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Overview

In 1988 I. Frenkel and N. Jing published the seminal paper
titled ”Vertex Representations of quantum affine algebras”.
Recall that there is the Drinfeld realization of the quantum affine
algebras, which parallels the current realization of the affine Lie
algebras in the form ĝ ' g⊗ C[t , t−1]⊕ Cc.
It is given in terms of generators γ1/2, γ−1/2 and generating
series

x±i (z) =
∑
k∈Z

x±ik z−k ; φi(z) =
∑

m∈−Z+

φimz−m; ψi(z) =
∑

n∈Z+

ψinz−n;

modulo relations, including:

(z − q±Aij w)x±i (z)x±j (w) = (q±Aij z − w)x±j (w)x±i (z)
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Frenkel and Jing then constructed the vertex representations,
starting with the quantum Heisenberg operators
aik , k ∈ Z satisfying the relations (γ = etc/2 = qc)

[ai(m),ai(n)] = δi,−m
1

mt2 (qmAij − q−mAij )(qm − q−m)

and defining the vertex operators

Y±i (z) = exp
(
± t
∑
n≥1

q∓
n
2

qn − q−n ai(−n)zn
)

× exp
(
∓ t
∑
n≥1

q∓
n
2

qn − q−n ai(n)z−n
)

a±1
i z±ai (0)+1.

These vertex operators (together with Φi(z) and Ψi(z)) define a
representation of the quantum affine algebras at c = 1.
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The fundamental problem posed by Igor Frenkel is then to
formulate and develop a suitable theory of quantum vertex
algebras (quantum chiral algebras) incorporating as examples
the Frenkel-Jing quantum vertex operators.

The theory of super
vertex algebras is marked by two special isomorphisms: the
vertex algebra isomorphism referred to as the boson-fermion
correspondence (of type A), and the Frenkel-Kac isomorphism
between the affine current vertex algebra at level 1 and a lattice
vertex algebra. Ultimately, a quantum vertex algebra theory will
be successful if it allows for the ”quantization” of such
isomorphisms. A successful theory should ”quantize” the
Frenkel-Kac isomorphism to a quantum chiral algebra
isomorphism between a Drinfeld-type current quantum
chiral/vertex algebra and the Frenkel-Jing lattice type quantum
chiral/vertex algebra. Also, the theory should allow for the
construction of new, quantum, particle correspondences,
between a ”free field” type theory and a lattice vertex algebra
type theory.
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

One of the big questions that needs to be addressed at the
start is: Completeness with respect to Operator Product
Expansions (OPEs), yea or nay?

Recall, in a chiral algebra (super vertex algebra), we have the
following OPE formula for any two fields a(z),b(w) in a super
vertex algebra:

a(z)b(w) =
N−1∑
j=0

iz,w
c j(w)

(z − w)j+1 + : a(z)b(w) :,

where : a(z)b(w) : denotes the nonsingular part of the
expansion of a(z)b(w) as a Laurent series in (z − w), and is
referred to as normal ordered product of a(z) and b(z).
Moreover, Res(z−w)a(z)b(w)(z − w)j = c j(w) = (a(j)b)(w).

Iana I. Anguelova Towards quantum chiral algebras



Motivating problem
Completeness with respect to OPEs and consequences

Chiral algebras with Γ-type singularities
Bosonization and the boson-fermion correspondences

OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

One of the big questions that needs to be addressed at the
start is: Completeness with respect to Operator Product
Expansions (OPEs), yea or nay?
Recall, in a chiral algebra (super vertex algebra), we have the
following OPE formula for any two fields a(z),b(w) in a super
vertex algebra:

a(z)b(w) =
N−1∑
j=0

iz,w
c j(w)

(z − w)j+1 + : a(z)b(w) :,

where : a(z)b(w) : denotes the nonsingular part of the
expansion of a(z)b(w) as a Laurent series in (z − w), and is
referred to as normal ordered product of a(z) and b(z).
Moreover, Res(z−w)a(z)b(w)(z − w)j = c j(w) = (a(j)b)(w).

Iana I. Anguelova Towards quantum chiral algebras



Motivating problem
Completeness with respect to OPEs and consequences

Chiral algebras with Γ-type singularities
Bosonization and the boson-fermion correspondences

OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

This in particular implies that the coefficients in the OPEs are
vertex operators in the same super vertex algebra, which
property is referred to as completeness with respect to OPEs.
The term ”chiral algebra” will refer to the fact that we require
completeness with respect to the OPEs.

We abbreviate it as:

a(z)b(w) ∼
N−1∑
j=0

c j(w)

(z − w)j+1 .

For example, in the quantum affine case (FJ):

Y∓i (z)Y±i (w) = (1−wq/z)−1(1−w/qz)−1(w/z) : Y±i (z)Y∓i (w) :

and so OPEs such as

Y∓i (z)Y±i (w) ∼ q2

q2 − 1
w : Y±i (qw)Y∓i (w) :

z − qw
−

w : Y±i (q−1w)Y∓i (w) :

(q2 − 1)(z − q−1w)
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In any chiral algebra (vertex algebra) one needs to address the
question of ”the descendent fields”, i.e., given two fields a(z),
b(z) that are ”in” the vertex algebra V (i.e. a(z) = Y (a, z) for
some a ∈ V , and b(z) = Y (b, z) for some b ∈ V ), which of
fields ”descending” from a(z) and b(z) do we also want to be
”in” the vertex algebra V .

In particular:
the OPE coefficients (in a vertex algebra these are
c j(w) = a(w)(j)b(w) for j ≥ 0);
the normal ordered products : a(z)b(z) : (in a vertex
algebra these are a(w)(−1)b(w) for j ≥ 0);
in a vertex algebra the fields Da(z) = Y (Da, z) := ∂za(z)
(D here stands for the typically used T ).

These field descendants are addressed in the classical vertex
algebra case by Dong’s Lemma, where the goal was to prove
that these type of descendants are mutually local.
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This reflects one of the approaches in constructing vertex
algebras, (H. Li): consider sets of fields which are compatible
(local, quasi-local, S-local, etc..) in an a priory defined way, and
the resulting types of quantum vertex algebras and modules,
quasi-modules, φ-coordinated modules, φ-coordinated
quasi-modules, etc...

Instead, consider the idea first put forth by Borcherds: a
(quantum) vertex algebra is a singular ring with a Hopf algebra
action. Borcherds defined the concept of an (A,H,S)-vertex
algebra: an associative, singular unital ring with H symmetry in
a certain category.
(A stands for a symmetric tensor category,H is a Hopf algebra,
S is the ”ring of singularities”.)
The (A,H,S) structure deals with the singular product, and
thus is responsible for the singularities in the product of fields.
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Note: the (A,H,S) structure on its own doesn’t produce fields,
one needs auxiliary maps: in general, a projection map, an
exponential map and evaluation map (producing the
expansions, i.e., the fields, and the coordination between the
expansions and the Hopf algebra H action).

For instance: to
define an example of an (ordinary) vertex algebra from an
(A,H,S) algebra one uses the ordinary exponential map
ezD : V → V [[z]], where V is a module over HD:

Y (a, z)1 = ezDa, where ezD =
∑
n≥0

znD(n).

Practically though, this means we have to address two types of
operations on field descendants:

OPE coefficients and normal ordered products
Hopf algebra action
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Consequences from completeness with respect to
OPEs

The completeness with respect to OPEs is assumed in physics
to be the defining property of a chiral algebra.

!But, both in the trigonometric and the elliptic case (deformed
Virasoro of E. Frenkel and N. Reshetikhin), it is clear that the
OPE completeness requires field descendants of the type a(γz)
for γ 6= 1.
This has profound consequences: in particular if both the fields
a(z) and a(γz) are to be incorporated in the same chiral
algebra structure, this would result in the the state-field
correspondence becoming non-invertible!
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Recall the state-field correspondence is a map from the
space of states W to the space of fields V , given by
W 3 a 7→ a(z) = Y (a, z) ∈ V (bijection for super vertex
algebras).

Its inverse map is the field-state correspondence, a
map from the space of fields V to the space of states W on
which the fields act, defined by
V 3 ã(z) 7→ a := ã(z)|0〉|z=0 ∈W .
If both the fields a(z) and a(γz) have to be incorporated in the
same chiral algebra , then the field-state correspondence map
will send the different fields a(z) and a(γz) to the same state
element a ∈W :

a(γz)|0〉|z=0 = a(z)|0〉|z=0 = a ∈W .

Thus the space of fields V will be a (ramified) cover of the
space of states W .
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Since we are already considering descendant fields of the type
Tγa(z) := a(γz), where Tγ is group-like, we need to consider
Hopf algebras with group-like subalgebras Γ acting on the
fields. The simplest example of such is the Hopf algebra HD,Γ
with a primitive generator D and grouplike elements Tγ
corresponding to each element γ ∈ Γ, subject to the relations:

DTγ = γTγD,

where the grouplike elements Tγ satisfy the relations of the
corresponding elements γ ∈ Γ.

FΓ(z,w): the space of meromorphic functions in the formal
variables z,w with only poles at z = 0,w = 0, z = γw ,
γ ranges over the elements of Γ.
FΓ(z,w) is a module over HD,Γ ⊗ HD,Γ.
FΓ(z,w)(z,w)+,w : nonsingular at w = 0.
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(Chiral algebras with Γ-type singularities: Data and
properties

Chiral algebra with Γ-type singularities is a collection of the
following data (V ,W ,Y , πs, Γ,R):

a space of fields: a vector space V , with an HD,Γ
module-structure, graded as an HD-module;

a space of states: a vector space W ;
a state-field correspondence: a linear map Y : W → V ;
a field-state correspondence: a linear surjective projection
map πs : V →W , such that πs ◦ Y = IdW ;
a vacuum vector: a distinguished vector in W , |0〉 ∈W ;
a group of singularities Γ;
braiding-map R, dictating braided commutativity.
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Braiding map R

The braiding map R is a linear map
R(z,w) : V ⊗ V → V ⊗ V ⊗ FΓ(z,w), which satisfies:

1. Yang-Baxter equation:

R12(z1, z2)R13(z1, z3)R23(z2, z3) = R23(z2, z3)R13(z1, z3)R12(z1, z2)

2. shift conditions with respect to the Hopf algebra (HD,Γ):

4 (h)1,zR(z,w) = R(z,w) ◦ (h ⊗ 1),

4 (h)2,wR(z,w) = R(z,w) ◦ (1⊗ h),

where 4(h)1,z = (1⊗ τ ⊗ 1) ◦ (4(h)⊗ 1⊗ 1) and similarly for
4(h)2,w , the third and fourth factors act on FΓ(z,w).
3. unitarity condition

τ ◦ R(w , z) ◦ τ = R(z,w)−1,where τ(a⊗ b) = b ⊗ a.
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Satisfying the following set of axioms:
vacuum axiom: Y (|0〉, z) = IdW ;
modified creation axiom (field-state correspondence):
Y (a, z)|0〉|z=0 = πs(a), for any a ∈ V ;

transfer of action: Y (ha, z) = hz · Y (a, z) for any h ∈ HD,Γ;
analytic continuations of arbitrary products exist:
Y (a1, z1)Y (a2, z2) . . .Y (ak , zk )1 converges in the domain
|z1| � · · · � |zk | and can be continued to a meromorphic
vector valued function

Xz1,z2,...,zk (a1⊗a2⊗. . .⊗ak ) : V⊗k →W⊗FΓ(z1, z2, . . . , zk )+,zk ,
(1)

so that Y (a1, z1)Y (a2, z2) . . .Y (ak , zk )|0〉 =
iz1,z2,...,zk Xz1,z2,...,zk (a1 ⊗ a2 ⊗ . . .⊗ ak )
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braided symmetry:
Xw ,z,0(b ⊗ a⊗ c) = Xz,w ,0(Rz,w (a⊗ b)⊗ c);

completeness with respect to Operator Product
Expansions (OPE’s): For each γ ∈ Γ, k ∈ Z, any
a,b, c ∈ V , a,b–homogeneous with respect to the grading
by D, we have

Resz=γwXz,w ,0(a⊗b⊗c)(z−γw)k =
finite∑

s

w lsk,i Y (vs
k ,i ,w)πs(c)

(2)
for some homogeneous elements
vs

k ,i ∈ V , lsk ,i ∈ Z, |lsk ,i | < min(k , |Γ|).
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Classes of examples

A chiral algebra of type
(V ,V , πf = IdV ,Y , Γ = {1},R(a⊗ b) = (−1)p(a)p(b)a⊗ b) is
a super vertex algebra.

The chiral algebra of type (V ,W , πf ,Y , Γ =
{1, ε, . . . , εN−1},R(a⊗ b) = (−1)p(a)p(b)a⊗ b). We call this
particular subclass of chiral algebras ”twisted vertex
algebras” (IA). They represent the ”baby” examples of what
happens when the OPE singularities form a nontrivial
group. Nevertheless they are interesting because of the
boson-fermion correspondences of types B, C and D,
which are all isomorphisms of twisted vertex algebras.
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Motivating problem
Completeness with respect to OPEs and consequences

Chiral algebras with Γ-type singularities
Bosonization and the boson-fermion correspondences

The deformed chiral algebras (including the deformed
Virasoro chiral algebra) of Reshetikhin and E. Frenkel are
chiral algebras with Γ-type singularities, where Γ is an
integer lattice, and the braiding map is non-trivial.

The vertex representations of the quantum affine algebras
can be ”described” by chiral algebras with Γ-type
singularities, where Γ is an integer lattice, and the braiding
map is non-trivial.
Although such a description based on HD,Γ is possible, we
believe the Hopf algebra HD,Γ should be replaced with
HDq ,Γq .
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1
2 : boson-fermion correspondence of type D-A

Bosonization and boson-fermion correspondences

Bosonization is the representation of given chiral fields (Fermi
or Bose) via bosonic fields.

The best known instance of bosonization is the boson-fermion
correspondence (of type A),
aka the bosonization of the charged free fermions.
Fermionization refers to the representation of given fields in
terms of fermionic fields.
Boson-fermion correspondences are equivalences between
two chiral field theories (only in two dimensions): one bosonic
and one fermionic. I.e., a boson-fermion correspondence is
(should be) an isomorphism of (twisted, quantum) chiral
algebras.
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1
2 : boson-fermion correspondence of type D-A

Bosonization and boson-fermion correspondences:
why do we care?

Applications to many areas, besides chiral algebra theory:

representation theory
integrable systems
symmetric polynomials
combinatorics
many others
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1
2 : boson-fermion correspondence of type D-A

The double infinite-rank algebra a∞ and the
boson-fermion correspondence of type A

The Lie algebra a∞.
The Lie algebra ā∞ is the Lie algebra of infinite matrices

ā∞ = {(aij)| i , j ∈ Z, aij = 0 for|i − j | � 0}. (3)

As usual denote the elementary matrices by Eij .

The algebra a∞ is a central extension of ā∞ by a central
element c, a∞ = ā∞ ⊕ Cc, with cocycle given by

C(A,B) = Trace([J,A]B), (4)

where the matrix J =
∑

i≤0 Eii . In particular

C(Eij ,Eji) = −C(Eji ,Eij) = 1, if i ≤ 0, j ≥ 1
C(Eij ,Ekl) = 0 in all other cases.
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1
2 : boson-fermion correspondence of type D-A

The commutation relations in a∞ are

[Eij ,Ekl ] = δjkEil − δliEkj + C(Eij ,Ekl)c.

We can arrange the non-central generators in a generating
series

EA(z,w) =
∑
i,j∈Z

Ei,jz i−1w−j . (5)
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1
2 : boson-fermion correspondence of type D-A

The generating series EA(z,w) obeys the relations

EA(z,w) = –EA(w , z)

and

[EA(z1,w1),EA(z2,w2)]

= EA(z1,w2)δ(z2 − w1)− EA(z2,w1)δ(z1 − w2)

+ ιz1,w2

1
z1 − w2

ιw1,z2

1
w1 − z2

c − ιz2,w1

1
z2 − w1

ιw2,z1

1
w2 − z1

c

Notation:

iz,w
1

z − w
=
∑
n≥0

wn

zn+1 ;

δ(z − w) = iz,w
1

z − w
− iw ,z

1
z − w

=
∑
n∈Z

wn

zn+1
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1
2 : boson-fermion correspondence of type D-A

”Factorization problem”

Question: Can we ”factorize” the generating series EA(z,w),
i.e., write

EA(z,w) = :ψ(z)ψ(w):

i.e., write the two-variable series EA(z,w) as a ”normal ordered
product” of a single-variable generating series ψ(z).

Answer: not quite, but we can write

EA(z,w) =: ψ+(z)ψ−(w) :
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1
2 : boson-fermion correspondence of type D-A

From
EA(z,w) = –EA(w , z)

we can see that the single variable generating series ψ(z) are
”fermionic”, i.e., they obey anti-commutation relations:

: ψ(z)ψ(w) := – : ψ(w)ψ(z) :

Since we have two such, ψ+(z), ψ−(z), each one is fermionic.
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1
2 : boson-fermion correspondence of type D-A

We can then read the anti-commutation relations for the
generating series ψ+(z), ψ−(z) from the commutation relations
for the two-variable series EA(z,w):

{ψ+(z), ψ+(w)} = 0, {ψ+(z), ψ+(w)} = 0,
{ψ+(z), ψ−(w)} = ψ+(z)ψ−(w) + ψ−(w)ψ+(z)

= iz,w
1

z − w
+ iw ,z

1
w − z

= δ(w − z)

We write this as an Operator Product Expansion (OPE):

ψ+(z)ψ−(w) ∼ 1
z − w
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1
2 : boson-fermion correspondence of type D-A

The three stages of bosonization

There are three stages to a bosonization process:
Construct a (bosonic) Heisenberg (twisted or untwisted)
field descendant (this is often a fermionization);

Decompose the Fock space (the space of states of your
chiral algebra) into irreducible Heisenberg modules;
Write the original (generating) fields in terms of
(exponential) bosonic fields (lattice vertex operators)
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1
2 : boson-fermion correspondence of type D-A

Charged free fermion–boson correspondence; a.k.a.
type A (I. Frenkel, Date/Jimbo/Kashiwara/Miwa, ..)

The fermion side of the boson-fermion correspondence of type
A is generated by the two nontrivial odd fields—two charged
fermions: the fields ψ+(z) and ψ−(z) with only nontrivial
operator product expansion (OPE):

ψ+(z)ψ−(w) ∼ 1
z − w

∼ ψ−(z)ψ+(w), (6)

where the 1 above denotes the identity map Id .

The fields ψ+(z) and ψ−(z) are indexed as

ψ+(z) =
∑
n∈Z

φ+
n z−n−1, ψ−(z) =

∑
n∈Z

ψ−n z−n−1, (7)
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1
2 : boson-fermion correspondence of type D-A

The modes of the fields ψ+(z) and ψ−(z) generate a Clifford
algebra ClA with relations

{ψ+
m, ψ

−
n } = δm+n,−11, {ψ+

m, ψ
+
n } = {ψ+

m, ψ
+
n } = 0. (8)

This Clifford algebra has a canonical Fock space representation
FA—the fermionic Fock space — which is the highest weight
representation of ClA generated by the vacuum vector |0〉, so
that ψ+

n |0〉 = ψ−n |0〉 = 0 for n ≥ 0.
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1
2 : boson-fermion correspondence of type D-A

The boson-fermion correspondence of type A is determined by
the images of the generating fields φ(z) and ψ(z) under the
correspondence. An essential ingredient is the free boson field
h(z) given by

h(z) =: ψ+(z)ψ−(z) : (9)

This is, in fact, the fermionization of the free bosonic current.
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1
2 : boson-fermion correspondence of type D-A

It follows that the field h(z) =
∑

n∈Z hnz−n−1 has OPEs with
itself given by:

h(z)h(w) ∼ 1
(z − w)2 , in modes: [hm,hn] = mδm+n,01. (10)

and so is an untwisted Heisenberg field (i.e., its modes
hn, n ∈ Z, generate a Heisenberg algebra HZ). This completes
the first stage of the bosonization.

The second stage is accomplished by the decomposition

FA
∼= ⊕m∈ZBm, Bm ∼= C[x1, x2, . . . , xn, . . . ], ∀ m ∈ Z
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1
2 : boson-fermion correspondence of type D-A

Now we can write the images of the generating fields φ(z) and
ψ(z) under the correspondence (the third stage):

φ(z) 7→ eαA(z), ψ(z) 7→ e−αA (z), (11)

where the generating fields eαA(z), e−αA (z) for the bosonic part
of the correspondence are given by

eαA(z) = exp(
∑
n≥1

h−n

n
zn) exp(−

∑
n≥1

hn

n
z−n)eαz∂α , (12)

e−αA (z) = exp(−
∑
n≥1

h−n

n
zn) exp(

∑
n≥1

hn

n
z−n)e−αz−∂α , (13)
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The bosonisation of the single neutral Fock space F⊗

1
2 : boson-fermion correspondence of type D-A

The three algebras b̄∞, c̄∞ and d̄∞ are all defined as
subalgebras of ā∞, each preserving different bilinear form
(Kac).

Question: can one repeat the bosonization process for each of
them, i.e., get boson-fermion correspondences of types B, C
and D?
The answer is yes.
Question: what are these boson-fermion correspondences, i.e.,
isomorphisms between what objects?
The answer is isomorphisms of twisted vertex algebras (twisted
chiral algebras).
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1
2 : boson-fermion correspondence of type D-A

The infinite dimensional Lie algebra b∞

The infinite dimensional Lie algebra b̄∞ is the subalgebra of ā∞
consisting of the infinite matrices preserving the bilinear form
B(vi , vj) = (−1)iδi,−j , i.e.,

b̄∞ = {(aij) ∈ ā∞| aij = (−1)i+j−1a−j,−i}. (14)

Denote by b∞ the central extension of b̄∞ by a central element
c, b∞ = b̄∞ ⊕ Cc, where we use C (from (4)) as a cocycle for
b∞, see (Kac).

The commutation relations are inherited

[Eij ,Ekl ] = δjkEil − δliEkj + C(Eij ,Ekl)c.

The generators for the algebra b∞ can be written as:

{(−1)jEi,−j − (−1)iEj,−i , c | i , j ∈ Z}.
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1
2 : boson-fermion correspondence of type D-A

We can arrange the non-central generators in a generating
series

EB(z,w) =
∑
i,j∈Z

((−1)jEi,−j − (−1)iEj,−i)z i−1w−j . (15)

The generating series EB(z,w) obeys the relations:
EB(z,w) = –EB(w , z)

[EB(z1,w1),EB(z2,w2)] (16)

= −z2EB(z1,w2)δ(w1 + z2) + w2EB(z1, z2)δ(w1 + w2)

+ z2EB(w1,w2)z1δ(z1 + z2)− w2EB(w1, z2)δ(z1 + w2)

+ ciw1,z2

w1 − z2

w1 + z2
iz1,w2

z1 − w2

z1 + w2
− ciw2,z1

w2 − z1

z1 + w2
iz2,w1

z2 − w1

z2 + w1

− ciw1,w2

w1 − w2

w1 + w2
iz1,z2

z1 − z2

z1 + z2
+ ciw2,w1

w2 − w1

w1 + w2
iz2,z1

z2 − z1

z1 + z2
(17)
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1
2 : boson-fermion correspondence of type D-A

The infinite dimensional Lie algebra c∞

The infinite dimensional Lie algebra c̄∞ is the subalgebra of ā∞
consisting of the infinite matrices preserving the bilinear form
C(vi , vj) = (−1)iδi,1−j , i.e.,

c̄∞ = {(aij) ∈ ā∞| aij = (−1)i+j−1a1−j,1−i}. (18)

The algebra c∞ is a central extension of c̄∞ by a central
element c, c∞ = c̄∞ ⊕ Cc, with C the same cocycle as for a∞,
(4) (see Kac, Wang). The commutation relations in c∞ are
inherited.
The generators for the algebra c∞ can be written as:

{(−1)jEi,j − (−1)iE1−j,1−i , i , j ∈ Z; and c}.
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1
2 : boson-fermion correspondence of type D-A

We arrange the non-central generators in a generating series

EC(z,w) =
∑
i,j∈Z

((−1)jEij − (−1)iE1−j,1−i)z i−1w−j . (19)

The generating series EC(z,w) obeys the relations:
EC(z,w) = +EC(w , z)

[EC(z1,w1),EC(z2,w2)]

= EC(z1,w2)δ(z2 + w1)− EC(z2,w1)δ(z1 + w2)

− EC(w2,w1)δ(z1 + z2) + EC(z1, z2)δ(w2 + w1)

+ 2ιz1,w2

1
z1 + w2

ιw1,z2

1
w1 + z2

c − 2ιw2,z1

1
w2 + z1

ιz2,w1

1
z2 + w1

c

+ 2ιz1,z2

1
z1 + z2

ιw1,w2

1
w1 + w2

c − 2ιz2,z1

1
z2 + z1

ιw2,w1

1
w2 + w1

c.
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1
2 : boson-fermion correspondence of type D-A

The infinite dimensional Lie algebra d∞

The infinite dimensional Lie algebra d̄∞ is the subalgebra of ā∞
consisting of the infinite matrices preserving the bilinear form
D(vi , vj) = δi,1−j , i.e.,

d̄∞ = {(aij) ∈ ā∞| aij = −a1−j,1−i}. (20)

Denote by d∞ the central extension of d̄∞ by a central element
c, d∞ = d̄∞ ⊕ Cc, with C (from (4)) as a cocycle for d∞, see
(Kac, Wang). The commutation relations for the elementary
matrices in d∞ are inherited.
The generators for the algebra d∞ can be written as:

{Ei,j − E1−j,1−i , i , j ∈ Z; and c}.
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1
2 : boson-fermion correspondence of type D-A

We can arrange the non-central generators in a generating
series

ED(z,w) =
∑
i,j∈Z

(Eij − E1−j,1−i)z i−1w−j . (21)

The generating series ED(z,w) obeys the relations:
ED(z,w) = –ED(w , z)

[ED(z1,w1),ED(z2,w2)]

= ED(z1,w2)δ(z2 − w1)− ED(z2,w1)δ(z1 − w2)

+ ED(w2,w1)δ(z1 − z2)− ED(z1, z2)δ(w1 − w2)

+ ιz1,w2

1
z1 − w2

ιw1,z2

1
w1 − z2

c − ιz2,w1

1
z2 − w1

ιw2,z1

1
w2 − z1

c

− ιz1,z2

1
z1 − z2

ιw1,w2

1
w1 − w2

c + ιz2,z1

1
z1 − z2

ιw2,w1

1
w2 − w1

c.
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1
2 : boson-fermion correspondence of type D-A

The twisted neutral fermion–boson correspondence;
a.k.a. type B (Date/Jimbo/Kashiwara/Miwa; You, IA)

The fermion side is generated by a single (neutral) field
φB(z) =

∑
n∈Z φnzn, with OPE with itself given by:

φB(z)φB(w) ∼ z − w
z + w

, in modes: [φB
m, φ

B
n ]† = 2(−1)mδm,−n1.

(22)
Thus the modes generate a Clifford algebra ClB, and the
underlying space of states, which is a highest weight module
for ClB is denoted by FB.
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1
2 : boson-fermion correspondence of type D-A

The boson-fermion correspondence of type B is again
determined once we write the image of the generating field
φB(z) under the correspondence. In order to do that, an
essential ingredient is once again the field h(z) given by:

h(z) =
1
4

(: φB(z)φB(−z) : −1) (23)

It follows that this field, which has only odd-indexed modes,
h(z) =

∑
n∈Z h2n+1z−2n−1, has OPEs with itself given by:

h(z)h(w) ∼ zw(z2 + w2)

2(z2 − w2)2 , (24)

and is thus a twisted Heisenberg field.
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1
2 : boson-fermion correspondence of type D-A

For stage two, we have the decomposition (You):
FB
∼= B1/2 ⊕ B1/2.

Now we can write the image of the generating field
φB(z) 7→ eαB(z), which will determine the correspondence of
type B:

eαB(z) = exp
(∑

k≥0

h−2k−1

k + 1/2
z2k+1)exp

(
−
∑
k≥0

h2k+1

k + 1/2
z−2k−1)eα,

(25)
The fields eαB(z) and eαB(−z) = e−α(z) (observe the symmetry)
generate a resulting twisted vertex algebra:

φB(z) 7→ eαB(z) φB(−z) 7→ eα(−z) = e−αB (z) (26)
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1
2 : boson-fermion correspondence of type D-A

The neutral fermion–boson correspondence; a.k.a.
type D (IA)

The fermion side is generated by a single (neutral) field
φD(z) =

∑
n∈Z+1/2 φ

D
n z−n−1/2, with OPEs with itself given by:

φD(z)φD(w) ∼ 1
z − w

, in modes: [φD
m, φ

D
n ]† = δm,−n1. (27)

Thus the modes generate a Clifford algebra ClD, with
underlying space of states, denoted by F⊗

1
2 , the highest weight

representation of ClD with the vacuum vector |0〉.

It is important to note that this field generates on its own a
super-vertex algebra F⊗

1
2 , called free neutral fermion vertex

algebra.
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1
2 : boson-fermion correspondence of type D-A

The boson-fermion correspondence of type D-A is again
determined once we write the image of the generating field
φD(z) under the correspondence. In order to do that, an
essential ingredient is once more the field h(z) given by:

h(z) =
1
2

: φD(z)φD(−z) :=
1
2

: φD(z)T−1φ
D(z) : (28)

It follows that this field, which due to the symmetry above has
only odd-indexed modes, h(z) =

∑
n∈Z hnz−2n−1, (note the

different indexing), has OPEs with itself given by:

h(z)h(w) ∼ zw
(z2 − w2)2 , (29)

Its modes, hn, n ∈ Z, generate an ordinary, untwisted
Heisenberg algebra HZ with relations [hm,hn] = mδm+n,01,
m,n integers.
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1
2 : boson-fermion correspondence of type D-A

For stage two of the bosonization, we prove that (IA)

F⊗
1
2 ⊕m∈Z Bm, Bm ∼= C[x1, x2, . . . , xn, . . . ], ∀ m ∈ Z

Observe then that as Heisenberg HZ modules

F⊗
1
2 ∼= FA, i.e. F⊗

1
2 ∼= F⊗1 (FA is often denoted F⊗1)!

Iana I. Anguelova Towards quantum chiral algebras



Motivating problem
Completeness with respect to OPEs and consequences

Chiral algebras with Γ-type singularities
Bosonization and the boson-fermion correspondences

Boson-fermion correspondences and the Lie algebras a∞, b∞, c∞ and d∞
The algebras b∞, c∞ and d∞ and the bosonizations of types B, C, D
The bosonisation of the single neutral Fock space F⊗

1
2 : boson-fermion correspondence of type D-A

For stage two of the bosonization, we prove that (IA)

F⊗
1
2 ⊕m∈Z Bm, Bm ∼= C[x1, x2, . . . , xn, . . . ], ∀ m ∈ Z

Observe then that as Heisenberg HZ modules

F⊗
1
2 ∼= FA, i.e. F⊗

1
2 ∼= F⊗1 (FA is often denoted F⊗1)!

Iana I. Anguelova Towards quantum chiral algebras



Motivating problem
Completeness with respect to OPEs and consequences

Chiral algebras with Γ-type singularities
Bosonization and the boson-fermion correspondences

Boson-fermion correspondences and the Lie algebras a∞, b∞, c∞ and d∞
The algebras b∞, c∞ and d∞ and the bosonizations of types B, C, D
The bosonisation of the single neutral Fock space F⊗

1
2 : boson-fermion correspondence of type D-A

The image of the generating fields φD(z) a which will determine
the correspondence of type D is given as follows:

φD(z) = e−αA (z2) + zeαA(z2) (30)

where recall eαA(z) and eαA(z) were the bosonic (lattice) vertex
operators of type A; e.g.,

e−αφ (z2) = exp(−
∑
n≥1

h−n

n
z2n) exp(

∑
n≥1

hn

n
z−2n)e−αz−2∂α ,

Note that we can go back in the boson-fermion correspondence
by

φD(z) = e−αA (z2) + zeαA(z2) φD(−z) = e−αA (z2)− zeαA(z2)
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1
2 : boson-fermion correspondence of type D-A

Boson-fermion correspondence of type D and order
N ∈ N (IA, Rehren/Tedesco

The boson fermion correspondence of type D can be
generalized to arbitrary order N ∈ N:
Let ε be a N-th order primitive root of unity; Consider the field
h(z)

h(z) =
1
N

N−1∑
i=0

εi−1 : φD(εi−1z)φD(εiz) :=
∑
n∈Z

hnz−Nn−1 (31)

Its OPE is

h(z)h(w) ∼ zN−1wN−1

(zN − wN)2 , (32)

and thus h(z) is an untwisted Heisenberg field.
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1
2 : boson-fermion correspondence of type D-A

For the generating fields we have

eε
kα
φ (w) =

1
N

(
N−1∑
i=0

ε(k−1)iφD(εiw)) =
1
N

(
N−1∑
i=0

ε(k−1)iT iφD(w));

where

eε
kα
φ (z) = exp(ε−k

∑
n≥1

h−n

n
zNn) exp(εk

∑
n≥1

hn

n
z−Nn)eε

kα
φ z1−k+N∂α
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1
2 : boson-fermion correspondence of type D-A

Bosonization of type C and β − γ system

The bosonization of type C was also completed, and for N = 2
we prove that as twisted chiral algebras the chiral algebra
generated by the field χ(z)

χ(z) =
∑

n∈Z+1/2

χnz−n−1/2 (33)

with OPE
χ(z)χ(w) ∼ 1

z + w
. (34)

is isomorphic to the twisted vertex algebra with space of fields
generated by the β − γ system, but at changed gauge:
FD{β(z2), γ(z2); 2}.

That has interesting consequences: each of those chiral
algebras inherits the structures form the other.
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1
2 : boson-fermion correspondence of type D-A

Thank you.
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