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Question: To what extent a modular form is determined by the
central values of the L-function of its twists by a family of modular
forms (on GL1 or GL2)?

Theorem (Luo-Ramakrishnan (1997))

Let g and g′ be normalized eigenforms in Snew
2l (N) and Snew

2l′ (N ′)
respectively. Suppose that

L(g ⊗ χd, 1/2) = L(g′ ⊗ χd, 1/2)

for almost all primitive quadratic characters χd of conductor prime
to NN ′. Then g = g′.
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Theorem (Luo (1999))

Let g and g′ be two normalized eigenforms in Snew
2l (N) and

Snew
2l′ (N ′) respectively. If there exist infinitely many primes p such

that
L(g ⊗ f, 1/2) = L(g′ ⊗ f, 1/2)

for all normalized newforms f in Snew
2k (p), then we have g = g′.



Introduction Preliminaries Adelic HMF and R-S Convolutions Main Results Proof of Main Theorems The Twisted First Moment Estimates in The Level Aspect

Theorem (Ganguly-Hoffstein-Sengupta (2009))

Let l, l′ and k denote positive integers and suppose g and g′ are
normalized eigenforms in S2l(1) and S2l′(1) respectively. If

L(g ⊗ f, 1/2) = L(g′ ⊗ f, 1/2)

for all normalized eigenforms f ∈ S2k(1) for infinitely many k, then
g = g′.



Introduction Preliminaries Adelic HMF and R-S Convolutions Main Results Proof of Main Theorems The Twisted First Moment Estimates in The Level Aspect

Some Notation

In what follows:

F is a totally real number field, [F : Q] = n

OF ring of integers in F , DF different ideal of F , dF
discriminant of F

embeddings of F {σ1, · · · , σn}. For x ∈ F and
j ∈ {1, . . . , n}, we set xj = σj(x) and
x = (x1, . . . , xn) ∈ Rn. We write x� 0 if xj > 0 ∀ j.

X ⊂ F , X+ = {x ∈ X : x totally positive}

Fix a set of representatives {ai}
h+F
i=1 of the narrow class group

of F , Cl+(F )

a ∼ b ⇐⇒ ∃ ξ ∈ F ∗+ such that ab−1 = ξOF . We set
ξ = [ab−1].
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Adelic Hilbert Modular Forms

By an adèlic Hilbert cusp form f of weight k ∈ 2Nn and level n, we
mean f : GL2(AF )→ C satisfying:

1 f(γzgr(θ)u) = f(g) exp(ikθ) ∀ (γ, z, g, r(θ), u) ∈
GL2(F )× A×F ×GL2(AF )× SO2(F∞)×K0(n).

2 As a smooth function on GL+
2 (F∞), f is an eigenfunction of

the Casimir element ∆ := (∆1, · · · ,∆n) with eigenvalue
n∏
j=1

kj
2

(
1− kj

2

)
.

3

∫
F\AF

f

([
1 x
0 1

]
g

)
dx = 0 for all g ∈ GL2(AF ).

Denote by Sk(n) the space of adèlic Hilbert cusp forms of weight
k and level n.
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f = (f1, . . . , fh+F
) with fi ∈ Sk (Γai(n)).

fi : hn → C

fi|kγ = fi for all γ ∈ Γai(n)

Fourier coefficient of f at m ⊂ OF : Cf (m)

f is primitive ⇔ f is a normalized eigenform in Snewk (n).

Πk(n) : a set of all primitive forms of weight k and level n.
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Rankin-Selberg Convolution

Given g ∈ Πl(n) and f ∈ Πk(q)

with l ≡ k ≡ 0 mod 2 and
(q, n) = 1.

Rankin-Selberg Convolution of f and g:

L(f ⊗ g, s) = ζnqF (2s)
∑

m⊂OF

Cf (m)Cg(m)

N(m)s
.

Write it as

L(f ⊗ g, s) =
∞∑
m=1

bnqm(f ⊗ g)

ms

with

bnqm(f ⊗ g) =
∑
d2|m

anqd ∑
N(m)=m/d2

Cf (m)Cg(m)

 .
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Let
Λ(f ⊗ g, s) = N(D2

Fnq)sL∞(f ⊗ g, s)L(f ⊗ g, s),

where

L∞(f⊗g, s) =
n∏
j=1

(2π)−2sΓ

(
s+
|kj − lj |

2

)
Γ

(
s− 1 +

kj + lj
2

)
.

We have
Λ(f ⊗ g, s) = Λ(f ⊗ g, 1− s).
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Level Aspect over Totally Real Number Field

Theorem (H., Tanabe)

Let g ∈ Πl(n) and g′ ∈ Πl′(n
′), with the weights l and l′ being in

2Nn. Let k ∈ 2Nn be fixed, and suppose that there exist infinitely
many prime ideals q such that

L

(
f ⊗ g,

1

2

)
= L

(
f ⊗ g′,

1

2

)
for all f ∈ Πk(q). Then g = g′.
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Twisted First Moment

Fix p which is either OF or a prime ideal.

Consider the first moment∑
f∈Πk(q)

L

(
f ⊗ g,

1

2

)
Cf (p)ωf ,

where

wf =
Γ(k − 1)

(4π)k−1|dF |1/2 〈f , f〉Sk(q)

.
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An Asymptotic Formula for the First Moment in the Level
Aspect

Proposition

Consider g ∈ Πl(n) and let p be either OF or a prime ideal. For all
prime ideals q with N(q) sufficiently large, we have∑
f∈Πk(q)

L

(
f ⊗ g,

1

2

)
Cf (p)ωf =

Cg(p)√
N(p)

γ−1(F )An log(N(q))+O(1),

where γ−1(F ) = 2Res
u=0

ζF (2u+ 1) and An =
∏
l|n

l : prime

(1−N(l)−1).
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The Proof

Given g ∈ Πl(n) and g′ ∈ Πl′(n
′).

Let k ∈ 2Nn be fixed.

Suppose that there exist infinitely many prime ideals q such that

L(f ⊗ g, 1/2) = L(f ⊗ g′, 1/2) ∀ f ∈ Πk(q).

Apply above Proposition with p = OF to get An = An′ .

Apply the proposition with (p, nn′) = 1 to get

Cg(p) = Cg′(p).

Multiplicity One Theorem =⇒ g = g′.
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Cg(p) = Cg′(p).

Multiplicity One Theorem =⇒ g = g′.
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Approximate Functional Equation

Proposition

Let G(u) be a holomorphic function on an open set containing the
strip |<(s)| ≤ 3

2 , bounded and satisfies G(u) = G(−u) and
G(0) = 1. Then we have

L

(
f ⊗ g,

1

2

)
= 2

∞∑
m=1

bnqm(f ⊗ g)√
m

V1/2

(
4nπ2nm

N(D2
Fnq)

)
,

with

V1/2(y) =
1

2πi

∫
(3/2)

y−u
Γ(u+k−l+1

2 )Γ(u+k+l−1
2 )

Γ(k−l+1
2 )Γ(k+l−1

2 )
G(u)

du

u

yaV
(a)

1/2 (y)�

(
1 +

y∏n
j=1 k

2
j

)−A
.
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Proposition (Trotabas (2011))

Let a and b be fractional ideals in F . For α ∈ a−1 and β ∈ b−1,
we have ∑

f∈Hk(q)

Γ(k − 1)

(4π)k−1|dF |1/2 〈f , f〉Sk(q)

Cf (αa)Cf (βb)

=

11αa=βb +C
∑
c2∼ab

c∈c−1q\{0}
ε∈O×+

F /O×2
F

K l(εα, a;β, b; c, c)

N(cc)
Jk−1

(
4π

√
ενξ[abc−2]
|c|

)
,

where C = (−1)k/2(2π)n

2|dF |1/2
and Hk(q) is an orthogonal basis for the

space Sk(q).
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Consider the following:∑
f∈Πk(q)

L(f ⊗ g, 1/2)Cf (p)ωf

= 2
∑

f∈Πk(q)

∞∑
m=1

bm√
m
V1/2

(
4nπ2nmN(nq)−1

)
Cf (p)ωf

= 2
∑

m⊂OF

Cg(m)√
N(m)

∞∑
d=1

ad
d
V1/2

(
4nπ2nN(m)d2

N(nq)

)
×

∑
f∈Πk(q)

ωfCf (p)Cf (m)
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Given m, p ⊂ OF :

m = νa for some a and ν ∈ (a−1)+ mod O×+
F

p = ξb for some b and ξ ∈ (b−1)+ mod O×+
F .

Apply Petersson Trace formula∑
f∈Πk(q)

L

(
f ⊗ g,

1

2

)
Cf (p)ωf

= 2
∑
{a}

∑
ν∈(a−1)+/O×+

F

Cg(νa)√
N(νa)

∞∑
d=1

anqd
d V 1

2

(
4nπ2nN(νa)d2

N(D2
F nq)

)

×

{
11ξb=νa + C

∑
c,ε

K l(εν,a;ξ,b;c,c)
N(cc) Jk−1

(
4π

√
ενξ[abc−2]
|c|

)
−
(

old
forms

)}
=

Cg(p)√
N(p)

Mg
p (k, q) + CEg

p (k, q)− Eg
p (k, q, old)
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Mg
p (k, q) = 2

Cg(p)√
N(p)

∞∑
d=1

anqd
d
V 1

2

(
4nπ2nN(p)d2

N(D2
Fnq)

)

Eg
p (k, q) = 2C

∑
{a}

∑
ν∈(a−1)+/O×+

F

Cg(νa)√
N(νa)

∞∑
d=1

anqd
d
V 1

2

(
4nπ2nN(νa)d2

N(D2
Fnq)

)

×
∑
c2∼ab

c∈c−1q\{0}
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F /O×2
F

K l(εν, a; ξ, b; c, c)
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(
4π

√
ενξ[abc−2]
|c|

)

Eg
p (k, q, old) = 2

∑
m⊂OF

Cg(m)√
N(m)

∞∑
d=1

anqd
d
V 1

2

(
4nπ2nN(m)d2

N(D2
Fnq)

)
×

∑
f∈Hold

k (q)

Γ(k − 1)

(4π)k−1|dF |1/2 〈f , f〉Sk(q)

Cf (m)Cf (p).
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Lemma

Mg
p (k, q) =

Cg(p)√
N(p)

γ−1(F )
∏
l|n

l : prime

(1−N(l)−1) log(N(q)) +O(1),

where γ−1(F ) = 2Res
u=0

ζF (2u+ 1).

Lemma

We have Eg
p (k, q) = O

(
N(q)−

1
2

+ε
)
.

Lemma

We have Eg
p (k, q, old) = O

(
N(q)−

1
2

+ε
)
.
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Instead of

Eg
p (k, q) = 2C

∑
{a}

∑
ν∈(a−1)+/O×+

F

Cg(νa)√
N(νa)

∞∑
d=1

anqd
d
V 1

2

(
4nπ2nN(νa)d2

N(D2
Fnq)

)

×
∑
c2∼ab

c∈c−1q\{0}
ε∈O×+

F /O×2
F

K l(εν, a; ξ, b; c, c)

N(cc)
Jk−1

(
4π

√
ενξ[abc−2]
|c|

)
,

we consider

Eg
p,a(k, q) =

∑
ν∈(a−1)+/O×+

F

Cg(νa)√
N(νa)

∞∑
d=1

ad
d
V1/2

(
4nπ2nN(νa)d2

N(D2
Fnq)

)

×
∑

c∈c−1q\{0}/O×+
F

η∈O×+
F

K l(ν, a; ξ, b; cη, c)

|N(c)|
Jk−1

(
4π

√
νξ[abc−2]
η|c|

)
.
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Error Term in the Level Aspect

Bound for the J-Bessel function: We have

Ju(x)� x1−δ for 0 ≤ δ ≤ 1.

n∏
j=1

Jkj−1

(
4π
√
νjξj [abc−2]j
ηj |cj |

)
�

n∏
j=1

(√
νjξj [abc−2]j
ηj |cj |

)1−δj
,

where δj = 0 if ηj ≥ 1, and δj = δ for some fixed δ > 0 otherwise.

Crucial observation (Luo 2003): For λ > 0

∑
η∈O×+

F

 ∏
|ηj |>1

|ηj |−λ
 <∞.
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Ju(x)� x1−δ for 0 ≤ δ ≤ 1.

n∏
j=1

Jkj−1

(
4π
√
νjξj [abc−2]j
ηj |cj |

)
�

n∏
j=1

(√
νjξj [abc−2]j
ηj |cj |

)1−δj
,

where δj = 0 if ηj ≥ 1, and δj = δ for some fixed δ > 0 otherwise.

Crucial observation (Luo 2003): For λ > 0

∑
η∈O×+

F

 ∏
|ηj |>1

|ηj |−λ
 <∞.
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These bounds along with Weil bound for the Kloosterman sum:

Kl(ν, a; ξ, b; cη, c)� N ((νa, ξb, cc))
1
2 τ(cc)N(cc)

1
2 ,

give

Eg
p,a(k, q) =

∑
ν∈(a−1)+/O×+

F

Cg(νa)√
N(νa)

∞∑
d=1

anq
d

d V 1
2

(
4nπ2nN(νa)d2

N(D2
F nq)

)

×
∑

c∈c−1q\{0}/O×+
F

η∈O×+
F

K l(ν,a;ξ,b;cη,c)
N(cc)

n∏
j=1

Jkj−1

(
4π
√
νjξj [abc−2]j
ηj |cj |

)

�
∑

η∈O×+
F

∏
ηj>1

η−δj
∑
c⊂q

N((νa,ξb,c))
1
2

N(c)
3
2
−δ

∑
ν

|Cg(νa)|
∞∑
d=1

anq
d

d

∣∣∣V1/2 ( 4nπ2nN(νa)d2

N(D2
F nq)

)∣∣∣
� N(q)−

3
2+δ

 ∑
N(νa)�N(q)

|Cg(νa)|+
∑

N(νa)�N(q)

|Cg(νa)|
(

N(νa)
N(q)

)−A
� N(q)−

1
2+δ+ε



Introduction Preliminaries Adelic HMF and R-S Convolutions Main Results Proof of Main Theorems The Twisted First Moment Estimates in The Level Aspect

These bounds along with Weil bound for the Kloosterman sum:

Kl(ν, a; ξ, b; cη, c)� N ((νa, ξb, cc))
1
2 τ(cc)N(cc)

1
2 ,

give

Eg
p,a(k, q) =

∑
ν∈(a−1)+/O×+

F

Cg(νa)√
N(νa)

∞∑
d=1

anq
d

d V 1
2

(
4nπ2nN(νa)d2

N(D2
F nq)

)

×
∑

c∈c−1q\{0}/O×+
F

η∈O×+
F

K l(ν,a;ξ,b;cη,c)
N(cc)

n∏
j=1

Jkj−1

(
4π
√
νjξj [abc−2]j
ηj |cj |

)

�
∑

η∈O×+
F

∏
ηj>1

η−δj
∑
c⊂q

N((νa,ξb,c))
1
2

N(c)
3
2
−δ

∑
ν

|Cg(νa)|
∞∑
d=1

anq
d

d

∣∣∣V1/2 ( 4nπ2nN(νa)d2

N(D2
F nq)

)∣∣∣
� N(q)−

3
2+δ

 ∑
N(νa)�N(q)

|Cg(νa)|+
∑

N(νa)�N(q)

|Cg(νa)|
(

N(νa)
N(q)

)−A
� N(q)−

1
2+δ+ε



Introduction Preliminaries Adelic HMF and R-S Convolutions Main Results Proof of Main Theorems The Twisted First Moment Estimates in The Level Aspect

These bounds along with Weil bound for the Kloosterman sum:

Kl(ν, a; ξ, b; cη, c)� N ((νa, ξb, cc))
1
2 τ(cc)N(cc)

1
2 ,

give

Eg
p,a(k, q) =

∑
ν∈(a−1)+/O×+

F

Cg(νa)√
N(νa)

∞∑
d=1

anq
d

d V 1
2

(
4nπ2nN(νa)d2

N(D2
F nq)

)

×
∑

c∈c−1q\{0}/O×+
F

η∈O×+
F

K l(ν,a;ξ,b;cη,c)
N(cc)

n∏
j=1

Jkj−1

(
4π
√
νjξj [abc−2]j
ηj |cj |

)

�
∑

η∈O×+
F

∏
ηj>1

η−δj
∑
c⊂q

N((νa,ξb,c))
1
2

N(c)
3
2
−δ

∑
ν

|Cg(νa)|
∞∑
d=1

anq
d

d

∣∣∣V1/2 ( 4nπ2nN(νa)d2

N(D2
F nq)

)∣∣∣

� N(q)−
3
2+δ

 ∑
N(νa)�N(q)

|Cg(νa)|+
∑

N(νa)�N(q)

|Cg(νa)|
(

N(νa)
N(q)

)−A
� N(q)−

1
2+δ+ε



Introduction Preliminaries Adelic HMF and R-S Convolutions Main Results Proof of Main Theorems The Twisted First Moment Estimates in The Level Aspect

These bounds along with Weil bound for the Kloosterman sum:

Kl(ν, a; ξ, b; cη, c)� N ((νa, ξb, cc))
1
2 τ(cc)N(cc)

1
2 ,

give

Eg
p,a(k, q) =

∑
ν∈(a−1)+/O×+

F

Cg(νa)√
N(νa)

∞∑
d=1

anq
d

d V 1
2

(
4nπ2nN(νa)d2

N(D2
F nq)

)

×
∑

c∈c−1q\{0}/O×+
F

η∈O×+
F

K l(ν,a;ξ,b;cη,c)
N(cc)

n∏
j=1

Jkj−1

(
4π
√
νjξj [abc−2]j
ηj |cj |

)

�
∑

η∈O×+
F

∏
ηj>1

η−δj
∑
c⊂q

N((νa,ξb,c))
1
2

N(c)
3
2
−δ

∑
ν

|Cg(νa)|
∞∑
d=1

anq
d

d

∣∣∣V1/2 ( 4nπ2nN(νa)d2

N(D2
F nq)

)∣∣∣
� N(q)−

3
2+δ

 ∑
N(νa)�N(q)

|Cg(νa)|+
∑

N(νa)�N(q)

|Cg(νa)|
(

N(νa)
N(q)

)−A

� N(q)−
1
2+δ+ε



Introduction Preliminaries Adelic HMF and R-S Convolutions Main Results Proof of Main Theorems The Twisted First Moment Estimates in The Level Aspect

These bounds along with Weil bound for the Kloosterman sum:

Kl(ν, a; ξ, b; cη, c)� N ((νa, ξb, cc))
1
2 τ(cc)N(cc)

1
2 ,

give

Eg
p,a(k, q) =

∑
ν∈(a−1)+/O×+

F

Cg(νa)√
N(νa)

∞∑
d=1

anq
d

d V 1
2

(
4nπ2nN(νa)d2

N(D2
F nq)

)

×
∑

c∈c−1q\{0}/O×+
F

η∈O×+
F

K l(ν,a;ξ,b;cη,c)
N(cc)

n∏
j=1

Jkj−1

(
4π
√
νjξj [abc−2]j
ηj |cj |

)

�
∑

η∈O×+
F

∏
ηj>1

η−δj
∑
c⊂q

N((νa,ξb,c))
1
2

N(c)
3
2
−δ

∑
ν

|Cg(νa)|
∞∑
d=1

anq
d

d

∣∣∣V1/2 ( 4nπ2nN(νa)d2

N(D2
F nq)

)∣∣∣
� N(q)−

3
2+δ

 ∑
N(νa)�N(q)

|Cg(νa)|+
∑

N(νa)�N(q)

|Cg(νa)|
(

N(νa)
N(q)

)−A
� N(q)−

1
2+δ+ε



Introduction Preliminaries Adelic HMF and R-S Convolutions Main Results Proof of Main Theorems The Twisted First Moment Estimates in The Level Aspect

Thank you.
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