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Weyl semi-metals:

Big cond-mat story of 2015 !

Thursday, March 3, 2016



Weyl semi-metals:
Big(gest?) cond-mat story of 2015 !
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AdS/CFT
Motto:

“... if the gravitational field didn’t exist, one 
could invent it for the purposes of this 
paper...”

“Theory of Thermal Transport Coefficients”
Luttinger  Phys. Rev. 135, A1505, (1964)
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AdS/CFT

“... if string theory didn’t exist, one could 
invent it for the purposes of computing 
transport coefficients in strongly coupled 
theories...”

• Shear viscosity in QGP

• Relativistic 2nd oder hydrodynamics

• Relativistic superfluids

• CME + CVE 

• Weyl semi-metals
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AdS/CMT

in a crystal in AdS
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Weyl semi-metal
Linear band touching

ψL ψR

Conduction band

Valence band

Filling level
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Weyl semi-metal
Topological constraint: Nielsen-Ninomiya theorem

Berry connection

Figure 7: B� is defined by removing a small open set Uα around each bad point pα in the Brillouin
zone.

S�n is just
�n = ±�p. (1.22)

This is the identity map, of winding number 1, in the case of + chirality, and it is minus
the identity map, which winds around in reverse, with winding number −1, in the case of −
chirality.

The Nielsen-Ninomiya theorem is the statement that the sum of the winding numbers at
the bad points is always 0. Generically (in the absence of lattice symmetries that would lead
to a more special behavior) a bad point of winding number bigger than 1 in absolute value will
split into several bad points of winding number ±1. (We give in section 1.5 an explicit example
of how this occurs.) So generically, the bad points all have winding numbers ±1, corresponding
to gapless Weyl fermions of one chirality or the other. In this case, the vanishing of the sum of
the winding numbers means that there are equally many gapless modes of positive or negative
chirality, as a relativistic field theorist would expect for anomaly cancellation.

How does one prove that the sum of the winding numbers is 0? One rather down-to-earth
method is as follows. The winding number for a map from S to S�n can be expressed as an
integral formula:

w(S) =
1

4π

�
d2p �µν�n · ∂µ�n× ∂ν�n. (1.23)

An equivalent way to write the same formula is

w(S) =
1

4π

�

S

d2p �µν �abcna
∂nb

∂pµ
∂nc

∂pν
. (1.24)

Now
0 = ∂λ

�
�λµν�n · ∂µ�n× ∂ν�n

�
, (1.25)

since the right hand side is �λµν∂λ�n · ∂µ�n × ∂ν�n, which vanishes because it is the triple cross
product of three vectors ∂λ�n, ∂µ�n, and ∂ν�n that are all normal to the sphere |�n| = 1.

For each bad point pα, let Uα be a small open ball around pα whose boundary is a sphere
Sα. Let B be the full Brillouin zone, and let B� be what we get by removing from B all of the
Uα. Thus the boundary of B� is ∂B� = ∪αSα (fig. 7). Then from Stokes’s theorem,

0 =
1

4π

�

B�
d3p ∂λ

�
�λµν(n · ∂µn× ∂νn)

�

10

BZ has no boundary !

[Witten] 

A = �ψ(k)| ∂

∂ki
|ψ(k)�dki

FB = dA

dFB = 0

�
dFB

2π
=

�

i

�

Ui

FB

2π
= 0

[Kiritsis] 
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QFT model
L = ψ̄(iγµ∂µ +M + γ5γzb)ψ

spectrum:

2beff ΕF 2Meff

M < b : beff =
�

b2 −M2 M > b : Meff =
�

M2 − b2
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QFT model
Leff = ψ̄(iγµ∂µ + γ5γzbeff)ψ

beff = A5
z

constant gauge field 

θ5 = beffz

axial anomaly

electric current

AHE �J =
1

2π2
�beff × �E

M < b : beff =
�

b2 −M2

[Haldane] 

axial gauge trafo

Jµ =
δΓ

δAµ

Γ =

�
d4xθ5F ∧ F

“order parameter”
for topological 

semi-metal state
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QFT model
Leff = ψ̄(iγµ∂µ +Meff)ψ

beff = 0gapped phase

More generally: more Dirac cones could be present that 
are inert: topologically trivial semi-metal

L = ψ̄(iγµ∂µ +M + γ5γzb)ψ +
N�

j=1

ψ̄(iγµ∂µ)ψ

M > b : Meff =
�

M2 − b2

Thursday, March 3, 2016



QFT model
Instead of constructing effective low energy theory: 
compute AHE directly in UV model

odd part of 

[Jackiw: “When radiative corrections are finite but undetermined” hep-th/9903044   ] 

= undetermined

∂µJ
µ = 0

however:

fixes the result!

∂µJ
µ
5 =

1

48π2
(F5 ∧ F5 + 3F ∧ F)− i2MΨ̄γ5Ψ

Thursday, March 3, 2016



The holographic WSM 

Motivation:

• Weakly coupled up to now
• How does WSM work without quasiparticles
• How does WSM work without notion of Berry phase
• Anomalous transport in holography
• Transport in general is easy in holography
• Holography can teach interesting qualitative lessens
• its fun ..

Why wanno do this? WSM is weakly coupled !

[Jacobs, Stoof, Vandoren] [Gursoy Jacobs, Plauschin, Stoof, Vandoren]
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The holographic WSM 
Minimal ingredients

• One AdS gauge field for electric current
• One AdS gauge field for axial current
• One scalar field charged under axial symmetry
• Boundary Value of charged scalar = Mass M
• Boundary Value of axial gauge field = b
• Metric to get the dynamics
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Action of HoloWSM

• Cosmological constant = AdS
• Very specific CS term = form of Anomaly
• Scalar potential determines dimension of dual scalar    
operator (we chose dim=3) i.e. mass deformation

L =
1

2κ2
(R+ 12)− 1

4
F2 − 1

4
F 2
5+

+
α

3
A5 ∧ (F5 ∧ F5 + 3F ∧ F)+

+ |(∂µ + iqA5
µ)Φ|2 − V (Φ)
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Holographic WSM

∂µJ
µ = 0

Currents:

Note contribution from CS term: consistent currents

Anomalies:

∂µJ
µ
5 =

α

3
(F5 ∧ F5 + 3F ∧ F − iq

√
−g[Φ(DrΦ

∗)− Φ∗(DrΦ)]|r=∞

Jµ = lim
r→∞

√
−g

�
Fµr + 4α�rµνρλA5

βFρσ

�

Jµ
5 = lim

r→∞

√
−g

�
Fµr
5 +

4α

3
�rµνρλA5

βF
5
ρσ

�
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Holographic WSM
Couplings = Boundary conditions:

ds2|r→∞ =
dr2

r2
+ r2(−dt2 + d�x2)Metric:

“electric” gauge field: Aµ|r→∞ = 0

axial gauge field: A5
µ|r→∞ = bêzµ

scalar field: rΦ|r→∞ = M
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Holographic WSM
Solving the eoms with above boundary conditions and
we find 3 distinct classes of solutions

• Topological phase:  M<0.744b A5
z(0) = beff Φ(0) = 0

• Critical point:  M=0.744b

ds2 = u0r
2(−dt2 + dx2 + dy2) + h1r

2βdz2 +
dr2

u0r2

φ(0) = φ0

• Trivial phase:  M>0.744b φ(0) = φmin

dV

dΦ
(φmin) = 0

A5
z = rβ

A5
z(0) = 0

β ≈ 0.4 , u0 ≈ 1.47
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Holographic WSM
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Holographic WSM
Smoking gun of topological state of matter :  AHE
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Holographic WSM
Diagonal conductivities at T=0: σxx = σyy = σzz = 0

Diagonal conductivities at T>0:
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Summary 

• Holographic model with topological quantum phase transition
• Order parameter = AHE
• RG flow interpretation
• Correct anomaly structure is important
• Axial symmetry is broken by mass term (intervalley coupling)
• Diagonal conductivities vanish at T=0
• For T>0 anisotropic conductivities with peak/dip at (M/b)c
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Outlook 
• Beyond AHE study CME, CSE, AME, NMR CMV, ...
• Beyond conductivities study viscosities
• Different forms of potentials (bulk scalar mass)
• Intervalley scattering rates
• Disorder
• Holographic Fermi arcs
• ....
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Outlook 
• Beyond AHE study CME, CSE, AME, NMR CMV, ...
• Beyond conductivities study viscosities
• Different forms of potentials (bulk scalar mass)
• Intervalley scattering rates
• Disorder
• Holographic Fermi arcs
• ....

Thank You! 

Thank You!

Thank You!
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