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Motivating problem

Overview

In 1988 I. Frenkel and N. Jing published the seminal paper
titled "Vertex Representations of quantum affine algebras”.
Recall that there is the Drinfeld realization of the quantum affine
algebras, which parallels the current realization of the affine Lie
algebras in the form § ~ g @ C[t, t~'] @ Ce.

It is given in terms of generators v'/2, v~1/2 and generating
series

=Y "Xz % i)=Y dmz ™ wi2) =D iz "

KeZ me—7Z4 neZ;

modulo relations, including:

(z— g iw)x( iz — w)xH(w)xH(2)
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Motivating problem

Frenkel and Jing then constructed the vertex representations,
starting with the quantum Heisenberg operators
aix, k € 7 satisfying the relations (y = /2 = g°)

[a;(m), a;(n)] = §;, (@™ — g~ ™) (g™ — g ™)

“"mt2
and defining the vertex operators

-0
Yii(2) = eXp( + tz qnq;_a,-(—n)zn>
n>1

xexp( tzqnquz a(n)z- >ai1zj:a,-(0)+1

n>1

These vertex operators (together with ®;(z) and V;(z)) define a
representation of the quantum affine algebras at ¢ = 1.
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Motivating problem

The fundamental problem posed by Igor Frenkel is then to
formulate and develop a suitable theory of quantum vertex
algebras (quantum chiral algebras) incorporating as examples
the Frenkel-Jing quantum vertex operators.
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Motivating problem

The fundamental problem posed by Igor Frenkel is then to
formulate and develop a suitable theory of quantum vertex
algebras (quantum chiral algebras) incorporating as examples
the Frenkel-Jing quantum vertex operators. The theory of super
vertex algebras is marked by two special isomorphisms: the
vertex algebra isomorphism referred to as the boson-fermion
correspondence (of type A), and the Frenkel-Kac isomorphism
between the affine current vertex algebra at level 1 and a lattice
vertex algebra.
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Motivating problem

The fundamental problem posed by Igor Frenkel is then to
formulate and develop a suitable theory of quantum vertex
algebras (quantum chiral algebras) incorporating as examples
the Frenkel-Jing quantum vertex operators. The theory of super
vertex algebras is marked by two special isomorphisms: the
vertex algebra isomorphism referred to as the boson-fermion
correspondence (of type A), and the Frenkel-Kac isomorphism
between the affine current vertex algebra at level 1 and a lattice
vertex algebra. Ultimately, a quantum vertex algebra theory will
be successful if it allows for the "quantization” of such
isomorphisms. A successful theory should "quantize” the
Frenkel-Kac isomorphism to a quantum chiral algebra
isomorphism between a Drinfeld-type current quantum
chiral/vertex algebra and the Frenkel-Jing lattice type quantum
chiral/vertex algebra.
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Motivating problem

The fundamental problem posed by Igor Frenkel is then to
formulate and develop a suitable theory of quantum vertex
algebras (quantum chiral algebras) incorporating as examples
the Frenkel-Jing quantum vertex operators. The theory of super
vertex algebras is marked by two special isomorphisms: the
vertex algebra isomorphism referred to as the boson-fermion
correspondence (of type A), and the Frenkel-Kac isomorphism
between the affine current vertex algebra at level 1 and a lattice
vertex algebra. Ultimately, a quantum vertex algebra theory will
be successful if it allows for the "quantization” of such
isomorphisms. A successful theory should "quantize” the
Frenkel-Kac isomorphism to a quantum chiral algebra
isomorphism between a Drinfeld-type current quantum
chiral/vertex algebra and the Frenkel-Jing lattice type quantum
chiral/vertex algebra. Also, the theory should allow for the
construction of new, quantum, particle correspondences,
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

One of the big questions that needs to be addressed at the
start is: Completeness with respect to Operator Product
Expansions (OPEs), yea or nay?
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

One of the big questions that needs to be addressed at the
start is: Completeness with respect to Operator Product
Expansions (OPEs), yea or nay?

Recall, in a chiral algebra (super vertex algebra), we have the
following OPE formula for any two fields a(z), b(w) in a super
vertex algebra:

a(z)b(w) = ' iz’w(z—w))/“+ ca(z)b(w) -,

where : a(z)b(w) : denotes the nonsingular part of the
expansion of a(z)b(w) as a Laurent series in (z — w), and is
referred to as normal ordered product of a(z) and b(z).
Moreover, Res(,_yya(z)b(w)(z — w) = d/(w) = (a;b)(w).
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

This in particular implies that the coefficients in the OPEs are
vertex operators in the same super vertex algebra, which
property is referred to as completeness with respect to OPEs.
The term “chiral algebra” will refer to the fact that we require
completeness with respect to the OPEs.
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

This in particular implies that the coefficients in the OPEs are
vertex operators in the same super vertex algebra, which
property is referred to as completeness with respect to OPEs.
The term “chiral algebra” will refer to the fact that we require
completeness with respect to the OPEs.We abbreviate it as:

= dw

a(z)b(w) ~ ) oWy

j=0
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

This in particular implies that the coefficients in the OPEs are
vertex operators in the same super vertex algebra, which
property is referred to as completeness with respect to OPEs.
The term “chiral algebra” will refer to the fact that we require
completeness with respect to the OPEs.We abbreviate it as:

= dw
a(z)b(w) ~ ) oWy
j=0

For example, in the quantum affine case (FJ):
YT (2) Y (w) = (1-wq/2) " (1-w/qz) " (w/2) : Y;*(2) Y[ (w):
and so OPEs such as

¢ w:YE(w)YF(w): w:YE(g 'w)YF(w):
YH (@)Y (w) ~ g% — 1 z—qw (@2 —=1)(z—q'w)
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. OPE expansion
Completeness with respect to OPEs and consequences Chiral algebras: field descendants and Hopf action

Consequences from completeness with respect to OPEs

In any chiral algebra (vertex algebra) one needs to address the
question of "the descendent fields”, i.e., given two fields a(z),
b(z) that are "in” the vertex algebra V (i.e. a(z) = Y(a, z) for
some a € V, and b(z) = Y(b, z) for some b € V), which of
fields "descending” from a(z) and b(z) do we also want to be
"in” the vertex algebra V.
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Consequences from completeness with respect to OPEs

In any chiral algebra (vertex algebra) one needs to address the
question of "the descendent fields”, i.e., given two fields a(z),
b(z) that are "in” the vertex algebra V (i.e. a(z) = Y(a, z) for
some a € V, and b(z) = Y(b, z) for some b € V), which of
fields "descending” from a(z) and b(z) do we also want to be
”in” the vertex algebra V. In particular:

e the OPE coefficients (in a vertex algebra these are
ol(w) = a(w)gb(w) for j > 0);
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OPE expansion

Completeness with respect to OPEs and consequences Chiral algebras: field descendants and Hopf action

Consequences from completeness with respect to OPEs

In any chiral algebra (vertex algebra) one needs to address the
question of "the descendent fields”, i.e., given two fields a(z),
b(z) that are "in” the vertex algebra V (i.e. a(z) = Y(a, z) for
some a € V, and b(z) = Y(b, z) for some b € V), which of
fields "descending” from a(z) and b(z) do we also want to be
”in” the vertex algebra V. In particular:

@ the OPE coefficients (in a vertex algebra these are
ol(w) = a(w)gb(w) for j > 0);

@ the normal ordered products : a(z)b(z) : (in a vertex
algebra these are a(w)_1)b(w) for j > 0);
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OPE expansion

Completeness with respect to OPEs and consequences Chiral algebras: field descendants and Hopf action

Consequences from completeness with respect to OPEs

In any chiral algebra (vertex algebra) one needs to address the
question of "the descendent fields”, i.e., given two fields a(z),
b(z) that are "in” the vertex algebra V (i.e. a(z) = Y(a, z) for
some a € V, and b(z) = Y(b, z) for some b € V), which of
fields "descending” from a(z) and b(z) do we also want to be
”in” the vertex algebra V. In particular:

@ the OPE coefficients (in a vertex algebra these are
ol(w) = a(w)gb(w) for j > 0);

@ the normal ordered products : a(z)b(z) : (in a vertex
algebra these are a(w)_1)b(w) for j > 0);

@ in a vertex algebra the fields Da(z) = Y(Da, z) := 0-a(z)
(D here stands for the typically used T).
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

In any chiral algebra (vertex algebra) one needs to address the
question of "the descendent fields”, i.e., given two fields a(z),
b(z) that are "in” the vertex algebra V (i.e. a(z) = Y(a, z) for
some a € V, and b(z) = Y(b, z) for some b € V), which of
fields "descending” from a(z) and b(z) do we also want to be
”in” the vertex algebra V. In particular:

e the OPE coefficients (in a vertex algebra these are
ol(w) = a(w)gb(w) for j > 0);
@ the normal ordered products : a(z)b(z) : (in a vertex
algebra these are a(w)_1)b(w) for j > 0);
@ in a vertex algebra the fields Da(z) = Y(Da, z) := 0-a(z)
(D here stands for the typically used T).
These field descendants are addressed in the classical vertex

algebra case by Dong’s Lemma, where the goal was to prove
that these type of descendants are mutually local.
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

This reflects one of the approaches in constructing vertex
algebras, (H. Li): consider sets of fields which are compatible
(local, quasi-local, S-local, etc..) in an a priory defined way, and
the resulting types of quantum vertex algebras and modules,
quasi-modules, ¢-coordinated modules, ¢-coordinated
quasi-modules, efc...
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

This reflects one of the approaches in constructing vertex
algebras, (H. Li): consider sets of fields which are compatible
(local, quasi-local, S-local, etc..) in an a priory defined way, and
the resulting types of quantum vertex algebras and modules,
quasi-modules, ¢-coordinated modules, ¢-coordinated
quasi-modules, efc...

Instead, consider the idea first put forth by Borcherds: a
(quantum) vertex algebra is a singular ring with a Hopf algebra
action.
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

This reflects one of the approaches in constructing vertex
algebras, (H. Li): consider sets of fields which are compatible
(local, quasi-local, S-local, etc..) in an a priory defined way, and
the resulting types of quantum vertex algebras and modules,
quasi-modules, ¢-coordinated modules, ¢-coordinated
quasi-modules, efc...

Instead, consider the idea first put forth by Borcherds: a
(quantum) vertex algebra is a singular ring with a Hopf algebra
action. Borcherds defined the concept of an (A, H, S)-vertex
algebra: an associative, singular unital ring with H symmetry in
a certain category.

(A stands for a symmetric tensor category,H is a Hopf algebra,
S is the "ring of singularities”.)
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

This reflects one of the approaches in constructing vertex
algebras, (H. Li): consider sets of fields which are compatible
(local, quasi-local, S-local, etc..) in an a priory defined way, and
the resulting types of quantum vertex algebras and modules,
quasi-modules, ¢-coordinated modules, ¢-coordinated
quasi-modules, efc...

Instead, consider the idea first put forth by Borcherds: a
(quantum) vertex algebra is a singular ring with a Hopf algebra
action. Borcherds defined the concept of an (A, H, S)-vertex
algebra: an associative, singular unital ring with H symmetry in
a certain category.

(A stands for a symmetric tensor category,H is a Hopf algebra,
S is the "ring of singularities”.)

The (A, H, S) structure deals with the singular product, and
thus is responsible for the singularities in the product of fields.
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

Note: the (A, H, S) structure on its own doesn’t produce fields,
one needs auxiliary maps: in general, a projection map, an
exponential map and evaluation map (producing the
expansions, i.e., the fields, and the coordination between the
expansions and the Hopf algebra H action).
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OPE expansion

Completeness with respect to OPEs and consequences Chiral algebras: field descendants and Hopf action

Consequences from completeness with respect to OPEs

Note: the (A, H, S) structure on its own doesn’t produce fields,
one needs auxiliary maps: in general, a projection map, an
exponential map and evaluation map (producing the
expansions, i.e., the fields, and the coordination between the
expansions and the Hopf algebra H action). For instance: to
define an example of an (ordinary) vertex algebra from an

(A, H, S) algebra one uses the ordinary exponential map

e?l vV — V|[[z]], where V is a module over Hp:

Y(a,z)1 =e*Pa, where e =) z'D".
n>0
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

Note: the (A, H, S) structure on its own doesn’t produce fields,
one needs auxiliary maps: in general, a projection map, an
exponential map and evaluation map (producing the
expansions, i.e., the fields, and the coordination between the
expansions and the Hopf algebra H action). For instance: to
define an example of an (ordinary) vertex algebra from an

(A, H, S) algebra one uses the ordinary exponential map

e?l vV — V|[[z]], where V is a module over Hp:

Y(a,z)1 =e*Pa, where e =) z'D".

n>0

Practically though, this means we have to address two types of
operations on field descendants:

@ OPE coefficients and normal ordered products
@ Hopf algebra action
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

Consequences from completeness with respect to
OPEs

The completeness with respect to OPEs is assumed in physics
to be the defining property of a chiral algebra.
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

Consequences from completeness with respect to
OPEs

The completeness with respect to OPEs is assumed in physics
to be the defining property of a chiral algebra.

IBut, both in the trigonometric and the elliptic case (deformed
Virasoro of E. Frenkel and N. Reshetikhin), it is clear that the
OPE completeness requires field descendants of the type a(v2)

for v # 1.
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OPE expansion
Chiral algebras: field descendants and Hopf action
Consequences from completeness with respect to OPEs

Completeness with respect to OPEs and consequences

Consequences from completeness with respect to
OPEs

The completeness with respect to OPEs is assumed in physics
to be the defining property of a chiral algebra.

IBut, both in the trigonometric and the elliptic case (deformed
Virasoro of E. Frenkel and N. Reshetikhin), it is clear that the
OPE completeness requires field descendants of the type a(v2)
for v # 1.

This has profound consequences: in particular if both the fields
a(z) and a(vyz) are to be incorporated in the same chiral
algebra structure, this would result in the the state-field
correspondence becoming non-invertible!
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. OPE expansion
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Consequences from completeness with respect to OPEs

Recall the state-field correspondence is a map from the
space of states W to the space of fields V, given by
W>aw— a(z) = Y(a,z) € V (bijection for super vertex
algebras).
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OPE expansion

Completeness with respect to OPEs and consequences Chiral algebras: field descendants and Hopf action

Consequences from completeness with respect to OPEs

Recall the state-field correspondence is a map from the
space of states W to the space of fields V, given by

W>aw— a(z) = Y(a,z) € V (bijection for super vertex
algebras).lts inverse map is the field-state correspondence, a
map from the space of fields V to the space of states W on
which the fields act, defined by

V> a(z)— a:=a(z2)|0)|,—0 € W.
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OPE expansion

Completeness with respect to OPEs and consequences Chiral algebras: field descendants and Hopf action

Consequences from completeness with respect to OPEs

Recall the state-field correspondence is a map from the
space of states W to the space of fields V, given by

W>aw— a(z) = Y(a,z) € V (bijection for super vertex
algebras).lts inverse map is the field-state correspondence, a
map from the space of fields V to the space of states W on
which the fields act, defined by

V> a(z)— a:=a(z2)|0)|,—0 € W.

If both the fields a(z) and a(~z) have to be incorporated in the
same chiral algebra , then the field-state correspondence map
will send the different fields a(z) and a(z) to the same state
elementac W:

a(v2)|0)|—o = a(z)|0)|,—0 = a€ W.

Thus the space of fields V will be a (ramified) cover of the
space of states W.
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OPE expansion

Completeness with respect lo OPEs and consequences Chiral algebras: field descendants and Hopf action

Consequences from completeness with respect to OPEs

Since we are already considering descendant fields of the type
T,a(z) := a(yz), where T, is group-like, we need to consider
Hopf algebras with group-like subalgebras I' acting on the
fields. The simplest example of such is the Hopf algebra Hp
with a primitive generator D and grouplike elements T,
corresponding to each element v € I, subject to the relations:

DT, =~T,D,

where the grouplike elements T, satisfy the relations of the
corresponding elements v € T.
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Consequences from completeness with respect to OPEs

Since we are already considering descendant fields of the type
T,a(z) := a(yz), where T, is group-like, we need to consider
Hopf algebras with group-like subalgebras I' acting on the
fields. The simplest example of such is the Hopf algebra Hp
with a primitive generator D and grouplike elements T,
corresponding to each element v € I, subject to the relations:

DT, =~T,D,

where the grouplike elements T, satisfy the relations of the
corresponding elements v € T.

F"(z, w): the space of meromorphic functions in the formal
variables z, w with only polesat z=0,w = 0, z = yw,

~ ranges over the elements of I'.
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Consequences from completeness with respect to OPEs

Since we are already considering descendant fields of the type
T,a(z) := a(yz), where T, is group-like, we need to consider
Hopf algebras with group-like subalgebras I' acting on the
fields. The simplest example of such is the Hopf algebra Hp
with a primitive generator D and grouplike elements T,
corresponding to each element v € I, subject to the relations:

DT, =~T,D,

where the grouplike elements T, satisfy the relations of the
corresponding elements v € T.

F"(z, w): the space of meromorphic functions in the formal
variables z, w with only polesat z=0,w = 0, z = yw,

~ ranges over the elements of I'.

F'(z, w) is a module over Hpr ® Hp .
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OPE expansion
Chiral algebras: field descendants and Hopf action
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Completeness with respect to OPEs and consequences

Since we are already considering descendant fields of the type
T,a(z) := a(yz), where T, is group-like, we need to consider
Hopf algebras with group-like subalgebras I' acting on the
fields. The simplest example of such is the Hopf algebra Hp
with a primitive generator D and grouplike elements T,
corresponding to each element v € I, subject to the relations:

DT, =~T,D,

where the grouplike elements T, satisfy the relations of the
corresponding elements v € T.

F"(z, w): the space of meromorphic functions in the formal
variables z, w with only polesat z=0,w = 0, z = yw,

~ ranges over the elements of I'.

F'(z, w) is a module over Hpr ® Hp .

F'(z, w)(z, w)*": nonsingular at w = 0.
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Chiral algebras with '-type singularities

(Chiral algebras with '-type singularities: Data and
properties

Chiral algebra with I'-type singularities is a collection of the
following data (V, W, Y, s, I, R):
@ a space of fields: a vector space V, with an Hp r
module-structure, graded as an Hp-module;
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Chiral algebras with '-type singularities

(Chiral algebras with '-type singularities: Data and
properties

Chiral algebra with I'-type singularities is a collection of the
following data (V, W, Y, s, I, R):
@ a space of fields: a vector space V, with an Hp r
module-structure, graded as an Hp-module;

@ a space of states: a vector space W;

lana I. Anguelova Towards quantum chiral algebras



Chiral algebras with '-type singularities

(Chiral algebras with '-type singularities: Data and
properties

Chiral algebra with I'-type singularities is a collection of the
following data (V, W, Y, s, I, R):
@ a space of fields: a vector space V, with an Hp r
module-structure, graded as an Hp-module;

@ a space of states: a vector space W;
@ a state-field correspondence: alinearmap Y : W — V;
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Chiral algebras with '-type singularities

(Chiral algebras with '-type singularities: Data and
properties

Chiral algebra with I'-type singularities is a collection of the
following data (V, W, Y, s, I, R):
@ a space of fields: a vector space V, with an Hp r
module-structure, graded as an Hp-module;
@ a space of states: a vector space W;
@ a state-field correspondence: alinearmap Y : W — V;

@ a field-state correspondence: a linear surjective projection
map ms: V — W, such that rgo Y = ldy;
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Chiral algebras with '-type singularities

(Chiral algebras with '-type singularities: Data and
properties

Chiral algebra with I'-type singularities is a collection of the
following data (V, W, Y, s, I, R):
@ a space of fields: a vector space V, with an Hp r
module-structure, graded as an Hp-module;
@ a space of states: a vector space W;
@ a state-field correspondence: alinearmap Y : W — V;

@ a field-state correspondence: a linear surjective projection
map ms: V — W, such that rgo Y = ldy;

@ a vacuum vector: a distinguished vector in W, |0) € W;
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Chiral algebras with '-type singularities

(Chiral algebras with '-type singularities: Data and
properties

Chiral algebra with I'-type singularities is a collection of the
following data (V, W, Y, s, I, R):
@ a space of fields: a vector space V, with an Hp r
module-structure, graded as an Hp-module;
@ a space of states: a vector space W;
@ a state-field correspondence: alinearmap Y : W — V;

@ a field-state correspondence: a linear surjective projection
map ms: V — W, such that rgo Y = ldy;

@ a vacuum vector: a distinguished vector in W, |0) € W;
@ a group of singularities T';
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Chiral algebras with '-type singularities

(Chiral algebras with '-type singularities: Data and
properties

Chiral algebra with I'-type singularities is a collection of the
following data (V, W, Y, s, I, R):
@ a space of fields: a vector space V, with an Hp r
module-structure, graded as an Hp-module;
@ a space of states: a vector space W;
@ a state-field correspondence: alinearmap Y : W — V;

@ a field-state correspondence: a linear surjective projection
map ms: V — W, such that rgo Y = ldy;

@ a vacuum vector: a distinguished vector in W, |0) € W;
@ a group of singularities T';

braiding-map R, dictating braided commutativity.
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Chiral algebras with '-type singularities

Braiding map R

The braiding map R is a linear map
R(z,w): V® V — V® V&F (z,w), which satisfies:
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Chiral algebras with '-type singularities

Braiding map R

The braiding map R is a linear map
R(z,w): V® V — V® V&F (z,w), which satisfies:
1. Yang-Baxter equation:

Ri2(z1, z2) Ri3(z1, 23) Ro3(22, 23) = Ros3(22, 23)R13(21, 23) R12(21, 22)
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Chiral algebras with '-type singularities

Braiding map R

The braiding map R is a linear map
R(z,w): V® V — V® V&F (z,w), which satisfies:
1. Yang-Baxter equation:

Ri2(z1, 22) Ri3(z1, 23) Re3(22, 23) = Ro3(22, 23) R13(21, 23) R12(21, 22)
2. shift conditions with respect to the Hopf algebra (Hp r):

A (h)1zR(z,w) = R(z,w)o (h® 1),
A (h)2,WH(Z7 W) = R(Z7 W) © (1 ® h)7

where A(h)1; =(1®@7®1) o (A(h)®1® 1) and similarly for
A(h)2.w, the third and fourth factors act on F"(z, w).
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Chiral algebras with '-type singularities

Braiding map R

The braiding map R is a linear map
R(z,w): V® V — V® V&F (z,w), which satisfies:
1. Yang-Baxter equation:

Ri2(z1, 22) Ri3(z1, 23) Re3(22, 23) = Ro3(22, 23) R13(21, 23) R12(21, 22)
2. shift conditions with respect to the Hopf algebra (Hp r):

A (h)1zR(z,w) = R(z,w)o (h® 1),
A (h)2,WH(Z7 W) = R(Z7 W) © (1 ® h)7

where A(h)1; =(1®@7®1) o (A(h)®1® 1) and similarly for
A(h)2.w, the third and fourth factors act on F"(z, w).
3. unitarity condition

ToR(w,z)or = R(z,w) ', where 7(a® b)=b® a.



Chiral algebras with '-type singularities

Satisfying the following set of axioms:
@ vacuum axiom: Y(|0),z) = ldy;

@ modified creation axiom (field-state correspondence):
Y(a,z)|0)|,—0 = 7s(a), forany a € V;
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Chiral algebras with '-type singularities

Satisfying the following set of axioms:
@ vacuum axiom: Y(|0),z) = ldy;

@ modified creation axiom (field-state correspondence):
Y(a,z)|0)|,—0 = 7s(a), forany a € V;
@ transfer of action: Y(ha,z) = h,- Y(a,z)forany he Hpr;
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Chiral algebras with '-type singularities

Satisfying the following set of axioms:

@ vacuum axiom: Y(|0),z) = ldy;

@ modified creation axiom (field-state correspondence):
Y(a,z)|0)|,—0 = 7s(a), forany a € V;

@ transfer of action: Y(ha,z) = h,- Y(a,z)forany he Hpr;

@ analytic continuations of arbitrary products exist:
Y(a1,z1)Y(az, 22) ... Y(ak, zx)1 converges in the domain
|z1| > - -+ > |z«| and can be continued to a meromorphic
vector valued function

XZ1 7227.”’2,((&1 RaA. . .®ak) : V®k — W®FF(Z1 y 2o, ... ,Zk)+’zk,

(1)
so that Y(a1 , z1)Y(a2, Zg) . Y(ak, Zk)|0> =
iz1 ,22,...,szz1 ,22,..‘,zk(a1 Da®...Q ak)
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Chiral algebras with '-type singularities

@ braided symmetry:
Xw,z,O(b ®ae C) = Xz,w,O(Rz,w(a & b) & C);
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Chiral algebras with '-type singularities

@ braided symmetry:
Xw,z,O(b ®a®c)= Xz,w,O(Rz,W(a ® b) ® c);

@ completeness with respect to Operator Product
Expansions (OPE’s): Foreach v €T, k € Z, any
a,b,c € V, a, b-homogeneous with respect to the grading
by D, we have

finite

Resz—wXzwo(awbxc)(z—yw) ZW“Y Ve, w)ms(C)
@)

for some homogeneous elements
v,f’, eV, l,f’,. €7z, \/,f,,| < min(k,|T|).

lana I. Anguelova Towards quantum chiral algebras



Chiral algebras with '-type singularities

Classes of examples

@ A chiral algebra of type
(V,V,m;=ldy,Y,T = {1}, R(a® b) = (—1)P@PP)ag b) is
a super vertex algebra.
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Chiral algebras with '-type singularities

Classes of examples

@ A chiral algebra of type
(V,V,ms=ldy,Y,T = {1},R(a® b) = (—1)P(@P®)ax b) is
a super vertex algebra.

@ The chiral algebra of type (V, W, n, Y, T =
{1,e,...,eN""Y R(a® b) = (—1)P@Pb) g b). We call this
particular subclass of chiral algebras "twisted vertex
algebras” (1A). They represent the "baby” examples of what
happens when the OPE singularities form a nontrivial
group. Nevertheless they are interesting because of the
boson-fermion correspondences of types B, C and D,
which are all isomorphisms of twisted vertex algebras.
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Chiral algebras with '-type singularities

@ The deformed chiral algebras (including the deformed
Virasoro chiral algebra) of Reshetikhin and E. Frenkel are
chiral algebras with I'-type singularities, where I is an
integer lattice, and the braiding map is non-trivial.
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Chiral algebras with '-type singularities

@ The deformed chiral algebras (including the deformed
Virasoro chiral algebra) of Reshetikhin and E. Frenkel are
chiral algebras with I'-type singularities, where I is an
integer lattice, and the braiding map is non-trivial.

@ The vertex representations of the quantum affine algebras
can be "described” by chiral algebras with '-type
singularities, where I is an integer lattice, and the braiding
map is non-trivial.
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Chiral algebras with '-type singularities

@ The deformed chiral algebras (including the deformed
Virasoro chiral algebra) of Reshetikhin and E. Frenkel are
chiral algebras with I'-type singularities, where I is an
integer lattice, and the braiding map is non-trivial.

@ The vertex representations of the quantum affine algebras
can be "described” by chiral algebras with '-type
singularities, where I is an integer lattice, and the braiding
map is non-trivial.

Although such a description based on Hp r is possible, we
believe the Hopf algebra Hp 1 should be replaced with
Hp,rq-
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Boson-fermion correspondences and the Lie algebras ass , boc
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

Bosonization and boson-fermion correspondences

Bosonization is the representation of given chiral fields (Fermi
or Bose) via bosonic fields.
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Boson-fermion correspondences and the Lie algebras ass , boo ,
The algebras b , Coo and doo and the bosonizatio
The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

Bosonization and boson-fermion correspondences

Bosonization is the representation of given chiral fields (Fermi

or Bose) via bosonic fields.
The best known instance of bosonization is the boson-fermion

correspondence (of type A),
aka the bosonization of the charged free fermions.
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Boson-fermion correspondences and the Lie algebras ass , boo ,
The algebras b , Coo and doo and the bosonizatio
The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

Bosonization and boson-fermion correspondences

Bosonization is the representation of given chiral fields (Fermi
or Bose) via bosonic fields.

The best known instance of bosonization is the boson-fermion
correspondence (of type A),

aka the bosonization of the charged free fermions.
Fermionization refers to the representation of given fields in
terms of fermionic fields.
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Boson-fermion correspondences and the Lie algebras ass , boo ,
The algebras b , Coo and doo and the bosonizatio
The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

Bosonization and boson-fermion correspondences

Bosonization is the representation of given chiral fields (Fermi
or Bose) via bosonic fields.

The best known instance of bosonization is the boson-fermion
correspondence (of type A),

aka the bosonization of the charged free fermions.
Fermionization refers to the representation of given fields in
terms of fermionic fields.

Boson-fermion correspondences are equivalences between
two chiral field theories (only in two dimensions): one bosonic
and one fermionic. l.e., a boson-fermion correspondence is
(should be) an isomorphism of (twisted, quantum) chiral
algebras.
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Boson-fermion correspondences and the Lie algebras a
The algebras boo, Coo and doo and the bosonizations pf

- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

Bosonization and boson-fermion correspondences:
why do we care?

Applications to many areas, besides chiral algebra theory:
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Boson-fermion correspondences and the Lie algebras a
The algebras boo, Coo and doo and the bosonizations pf

- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

Bosonization and boson-fermion correspondences:
why do we care?

Applications to many areas, besides chiral algebra theory:
@ representation theory
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Boson-fermion correspondences and the Lie algebras a
The algebras boo, Coo and doo and the bosonizations pf

- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

Bosonization and boson-fermion correspondences:
why do we care?

Applications to many areas, besides chiral algebra theory:
@ representation theory
@ integrable systems
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Boson-fermion correspondences and the Lie algebras a
The algebras boo, Coo and doo and the bosonizations pf

- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

Bosonization and boson-fermion correspondences:
why do we care?

Applications to many areas, besides chiral algebra theory:
@ representation theory
@ integrable systems
@ symmetric polynomials
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Boson-fermion correspondences and the Lie algebras a
The algebras boo, Coo and doo and the bosonizations pf

- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

Bosonization and boson-fermion correspondences:
why do we care?

Applications to many areas, besides chiral algebra theory:
@ representation theory
@ integrable systems
@ symmetric polynomials
@ combinatorics
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Boson-fermion correspondences and the Lie algebras as , boo , C.
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

Bosonization and boson-fermion correspondences:
why do we care?

Applications to many areas, besides chiral algebra theory:
@ representation theory
@ integrable systems
@ symmetric polynomials
@ combinatorics
@ many others
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Boson-fermion correspondences and the Lie algebras aso , bso , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

The double infinite-rank algebra a., and the
boson-fermion correspondence of type A

The Lie algebra a.
The Lie algebra a is the Lie algebra of infinite matrices

2 = {(aj)| i,j € Z, aj = 0 for|i — j| > 0}. (3)
As usual denote the elementary matrices by Ej.
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Boson-fermion correspondences and the Lie algebras aso , bso , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

The double infinite-rank algebra a., and the
boson-fermion correspondence of type A

The Lie algebra a.
The Lie algebra a is the Lie algebra of infinite matrices

8 = {(ay)| i,j € Z, aj = 0 for|i — j| > 0}. (3)

As usual denote the elementary matrices by Ej.
The algebra a. is a central extension of a,, by a central
element ¢, a,, = a-, ® Cc, with cocycle given by

C(Av B) = Trace([‘ja A] B)v (4)
where the matrix J = >, Ej. In particular
C(Ej, Ek,) =0 inall other cases.
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Boson-fermion correspondences and the Lie algebras aso , boo , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

The commutation relations in a., are
[Ejj, Exi] = 0jxEif — 0jiExj + C(Ej;, Exr)C.

We can arrange the non-central generators in a generating

series ' '
EA(z,w) =) Ejz 'w. (5)
iJEZ
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Boson-fermion correspondences and the Lie algebras aso , boo , €
The algebras boo, € and doo and the bosonizations pf types B, (
The bosonisation of the single neutral Fock space F boson-fel

Bosonization and the boson-fermion correspondences

The generating series EA(z, w) obeys the relations

EA(z,w) = -EA(w, z)
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Boson-fermion correspondences and the Lie algebras aso , boo , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

The generating series EA(z, w) obeys the relations
EA(z,w) = -EA(w, z)

and

[EA(z1, wy), EA(22, w2)]

= EA(z1, W2)d(22 — w1) — EA (22, w1)d(21 — W)
1 1 1 1

+ Lzy,w lwy,z, C—lzw—-——lwzy
1’221_W2 172W1_22 27122_W1 271W2_Z1
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Boson-fermion correspondences and the Lie algebras aso , bso , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

The generating series EA(z, w) obeys the relations
EA(z,w) = -EA(w, z)

and

[EA(z1, wy), EA(22, w2)]

= EA(z1, w2)0(2zo — wq) — EA (22, wy)3(21 — wp)

n 1 1 c 1 1
[2 Lw. — 0 —lw T
Z1,W221 — Wo wWi,22 Wy — 2o Z2,W1 Zo — Wy W2,24 Wo — Z4
Notation:

: 1 w"

IZ’WZ —w = Z F'

n>0
5 . 1 .
(Z_W)_IZ’Wz_W_IW Zzn-‘ﬂ
nez
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Boson-fermion correspondences and the Lie algebras aso , bso , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

”Factorization problem”

Question: Can we "factorize” the generating series EA(z, w),
i.e., write

EA(z,w) = 1p(2)i(w):

i.e., write the two-variable series EA(z, w) as a "normal ordered
product” of a single-variable generating series ¥ (z2).

lana I. Anguelova Towards quantum chiral algebras



Boson-fermion correspondences and the Lie algebras aso , bso , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

”Factorization problem”

Question: Can we "factorize” the generating series EA(z, w),
i.e., write

EA(z,w) = 1p(2)i(w):

i.e., write the two-variable series EA(z, w) as a "normal ordered
product” of a single-variable generating series ¥ (z2).
Answer: not quite, but we can write

EA(z,w) = v ()0 () :

lana I. Anguelova Towards quantum chiral algebras



Boson-fermion correspondences and the Lie algebras aso , boo , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

From
EA(z,w) = -EA(w, z)

we can see that the single variable generating series (z) are
"fermionic”, i.e., they obey anti-commutation relations:

Since we have two such, ¢*(z),4~(z), each one is fermionic.
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Boson-fermion correspondences and the Lie algebras aso , bso , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

We can then read the anti-commutation relations for the
generating series ¢*(z), 4~ (z) from the commutation relations

for the two-variable series EA(z, w):
{v7(2), v (W)} =0, {v7(2),v"(w)}=
{v"(2), 0" (W)} =47 (2)Y~ (W) + (W)¢+(Z)

1 =d(w—2)

:iz,w +wz
zZ — w-—2

We write this as an Operator Product Expansion (OPE):

1
zZ—Ww

D (2)y (W) ~
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Boson-fermion correspondences and the Lie algebras aso , bso , €

The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

The three stages of bosonization

There are three stages to a bosonization process:

@ Construct a (bosonic) Heisenberg (twisted or untwisted)
field descendant (this is often a fermionization);
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Boson-fermion correspondences and the Lie algebras aso , bso , €

The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

The three stages of bosonization

There are three stages to a bosonization process:

@ Construct a (bosonic) Heisenberg (twisted or untwisted)
field descendant (this is often a fermionization);

@ Decompose the Fock space (the space of states of your
chiral algebra) into irreducible Heisenberg modules;
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Boson-fermion correspondences and the Lie algebras aso , bso , €

The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

The three stages of bosonization

There are three stages to a bosonization process:

@ Construct a (bosonic) Heisenberg (twisted or untwisted)
field descendant (this is often a fermionization);

@ Decompose the Fock space (the space of states of your
chiral algebra) into irreducible Heisenberg modules;

@ Write the original (generating) fields in terms of
(exponential) bosonic fields (lattice vertex operators)
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Boson-fermion correspondences and the Lie algebras aso , bso , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

Charged free fermion—boson correspondence; a.k.a.
type A (l. Frenkel, Date/Jimbo/Kashiwara/Miwa, ..)

The fermion side of the boson-fermion correspondence of type
A is generated by the two nontrivial odd fields—two charged
fermions: the fields ¢ (z) and ¢~ (z) with only nontrivial
operator product expansion (OPE):

1
zZ—Ww

P (2)yT (W) ~ ~ (2T (w), (6)

where the 1 above denotes the identity map /d.
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Boson-fermion correspondences and the Lie algebras aso , bso , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

Charged free fermion—boson correspondence; a.k.a.
type A (l. Frenkel, Date/Jimbo/Kashiwara/Miwa, ..)

The fermion side of the boson-fermion correspondence of type
A is generated by the two nontrivial odd fields—two charged
fermions: the fields ¢ (z) and ¢~ (z) with only nontrivial
operator product expansion (OPE):

1
zZ—Ww

P (2)yT (W) ~ ~ (2T (w), (6)

where the 1 above denotes the identity map /d.
The fields ¢*(z) and ¢~ (z) are indexed as

=0tz (@)=Y vz (@)

neZ neZ
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Boson-fermion correspondences and the Lie algebras aso , bso , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

The modes of the fields ¢ (z) and ¢~ (z) generate a Clifford
algebra Cl, with relations

{w#‘r_h ,(70;} = 5m+n,—1 17 {T/J,—-F, Tr[};;_} = {wl—;a 1[);7‘_} = 0 (8)

This Clifford algebra has a canonical Fock space representation
F,—the fermionic Fock space — which is the highest weight
representation of Cls generated by the vacuum vector |0), so
that ¢;70) = v;,|0) = 0 for n > 0.
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Boson-fermion correspondences and the Lie algebras aso , boo , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

The boson-fermion correspondence of type A is determined by
the images of the generating fields ¢(z) and v(z) under the
correspondence. An essential ingredient is the free boson field

h(z) given by
h(z) = " (2)y~(2): ©9)

This is, in fact, the fermionization of the free bosonic current.
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Boson-fermion correspondences and the Lie algebras aso , bso , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

It follows that the field h(z) = 3" ,,c;, hnz~"~" has OPEs with
itself given by:
1

and so is an untwisted Heisenberg field (i.e., its modes
hn, n € Z, generate a Heisenberg algebra ;). This completes
the first stage of the bosonization.
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Boson-fermion correspondences and the Lie algebras aso , bso , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

It follows that the field h(z) = 3" ,,c;, hnz~"~" has OPEs with
itself given by:
1

and so is an untwisted Heisenberg field (i.e., its modes

hn, n € Z, generate a Heisenberg algebra ;). This completes
the first stage of the bosonization.

The second stage is accomplished by the decomposition

FAg@meZBma Bmg(C[XhXZa""Xn,"']? VmelZ
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Boson-fermion correspondences and the Lie algebras aso , bso , €
The algebras boo, Coc and doo and the bosonizations pf types B, ¢

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

Now we can write the images of the generating fields ¢(z) and
1(z) under the correspondence (the third stage):

$(2) — €4(2), ¥(2) = e,%(2), (11)

where the generating fields e3(z), e,“(z) for the bosonic part
of the correspondence are given by

ea(2) =exp(d %z”) exp(—» %z‘”)e"z‘%, (12)

n>1 n>1
—a — hin n hn —n —a 5, —0q
e (z)_exp(—ZTz)exp(ZFz Je~z % (13)
n>1 n>1
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Boson-fermion correspondences and the Lie algebras as , boo , C.
The algebras boo , Coo @nd doo and the bosonizations of types B, (

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

The three algebras b, G~ and dx are all defined as
subalgebras of a.,, each preserving different bilinear form

(Kac).
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Boson-fermion correspondences and the Lie algebras as , boo , C.
The algebras boo , Coo @nd doo and the bosonizations of types B, (

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

The three algebras b, G~ and dx are all defined as
subalgebras of a.,, each preserving different bilinear form
(Kac).

Question: can one repeat the bosonization process for each of
them, i.e., get boson-fermion correspondences of types B, C
and D?
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Boson-fermion correspondences and the Lie algebras as , boo , C.
The algebras boo , Coo @nd doo and the bosonizations of types B, (

The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

The three algebras b, G~ and dx are all defined as
subalgebras of a.,, each preserving different bilinear form
(Kac).

Question: can one repeat the bosonization process for each of
them, i.e., get boson-fermion correspondences of types B, C
and D?

The answer is yes.
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Boson-fermion correspondences and the Lie algebras as , boo , C.
The algebras boo , Coo @nd doo and the bosonizations of types B, (

- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

The three algebras b, G~ and dx are all defined as
subalgebras of a.,, each preserving different bilinear form
(Kac).

Question: can one repeat the bosonization process for each of
them, i.e., get boson-fermion correspondences of types B, C
and D?

The answer is yes.

Question: what are these boson-fermion correspondences, i.e.,
isomorphisms between what objects?
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Bosonization and the boson-fermion correspondences

The three algebras b, G~ and dx are all defined as
subalgebras of a.,, each preserving different bilinear form
(Kac).

Question: can one repeat the bosonization process for each of
them, i.e., get boson-fermion correspondences of types B, C
and D?

The answer is yes.

Question: what are these boson-fermion correspondences, i.e.,
isomorphisms between what objects?

The answer is isomorphisms of twisted vertex algebras (twisted
chiral algebras).
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The bosonisation of the single neutral Fock space F < 2 : boson-fel

Bosonization and the boson-fermion correspondences

The infinite dimensional Lie algebra b,

The infinite dimensional Lie algebra b, is the subalgebra of a..
consisting of the infinite matrices preserving the bilinear form
B(V,', V/) = (—1)’(5,',,/', i.e.,

b = {(a)) € axc| @y = (—1)" a4} (14)

Denote by b, the central extension of b, by a central element

¢, bso = b @& Cc, where we use C (from (4)) as a cocycle for
b, see (Kac).
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Bosonization and the boson-fermion correspondences

The infinite dimensional Lie algebra b,

The infinite dimensional Lie algebra b, is the subalgebra of a..
consisting of the infinite matrices preserving the bilinear form
B(V,', V/) = (—1)’(5,',,/', i.e.,

b = {(a)) € axc| @y = (—1)" a4} (14)

Denote b_y b, the central extension of ba, by a central element
C, boo = by @ Cc, where we use C (from (4)) as a cocycle for
b, see (Kac). The commutation relations are inherited

(Ejj, Exi] = i Ei — 6jiExj + C(Ejj, Ewr)c.
The generators for the algebra b., can be written as:
{(-1YEi—j— (-1)Ej;, cli,je}.

lana I. Anguelova Towards quantum chiral algebras
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- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

We can arrange the non-central generators in a generating
series

EB(z,w) =) ((-1VEi—j— (-1)E_)Zz'w (15)
ijez

uelova Towards qu
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Bosonization and the boson-fermion correspondences

We can arrange the non-central generators in a generating
series

EB(z,w) =) ((-1VEi—j— (-1)E_)Zz'w (15)
ijez
The generating series EZ(z, w) obeys the relations:
EB(z,w) = -EB(w, 2)
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- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

We can arrange the non-central generators in a generating
series

EB(z,w) =) ((-1VEi—j— (-1)E_)Zz'w (15)
ijer
The generating series EZ(z, w) obeys the relations:
EB(z,w) = -EB(w, 2)
[EB(z1,wy), EB(25, ws)] (16)
= —2E8(z1, wo)3(Wy + 22) + WoEB(21, 22)8(wy + wo)
+ 2EB(wi, wo)216(21 + 22) — WoEB(wy, 22)5(21 + W)

L W1_22i zZ1 — Wo ci W2—Z1I_ Zo — W1
w1,z Z1,W, — Ulw,,z Zo W
12W1—|—221 221+W2 21Z1+W22122—|—W1
, Wy — Wo Z1 — 2o . Wo — Wy . Zo — Z4
— Clw,,w. Iz, .z + Clw,,w Izy,2
1 2W1+W21221+22 21W1+W221Z1+22
(17)
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Bosonization and the boson-fermion correspondences

The infinite dimensional Lie algebra c.,

The infinite dimensional Lie algebra ¢, is the subalgebra of a..
consisting of the infinite matrices preserving the bilinear form
C(V,‘, V/) = (—1)’5,‘}1,/', i.e.,

Coo = {(@j) € 8| @j = (—1)"T"ay_;1_;}. (18)

The algebra c, is a central extension of ¢, by a central
element ¢, ¢, = Cs @ Cc, with C the same cocycle as for a,.,
(4) (see Kac, Wang). The commutation relations in ¢, are
inherited.

The generators for the algebra ¢, can be written as:
{(—1 )jEi,j - (—1)’.E17j,17,', i,j € Z;and c}.
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Bosonization and the boson-fermion correspondences

We arrange the non-central generators in a generating series

EC(zow) =Y (-1VE; — () Erja—)2'wr. (19)

iJEL

The generating series EC(z, w) obeys the relations:
EC(z,w) = +EC(w, 2)
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- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

We arrange the non-central generators in a generating series
EC(z,w) =Y (1VEj— (-1)Eij1-)Z w7 (19)
iJEZ
The generating series EC(z, w) obeys the relations:
EC(z,w) = +EC(w, 2)
[EC(Z17 Wy )7 EC(ZZ’ W2)]
= EC(z1,w)8(22 + wy) — EC(22, wy)d(21 + wa)
— EC(wo, w4)d(z1 + 22) + EC(21, 22)0(wo + wy)
1 1 c_o 1 1 c
Z1 + Wo twi.2 wy + 2o fwe, 21 Wo + Z4 b2z, w1 Zo + Wy

1 c—2 1 1 c
[2 — &l L
Z1+ 2o wy, W2 Wy + Wo 22,24 Zo + 24 Wa, Wi Wo + Wy

+ 2LZ17W2

+ 2LZ1 ,Z2
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Bosonization and the boson-fermion correspondences

The infinite dimensional Lie algebra d,,

The infinite dimensional Lie algebra d.. is the subalgebra of a.
consisting of the infinite matrices preserving the bilinear form
D(V,‘7 V/) = 5,"1_/', i.e.,

o = {(aj) € ax| aj = —ai—j1-i} (20)

Denote by d., the central extension of d., by a central element
¢, ds = ds @ Cc, with C (from (4)) as a cocycle for d.., see
(Kac, Wang). The commutation relations for the elementary
matrices in d,, are inherited.

The generators for the algebra d., can be written as:

{E,”j - E1—j,1—l'7 Ia.l € Z;and C}'
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Bosonization and the boson-fermion correspondences

We can arrange the non-central generators in a generating

series _ _
ED(Z, W) = Z(E,/ — E1,j71,,-)z”1 Wij. (21)

ijez
The generating series EP(z, w) obeys the relations:
EP(z,w) = -EP(w, 2)
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Bosonization and the boson-fermion correspondences

We can arrange the non-central generators in a generating
series _ _
ED(Z, W) = Z(E,‘j— E1,/',1,,')Z/71 w. (21)
ijer
The generating series EP(z, w) obeys the relations:
EP(z,w) = -EP(w, 2)

[EP(z1, W), EP(22, w)]
= ED(Z17 W2)5(22 — W1) — ED(ZQ, 4] )(5(21 — W2)
+ EP(wa, w1)3(21 — 22) — EP (21, 22)5(wy — W)
1 1 1 1
e z1 — W2LW1 2w — 2 ¢ tmw Z; — Wy P2 Wo — Z4
1 1 1 1

— 1 Lwy . W C+ iz z Lwy,w
2172221_Z2 1’2W1—W2 2’121—22 2 1W2—W1
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Bosonization and the boson-fermion correspondences

The twisted neutral fermion—boson correspondence;
a.k.a. type B  (Date/Jimbo/Kashiwara/Miwa; You, IA)

The fermion side is generated by a single (neutral) field
¢B(2) =3 ez #n2", with OPE with itself given by:

#B(2)0B(w) ~ o :, in modes: [¢Z, ¢B]: = 2(—1)"6m _n1.
(22)

Thus the modes generate a Clifford algebra Clg, and the
underlying space of states, which is a highest weight module
for Clg is denoted by Fpg.
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- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

The boson-fermion correspondence of type B is again
determined once we write the image of the generating field
#B(z) under the correspondence. In order to do that, an
essential ingredient is once again the field h(z) given by:

hz) = 3 0°(2)6%(-2): 1) (29)

It follows that this field, which has only odd-indexed modes,
h(z) =3 ey heny1272"1, has OPEs with itself given by:

zw(z% + w?)

22w e

h(z)h(w) ~

and is thus a twisted Heisenberg field.
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- . The bosonisation of the single neutral Fock space F boson-fel
Bosonization and the boson-fermion correspondences

For stage two, we have the decomposition (You):
Fg = By ® By 2.

lanal. A
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- . The bosonisation of the single neutral Fock space F = 2 : boson-fe
Bosonization and the boson-fermion correspondences

For stage two, we have the decomposition (You):

FB = B1/2 @ B1/2.
Now we can write the image of the generating field
¢B(z) — e%(z), which will determine the correspondence of

type B:

h
—2k—1 Z2+1) Mkt 2kt o
= exp E )exp ( E )e”,
k>0k+1/2 k20k+1/2
(25)

The fields eg(z) and eg(—z) = e~ *(z) (observe the symmetry)
generate a resulting twisted vertex algebra:

05(2) = e(z)  ¢°(-2) = e%(~2) = e5°(2) (26)
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Bosonization and the boson-fermion correspondences

The neutral fermion—boson correspondence; a.k.a.
type D (lA)

The fermion side is generated by a single (neutral) field
¢P(2) = X pezi1/2 972~ "1/, with OPEs with itself given by:

$P(2)0°(w) ~ —— . in modes: [65, 68} = i 1. (@)

Thus the modes generate a Clifford algebra Clp, with

underlying space of states, denoted by F®%, the highest weight
representation of Clp with the vacuum vector |0).
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The neutral fermion—boson correspondence; a.k.a.
type D (lA)

The fermion side is generated by a single (neutral) field
¢P(2) = X pezi1/2 972~ "1/, with OPEs with itself given by:

$P(2)0°(w) ~ —— . in modes: [65, 68} = i 1. (@)

Thus the modes generate a Clifford algebra Clp, with
underlying space of states, denoted by F®%, the highest weight
representation of Clp with the vacuum vector |0).

It is important to note that this field generates on its own a
super-vertex algebra F®5, called free neutral fermion vertex
algebra.
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The bosonisation of the single neutral Fock space F© 2 : boson-fe

Bosonization and the boson-fermion correspondences

The boson-fermion correspondence of type D-A is again
determined once we write the image of the generating field
#P(z) under the correspondence. In order to do that, an
essential ingredient is once more the field h(z) given by:

2 P@0(2) = 5 DT %) (28)

h(z) = 5
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Bosonization and the boson-fermion correspondences

The boson-fermion correspondence of type D-A is again
determined once we write the image of the generating field
#P(z) under the correspondence. In order to do that, an
essential ingredient is once more the field h(z) given by:

1 1
h(z) =5 : °(2)0°(~2) = 5 : 62T 16°(2):  (28)
It follows that this field, which due to the symmetry above has
only odd-indexed modes, h(z) = 3", hnz 2", (note the
different indexing), has OPEs with itself given by:

zZwW

h(z)h(w) ~ (Z —wi

(29)
lts modes, h,, n € Z, generate an ordinary, untwisted
Heisenberg algebra 7z, with relations [hAm, hp] = Mdminol,

m, n integers.
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- ) The bosonisation of the single neutral Fock space F* boson-fe
Bosonization and the boson-fermion correspondences

For stage two of the bosonization, we prove that (IA)

F®%@meZBma BmEC[Xth,...,Xn,...], YmecZ
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- ) The bosonisation of the single neutral Fock space F* 2 : boson-fel
Bosonization and the boson-fermion correspondences

For stage two of the bosonization, we prove that (IA)
F®% ®mez, Bm,  Bm = C[X1,Xo, ... Xns...], YMeEL
Observe then that as Heisenberg H7 modules

F®: = F, ie. FP2=F®'  (F4isoften denoted F®7)!
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- ) The bosonisation of the single neutral Fock space F : boson-fel
Bosonization and the boson-fermion correspondences

The image of the generating fields $°(z) a which will determine
the correspondence of type D is given as follows:

oP(2) = e,°(2°) + ze5(2%) (30)

where recall e5(z) and e%(z) were the bosonic (lattice) vertex
operators of type A; e.g.,

h_ h
af 52 n_2n n 2n « 204
e¢ (Z ) = exp(— E —Z )exp( E —Z )e V4 s

n>1 n>1

Note that we can go back in the boson-fermion correspondence
by

0P(2) = €,°(2%) + ze4(2%)  9°(~2) = €,°(°) — z&4(2%)
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Bosonization and the boson-fermion correspondences

Boson-fermion correspondence of type D and order
N e N (lIA, Rehren/Tedesco

The boson fermion correspondence of type D can be
generalized to arbitrary order N € N:
Let e be a N-th order primitive root of unity; Consider the field

h(z)
g N1 ' .
hz)=5 > ¢ 0% 2)¢"(d2) =)z ™ (31)
i=0 nez
Its OPE is Nt Nt
zZNtwhT
h(z)h(w) ~ N w2’ (32)

and thus h(z) is an untwisted Heisenberg field.
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The bosonisation of the single neutral Fock space F® 2 : boson-fe

Bosonization and the boson-fermion correspondences

For the generating fields we have

1 N—-1 1 N—-1 o
e;a Zek 1)1 €W N Zek 1)ITI¢D(W));
i=0 i=0
where
eg,ka(z) _ exp Z —n Nn exp k Z —Nn 1 k+NOq,
n>1 n>1
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Bosonization and the boson-fermion correspondences

Bosonization of type C and 5 — ~ system

The bosonization of type C was also completed, and for N = 2
we prove that as twisted chiral algebras the chiral algebra
generated by the field x(z2)

X(2)= > xaz "2 (33)
nez+1/2
with OPE ]
X(@)X(W) ~ (34)

is isomorphic to the twisted vertex algebra with space of fields
generated by the 5 — v system, but at changed gauge:
FD{B(2%),7(z%); 2}.
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The bosonisation of the single neutral Fock space F© 2 : boson-fe

Bosonization and the boson-fermion correspondences

Bosonization of type C and 5 — ~ system

The bosonization of type C was also completed, and for N = 2
we prove that as twisted chiral algebras the chiral algebra
generated by the field x(z2)

X(2)= > xaz "2 (33)
nez+1/2
with OPE ]
X(@)X(W) ~ (34)

is isomorphic to the twisted vertex algebra with space of fields
generated by the 5 — v system, but at changed gauge:
3D{B(22),7(2%): 2}.

That has interesting consequences: each of those chiral
algebras inherits the structures form the other.
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Bosonization and the boson-fermion correspondences

Thank you.
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