i )2/(2A)

)



Why m replicas?

The free energy of the different cages has a probability distribution that depends on

m.

The introduction of replicas allows us to do probabilistic computations in a very fast

and compact way! Replica Symmetry Breaking Many subcages distributed in a

similar faction, organised in an hierarchical way:

With replicas:

ρ(Xi) ∝ exp

⎛

⎝−
∑

a=1,m;b=1,m

(
xa
i − xb

i

)2
/(2Aa,b)

⎞

⎠

The model can be solved and we arrive to non linear differential equations very

similar to those of the Sherringon-Kirkpatrick model.

The low temperature behaviour of SK correspond to infinite pressure in hard spheres.

Highly non trivial scaling limit apparently non-rational exponents.



After long long algebraic manipulations: Urbani and Zamponi we get the final

expression of the non trivial part of entropy in the full RSB case in the d → ∞

We introduce a function ∆(x) in the interval [m : 1]

S∞RSB = −m

∫ 1

m

δy

y2
log

[
y∆(y)

m
+

∫ 1

y
δz

∆(z)

m

]
−ϕ̂ e−∆(m)/2

∫ ∞

−∞
δh eh[1−emf(m,h)] ,

∂f(x, h)

∂x
=

1

2
∆̇(x)

[
∂2f(x, h)

∂h2
+ x

(
∂f(x, h)

∂h

)2
]

,

f(1, h) = logΘ

[
h√

2∆(1)

]
.



One step RSB formulae can be obtained as a limit of the full RSB formulae. Three

regimes

• Low pressure: Liquid phase

• Intermediate pressure: one step RSB phase: i.e. glassy systems with well

separated cages

• High pressure: full RSB phase with cages organised in an hierarchical way.

A Gardener type transition separates the one step RSB phase from the full RSB

phase.



A detailed analysis

y = 1/m

We introduce k(y) simply related to ∆(y)

1
γ(y) = yκ(y)−

∫ y
1 δzκ(z) γ(y) = y∆(y) +

∫ 1/m
y δz∆(z)

In the same way as in the SK model, the stationarity condition can be simplified. We

introduce a function P̂ (y, h) that satisfies a simple differential equation

κ(y) = ϕ̂
2γ2(y)

∫∞
−∞ δh ehP̂ (y, h)f̃ ′(y, h)2 q(y) =

∫
dhP (y, h)m(y, h)2.

1 = ϕ̂
2

∫∞
−∞ δh ehP̂ (y, h)f̃ ′′(y, h)2 . 1 =

∫
dhP (y, h)

(
dm(y,h)

dh

)2

Cavity interpretation with Zamponi is in progress.



Interesting limit: pressure going to infinity, m → 0

P̂ (y, h) ≈ yap(hyb)

a and b can be computed numerical form the previous equations in the scaling

regime. We find

a = 0.29213 b = 0.70787 a+ b = 1



Only if we use continuous replica symmetry breaking we find at infinite pressure:

Isostaticity: the number of contacts of spheres Z is equal o ND: each sphere has in

the average 2D contacts.

The correlation function g(r) has a singularity at r = 1:

g(r) = 2Dδ(r − 1) + C(D)(r − 1)−α α = 0.41269 ≡ a/b

The quasi-contact exponent α has been measured by several groups in dimension D

ranging from 2 to 13, all obtaining roughly α ≈ 0.4.

The most precise estimates being α = 0.41(3) for D = 3.

Without continuous replica symmetry we have

g(r) = Zδ(r − 1) +O(1) Z < 2D WRONG!!!
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For the experts:

The differential equations for P (x, f) are the same as in the the Sherrington

Kirkpatrick model.

The boundary conditions however are different from those of the the Sherrington

Kirkpatrick model.

The condition of marginal stability( I.e. existence of a zero eigenvalue in the matrix

of small fluctuations) becomes the isostaticity condition at infinite pressure.



Why fractal?

If we sum over all the sub-cages we can define a function ρ(x).

We can define a correlation function

C(r) =

∫
dxdyρ(x)ρ(y)δ(|x− y|− r)

C(r) has a power like behaviour corresponding to a fractal dimension

D =
2

κ



Open problems.

We must:

• Many other quantities have to be computed. In particular the spectrum of small

oscillations.

• Do precise computation in the dynamics.

• We need to complete the extension of the results to finite dimensional models.

• Compare the prediction for the dynamical correlations with numerical

simulations and with experiments.

• Compute systematically 1/d corrections.

• Understand the renormalization group approach in finite dimensions.


