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Tearing :!
fracture path in brittle thin sheets 





Why is it interesting ?

Fracture bending thin sheetsTearing = +

- a situation in real life (applications)	
- very robust (intriguing) behavior	
- challenging 



fracture in thin sheets ::	
 always bending 



Always out-of-plane displacements 

forced in-plane 

tearing x



Approach :

-  Linear Elastic Fracture Mechanics (3D)!
   !

!
 !
! !  !
! !  !
!
 !
! ! ! ! ! ! !  
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Approaches :

-  Linear Elastic Fracture Mechanics (3D)!
   !

!
- Stress intensity factors for plate mechanics !
! ! which plate model? (Zucchini et al 2000, .Zehnder et al 2005…)!
! ! crack path? !
!
- Variational approach in non-linear plate mechanics!
! ! ! ! ! ! ! (Li, Arroyo, Arias )

Griffith crack + crude approximations…



elastic plates :

Bending Stretching 

elastic energy 

Griffith’s criterion!

Energy Release Rate Fracture!
energy



«inextensible fabric» model!
(0th order approximation)

- inextensible!
- infinitely bendable

The sheet is

2D analog of a string

NO ELASTIC ENERGY !

propagation

Energy Release Rate Fracture!
energy



O’Keefe 

Tearing problem
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a configurational force?
(fracture tip has no memory of its path)
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Which direction ?



Which direction ?



Which direction ?



propagation

Which direction ?

Maximum of Energy Release Rate



A

B

Maximum Energy Release rate : bisector
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Maximum Energy Release rate : bisector
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hyperbolae with focal point A,B 
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anisotropic medium open question !

- Principle of local symmetry	
- maximum energy release rate

Maximizes
(fixed loading)

equivalent

possible deviation due to material anisotropy

isotropic medium

direction of fracture?







Propagation as soon as possible:	
«Maximum energy release rate» 



Maximizes
(fixed loading)

i.e. Minimize loading consistent with propagation  

Propagation as soon as possible:	
«Maximum energy release rate» 



Maximizes
(fixed loading)

Palaniswamy et al 	 1978	
Gurtin et al 	 	 1998	
Hakim et al 	 	 2005,2009	
Chambolle et al 	 2009

difficult to check experimentally 
EASIER in thin sheets!



inverse polar plot

used crystal growth (inverse Wulff plot)
also Gurtin et al. 1998



inverse polar plot

sinusoïde line

specific to tearing (not true for regular crack)



sinusoïde line

exterior tangent 

inverse polar plot

specific to tearing (not true for regular crack)
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direction of energy release rate vector:
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We remind that, q = 0 corresponds to propagation along the
Axis 1 which is perpendicular to the extrusion direction that in
this material is parallel to a minor symmetry axis; Axis 2. We
find that the measured fracture energy indeed can be approxi-
mated by Gc(q) = G1 cos2

(q)+G2 sin2
(q) (Fig. 5c) and with

this a smoothed g�1 plot can be built (Fig. 5d).
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Fig. 5 a) The sample dimensions and its orientation with respect to
the material axis and machine direction. b) Trouser test
configuration for the assessment fracture energy Gc(q) as function
of fracture direction q . c) The Polar plot of the fracture energy as a
function of q . Major axis and minor axis (axis 1 and axis 2,
respectively) are indicated. Minor axis resulted parallel to the
”Machine Direction” The solid line is the best fit to the experimental
data with, Gc(q) = G1 cos2

(q)+G2 sin2
(q). Values of

G1 = 6.04kJ/m2 and G2 = 5.29kJ/m2. d) The Wulff’s type diagram
construction leads to graphically find the propagation direction qw,
as the first intersection point (indicated by a circle) and the force
required F , for a given tearing direction at . Alternatively, qw can be
found by the minimization of the distance d(q 0

) with q 0.

Pulling protocol

For the two points pulling experiment two clamps hold the
sample. These points are subsequently pulled apart by
means of motorized micro translation stage (Thorlabs Model
MTS50-Z8). At one clamp a sensitive load cell (Futek Model
LSB200, 10N maximum scale, and USB210 interface) senses
the necessary force for tearing progression (Fig. 1). Sam-
ples were cut in rectangular shapes 200mm width and 250mm
long, a pre-cut defines the initial position of the crack tip as
indicated in Fig. 1.

Computation of tearing force

Experimentally, pulling is performed at constant speed while
the force is simultaneous measured as a function of time.
In order to compare these data with theoretical predictions
from equations 4 and equation 6, the tearing and propagation
angles must be measured as cracks progresses at the same
corresponding time. Since the sheet is deflected during tear-
ing the instantaneous measurement of these angles requires
careful and complicated image analysis. We therefore use
alternative method. Indeed, the crack trajectory at all times
can be obtained from image analysis of the flat sheet after
fracture has finished its progression. These trajectories allow
finding the crack position at a particular time as follow: for
a given time lT (t) = vpt, through an iterative procedure, we
identify the point belonging to the experimental trajectory
satisfying l1(t) + l2(t) = lT (t). With the help of l1(t) and
l2(t), all geometrical quantities, including the instantaneous
tearing vector and propagations angles, f(t), at(t) and q(t),
are easily found by simple geometrical considerations (See
Fig. 3c) and the predicted force calculated directly from
equation 4.

4 RESULTS

Series of experiments are performed by selecting the initial
position of the crack tip close to the focal axis (i.e. the
line joining both pulling points in the flatten sheet diagram).
This condition was selected because preliminary experiments
showed that crack paths deflected more significantly and
pulling force varied more rapidly when crack progressed in
this area of the sheet. Pulling is performed at relatively low
pulling speed, vp = 1mm/s for a distance of about 5cm.

The tearing trajectories

In figure 2a and 2b the experimental trajectories for two dif-
ferent orientations, q0, of the symmetry axis with respect to
the focal axis and various initial positions of the crack along
this axis are presented. Trajectories are extracted from im-
age processing of the flat sheet diagram. For comparisons,
we first neglect the effect of anisotropy of Gc(q), which from
equation 6 implies that cracks should propagate along the per-
pendicular bisector of vectors T̂1 and T̂2 -the pulling vector
~T12- or equivalently, dl1 = dl2. In other words, cracks tra-
jectories in isotropic case are perfect hyperbolas whose focal
points are the pulling points. Experimental trajectories (Fig.
2a and 2b) systematically deviate from this prediction because
a small anisotropy present in real thin sheets slightly deviates
the crack trajectory from being parallel to the tearing vector.
This results in cumulative deviations that increase with crack
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F.Melo, BR, A.Ibarra  submitted

Weakly anisotropic material



pulled apart from each other, so that only forces (no torque)
are applied, (see Fig. 1). What is the magnitude of the force
applied during tearing propagation? and in what direction
does the crack propagate?

x [mm]
0 20 40 60 80 100

y
[m

m
]

-10

0

10

20

30

40

50

60

P10 P20 P30 P40 P50 P60 P70 P80 P90

Exp. Path
Isotropic
Anisotropy,
Wulff Model

Gc(θ)max

Gc(θ)
a

x [mm]
0 20 40 60 80 100

y
[m

m
]

-10

0

10

20

30

40

50

60

P10 P20 P30 P40 P50 P60 P70 P80 P90

Exp. Path
Isotropic
Anisotropy,
Wulff Model

Gc(θ)max

Gc(θ)
b

Fig. 2 Fracture trajectories for distinct positions of the initial crack
as seen in the flat sheet, for constant pulling speed and two
orientations of symmetry axis1 with respect to focal axis, compared
to theoretical predictions. The line joining the pulling points
(located 100mm apart and indicated by bullets) define the focal axis.
a) Symmetry axis 1 oriented parallel to focal point axis, q0 = 0. b)
Symmetry axis 1 oriented at q0 = p/4 with respect to focal axis.

We performed experiments with Bi-Oriented Polypropylene
sheets which are much more homogeneous than paper, lead-
ing to perfectly smooth fracture path. In addition, these sheets
have the advantage of presenting a weakly anisotropic frac-
ture energy with two orthogonal principal axis of symmetry.
With this material we find that the trajectories are very ro-
bust, the direction of propagation only depends on the posi-
tion of the crack tip, and not much on past propagation. As
a result, all experimental tearing path belong to a family of
non-intersecting trajectories (see figure 2). We find that these
trajectories tend to deflect and curve away from the pulling
point which are farther away. The trajectories that are clos-
est to a straight line correspond to those where the fracture tip
C is at equal distance from both pulling point. We also note
that the trajectories are different for different orientation of the

sheets, which expresses the role of the anisotropy of the sheet
(compare figure 2a and 2b).

O’Keefe successfully identified the geometric and energetic
aspects of this problem and pointed out the crucial role of the
material anisotropy8 (due to orientation of paper fibers in his
case). However his derivation was not based on fracture me-
chanics, but on ad hoc assumptions for crack propagation.

Here we show how to derive rigorously a prediction for
the crack path using clearly stated hypothesis7 and fracture
mechanics. In particular, we find that if the material is
isotropic, the fracture path is a hyperbola. Moreover, we
present a general and systematic manner to introduce the ma-
terial anisotropy based on a Wulff’s type diagram. This ap-
proach correctly predicts experimental crack trajectory in the
general case of two pulling points in arbitrary direction, and
also provides a good prediction for the force applied by the
operator for tearing, without any adjusting parameter.

2 GENERAL FRACTURE CRITERION

Fracture Criterion in Anisotropic Materials

Following classical Griffith criterion, a crack propagates in
a generic direction q when the energy released per unit of
fracture surface (the Energy Release Rate G(q)) compen-
sates the energy cost of fracturing the material Gc(q), so that
G(q) = Gc(q). This criterion only relies on energy conserva-
tion and is therefore always valid, but it does not predict the
direction of propagation. An additional criterion should be
used for that purpose. In an isotropic material, and for smooth
propagation, a widely accepted criterion is to assume that frac-
ture propagates in the direction that maximizes the Energy Re-
lease Rate. This ”Maximum Energy Release Rate Criterion” is
equivalent to the Principle of Local Symmetry for continuous
trajectories9,10.

But in the case of an anisotropic material, there is no to-
tal agreement in the literature for the selection of direction
of propagation. There is however a simple and natural gen-
eralization of the Maximum Energy Release Rate criterion :
assuming that the loading is progressively increased, we pos-
tulate that fracture propagates in the first direction which sat-
isfies Griffith’s criterion10–14: cracks propagate in direction q

such that G(q)�Gc(q) or equivalently
G(q)

Gc(q)

is maximal,

together with Griffith’s criterion G(q) = Gc(q).
This can be formulated also as,

G(q) = Gc(q) (1)
dG(q)

dq
=

dGc(q)

dq
(2)
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pulled apart from each other, so that only forces (no torque)
are applied, (see Fig. 1). What is the magnitude of the force
applied during tearing propagation? and in what direction
does the crack propagate?
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Fig. 2 Fracture trajectories for distinct positions of the initial crack
as seen in the flat sheet, for constant pulling speed and two
orientations of symmetry axis1 with respect to focal axis, compared
to theoretical predictions. The line joining the pulling points
(located 100mm apart and indicated by bullets) define the focal axis.
a) Symmetry axis 1 oriented parallel to focal point axis, q0 = 0. b)
Symmetry axis 1 oriented at q0 = p/4 with respect to focal axis.

We performed experiments with Bi-Oriented Polypropylene
sheets which are much more homogeneous than paper, lead-
ing to perfectly smooth fracture path. In addition, these sheets
have the advantage of presenting a weakly anisotropic frac-
ture energy with two orthogonal principal axis of symmetry.
With this material we find that the trajectories are very ro-
bust, the direction of propagation only depends on the posi-
tion of the crack tip, and not much on past propagation. As
a result, all experimental tearing path belong to a family of
non-intersecting trajectories (see figure 2). We find that these
trajectories tend to deflect and curve away from the pulling
point which are farther away. The trajectories that are clos-
est to a straight line correspond to those where the fracture tip
C is at equal distance from both pulling point. We also note
that the trajectories are different for different orientation of the

sheets, which expresses the role of the anisotropy of the sheet
(compare figure 2a and 2b).

O’Keefe successfully identified the geometric and energetic
aspects of this problem and pointed out the crucial role of the
material anisotropy8 (due to orientation of paper fibers in his
case). However his derivation was not based on fracture me-
chanics, but on ad hoc assumptions for crack propagation.

Here we show how to derive rigorously a prediction for
the crack path using clearly stated hypothesis7 and fracture
mechanics. In particular, we find that if the material is
isotropic, the fracture path is a hyperbola. Moreover, we
present a general and systematic manner to introduce the ma-
terial anisotropy based on a Wulff’s type diagram. This ap-
proach correctly predicts experimental crack trajectory in the
general case of two pulling points in arbitrary direction, and
also provides a good prediction for the force applied by the
operator for tearing, without any adjusting parameter.

2 GENERAL FRACTURE CRITERION

Fracture Criterion in Anisotropic Materials

Following classical Griffith criterion, a crack propagates in
a generic direction q when the energy released per unit of
fracture surface (the Energy Release Rate G(q)) compen-
sates the energy cost of fracturing the material Gc(q), so that
G(q) = Gc(q). This criterion only relies on energy conserva-
tion and is therefore always valid, but it does not predict the
direction of propagation. An additional criterion should be
used for that purpose. In an isotropic material, and for smooth
propagation, a widely accepted criterion is to assume that frac-
ture propagates in the direction that maximizes the Energy Re-
lease Rate. This ”Maximum Energy Release Rate Criterion” is
equivalent to the Principle of Local Symmetry for continuous
trajectories9,10.

But in the case of an anisotropic material, there is no to-
tal agreement in the literature for the selection of direction
of propagation. There is however a simple and natural gen-
eralization of the Maximum Energy Release Rate criterion :
assuming that the loading is progressively increased, we pos-
tulate that fracture propagates in the first direction which sat-
isfies Griffith’s criterion10–14: cracks propagate in direction q

such that G(q)�Gc(q) or equivalently
G(q)

Gc(q)

is maximal,

together with Griffith’s criterion G(q) = Gc(q).
This can be formulated also as,

G(q) = Gc(q) (1)
dG(q)

dq
=

dGc(q)

dq
(2)
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(a) (b) 

Figure 5. Systematic dependence of crack propagation (red segments) with material orientation (black seg-
ments), represented as a rosace with the convention of the previous figure (a). The polar plot of the reciprocal
surface energy is represented in (b) and color coded depending on whether a given orientation is ever
observed (black) or not (red) as we continuously rotate the material orientation. The inset shows that there
are observed crack directions within the convex-hull of the polar plot. The region of observed cracks appears
to correspond with the region of positive surface energy stiffness S.!/ (positive curvature of the polar plot)

(Equation (25)).

Figure 6. Example 2: crack propagation guided along a forbidden direction. (a) Computational model with
boundary conditions. The displacement field at top and bottom bands is fully constrained. (b) Zigzag crack
path obtained when the crack is guided along a forbidden direction. (c) The polar plot of the reciprocal

surface energy and the double-tangent construction.

4.2. Example 2: Zigzag crack paths

In the presence of strong surface energy anisotropy, we analyze now how a crack propagates when
the boundary conditions constrain the crack propagation along a forbidden direction. In the present
example, we fully constrain the displacement field in the upper and lower bands of the domain

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2015; 102:711–727
DOI: 10.1002/nme
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1.0 m

u

1.0 m

y Fixed material
direction

(b)(a)

x
u

Figure 3. Example 1: geometry and boundary condition (a) and polar plot of the reciprocal surface energy
(b), exhibiting strong anisotropy. The green arrow indicates a fixed material direction (one of the weakest

directions), and ˛ denotes the angle between the fixed material direction and the x-axis.

simulations has cubic symmetry and strongly anisotropic fracture surface energy. The surface energy
parameters

! NGc D 500:0 N/m; !11 D 19:0; !12 D !18:0; !44 D 0:5
"

are chosen so that the max-
imum and minimum of Gc."/ are 1157.5 and 707.1 N/m, respectively. The model is discretized
with 200 " 200 uniformly distributed control points and the regularized length scale parameter #
is set to 0.01 m. Fixing # D 0:01 m, we observe no dependence of the results when the mesh is
refined. The polar plot of the reciprocal surface energy is shown in Figure 3(b), where ˛ denotes the
angle between a fixed material direction and the x-axis. For materials with isotropic surface energy,
the symmetry of the surface energy and of the boundary conditions imposes a crack propagation
along the x-axis. In contrast, for a material with anisotropic surface energy, the crack path will
emerge from a competition between elastic energy release rate maximization and surface energy
minimization and therefore will in general deviate from the x direction.

We analyze next how the crack direction changes as we change the material orientation. When the
fixed material direction represented by the green arrow, a weak direction, coincides with the x-axis,
the crack will propagate along this axis (Figure 4(a) and (b)). This situation is schematically shown
in Figure 4(c), where the black line, representing material orientation, and red line, representing the
crack propagation direction, are collinear. When the fixed material direction is rotated clockwise by
an angle ˛ (˛ 6 45ı) with respect to the x-axis, the crack orientation also rotates clockwise by an
angle " relative to the x-axis (Figure 4(d) and (e)). The schematic representation of this situation
is shown in Figure 4(f). The sum of these signed angles ˛ C " , that is, the deviation of the red
segment from the horizontal, quantifies the crack deviation from the weakest material direction.
When the fixed material direction is further rotated clockwise (˛ > 45ı), the crack no longer follows
the clockwise rotation of the material but rather finds an energetically favorable configuration by
rotating counter-clockwise by a smaller amount (Figure 4(g–i)). Following the analogy of Wulff’s
construction [7], this behavior can be understood by noting that the preferred crack direction is given
by the first tangency point of the polar plots in Figure 4(b, e, and h) with a vertical line moving
leftwards toward the polar plot. Because this analogy is only an approximation in the present setting,
the red points denoting the actual crack orientations slightly deviate from the tangency points just
described.

We analyze next the systematic dependence of the crack propagation direction as a function
of material orientation and visualize it with the previously introduced schematic representation
as a rosace plot in Figure 5(a). This figure clearly highlights the four sectors of forbidden crack
directions, as in the experiments in [7]. The polar plot of the reciprocal surface energy is shown
in Figure 5(b), where the black line indicates the directions of observed cracks and the red line
indicates the crack directions never observed as we continuously rotate the material orientation.
The gray line is the double-tangent construction forming the convex-hull of the plot, as in the

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2015; 102:711–727
DOI: 10.1002/nme

Phase-field approach (in-plane fracture)

B.Li, et al(2015)

symmetric opening mode

Does the construction apply in this case ? 

Forbidden direction observed in tearing

displaced with imposed pulling speed 50 mm=min , and
the corresponding force is monitored with a load cell with a
resolution of 0.6 mN. As the tabs are pulled apart, the crack
propagates along a straight path, in direction !. For an
isotropic material [21], the symmetry of the system imposes
a propagation in the direction of tearing (! ¼ "). This
symmetry is broken in the case of an anisotropic material.
For a material with weak anisotropy (material A), small
deviations !" " are indeed observed [Fig. 2(a)], while the
propagation angle ! still spans all possible directions. In
addition, we observe eight specific directions where ! ¼ ".
Conversely, in a strongly anisotropic material (material B),
four angular sectors are missing [Fig. 2(b)].

To interpret these results, we consider the sheet as inex-
tensible and neglect the bending energy involved in the
folds that develop from pulling (see Supplemental Material
for justification [22]). The energy release-rate G therefore
reduces to the rate of work per unit of surface created,
Gð!Þtds ¼ Fdy, where t is the thickness of the sheet and
F the force applied as the crack advances by ds. Since
geometry imposes dy ¼ 2 cosð!" "Þds, we obtain

Gð!Þ ¼ 2ðF=tÞ cosð!" "Þ: (3)

Note that Gð!Þ is independent of the (possibly anisotropic)
elastic properties of the material. Our configuration
thus provides a convenient test for bidimensional geome-
tries, where only anisotropy in fracture energy is consid-
ered, in contrast with previous studies in anisotropic bulk
fracture [23].
We use a simple graphical construction to predict the

direction of propagation ! for the tearing orientation "
according to Eqs. (1)–(3). We plot in polar coordinates
1=Gcð!Þ, which we refer to as the G"1

c curve, and
1=Gð!Þ ¼ ½2ðF=tÞ cosð!" "Þ&"1, which corresponds to a
straight line oriented along the direction "þ #=2, at a
distance t=2F from the origin (see Fig. 3). As F increases,
this line comes closer to the origin, keeping its orientation.
Griffith’s criterion (1) is satisfied at any intersection of the
line with the G"1

c curve. According to the maximization
criterion (2), propagation occurs at the first intersection
(the tangent), defining the tearing force and the direction of
propagation.
In the case of an isotropic material, the G"1

c curve is a
circle [Fig. 3(a)], and the propagation follows the direction
of tearing ! ¼ ". In contrast, when anisotropy is present,
the G"1

c curve is noncircular, and the following three
different situations may occur: (i) If the curve is locally
smooth, the tangential contact point gives, in general, a
propagation along a direction !!". The crack is deflected
towards a direction of lower fracture energy. (ii) If the G"1

c

curve exhibits a cusp [Fig. 3(c)], the corresponding fracture
direction !f will be selected for a finite range of loading
orientations "" < "< "þ. This situation is reminiscent
of cleavage planes in crystals [23–25]. (iii) If the G"1

c

curve is locally nonconvex, a finite jump in the direction
of propagation !ð"Þ is observed as" is varied continuously
[Fig. 3(d)]. As a result, the directions !" < !< !þ cannot
be selected through the trouser-test method and will cor-
respond to forbidden angles. The bounding angles !" and
!þ are readily determined with a double-tangent construc-
tion, as in classical Maxwell construction.
A similar geometrical construction, referred to as

Wulff’s plot, is used to predict the equilibrium shape of
a crystal with an anisotropic surface tension $ð!Þ [26,27]
The polar curve 1=$ð!Þ is denoted as the $"1 curve. In this
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FIG. 2 (color online). Tearing of (a) weakly (material A) and
(b) strongly anisotropic sheets (material B), where missing
directions are evidenced. The direction of propagation ! (in
colored thick lines) when tearing in direction " (thin and dashed
lines) is represented in a rosace. Color codes indicate the
amplitude of deflection j!" "j.
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FIG. 1 (color online). Trouser-test experiment. (a) Sample
with a starting cut of orientation ". The arrow indicates the
sheet axis. (b) The fracture propagates for an applied force F
with a deflection angle !" ". (c) Guided strip experiment
(reinforcement in yellow).
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FIG. 3 (color online). Geometrical representation of the global
criterion for fracture propagation [Eqs. (1) and (2)]. The crack
propagates at the first intersection of the parallel (black) lines
(representing G) with the G"1

c curve (in red). (a) Isotropic case,
the arrow indicates increasing force; (b) weakly anisotropic case;
(c) singular anisotropy leading to facet; (d) anisotropy leading to
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Figure 4 The angle of tearing for experiments with three different materials.
In our experiments, we used M50 (B= (3.0±0.1)⇥10�5 Nm, � t= 0.6±0.1N),
M70 (B= (5.5±0.1)⇥10�5 Nm, � t= 1.5±0.1N) and M90
(B= (1.5±0.1)⇥10�4 Nm, � t= 1.9±0.1N). a, The angle of tearing versus
4B/� th. The variation of the angle and average distance h is produced by changing
the substrate and varying the pulling speed. The red line shows the theoretical
prediction. The error bars show the uncertainty obtained from the estimated error of
each parameter. b, The angle of tearing versus (2B⇤ )1/2/⇥� t.

elastic energy available for fracture can be easily obtained. It yields
UE = 4BW/h, where B is the bending sti�ness and h is the distance
of the flap from the solid wall (Fig. 2a). Equation (5) is now

sin⇤ = 4B

� th
. (6)

Figure 4a shows that our experiments confirm this relation.
Furthermore, because we find the tear angle to be constant in our
experiments (triangular tear shapes), this relation implies that h is
a constant, throughout the tearing process. This prediction can be
confirmed in Fig. 5, inset where the distance h is shown for two
tears made at di�erent speeds for the same material. It can also be
directly observed in the Supplementary Information video.

So far, we have shown that relations (4) and (5) are satisfied by
our experiments. It remains to be explained why these equations
imply that the fracture trajectories are straight lines. Relations
(4) and (5) are a closed system of equations for the fracture
trajectory because the force is given by the constitutive relation

Figure 5 Value of the parameter ⌘ extracted from the experiments. The
combination (F/4BW )1/2 as a function of the inverse of the distance h (both in
mm�1). The experiments were carried out for M50, M70 and M90 by using the same
speeds and substrates as the experiments in Fig. 3. The straight solid line with a
slope ⇥ ⌅ 0.55 is the best fit for all of the experimental points and the dashed lines
show the error bounds of our estimate (see the Methods section for details). The
inset gives the distance h as a function of width W for two representative
experiments with M70 adhered to the same substrate, but at the speeds
⌅ = 0.28mms�1 (rectangles) and ⌅ = 4.48mms�1 (stars). The distance h is
approximately a constant for each experimental run. Thus, the variation in the
distance h in the main figure is obtained from using different substrates and
pulling speeds.

F = (⌃x UE)W ,⌥ = 4⇥2BW/h2 where ⇥2 = �⌃x h. This relation is
consistent with the force measurements shown in Fig. 5, but with a
lower value of ⇥ than the value ⇥ = 1 expected for a perfectly elastic
strip (see the Methods section for details). Equation (4) is now

4⇥2 BW

h2
= ⌅

W

2
+� t cos⇤. (7)

Assuming that ⇥ is a constant parameter, equations (6) and (7) can
be combined into a first-order di�erential equation for W (⌥) that
determines the fracture trajectory. Instead of solving this equation,
we observe that for large values of W , the last term in equation (7)
is negligible. Hence, the distance h must have the constant value
h = 2⇥(2B/⌅)1/2. It shows that a larger pulling speed increases
the adhesion energy, makes the fold joining the crack tips smaller
(h decreases, see Fig. 5, inset), and, following equation (6), the tears
shorter. This relation in equation (6) yields

sin⇤ = (2B⌅)1/2

⇥� t
. (8)

Thus, the trajectories are straight lines with a tear angle determined
by three material constants. With the value of the parameter
⇥ = 0.55 ± 0.15 extracted from Fig. 5 and the measured values
of the material constants B, ⌅ and � t , we plot all of our data
in Fig. 4b using equation (8). Note that the larger error bars of
Fig. 4b compared with the ones in Fig. 4a are due mainly to our
conservative estimate for the error of ⇥ (for details, see the Methods
section). We finally comment that equation (8) is no longer valid
when the flap width is so small that adhesion energy is comparable
to the fracture force. The conditions for this to happen are given in
the Supplementary Information.

We close by pointing out that the formalism we have developed
can be used to investigate the mechanical properties of thin
adhesive films. As thickness is reduced owing to new technologies,
traditional methods used to measure mechanical properties of a
material in bulk form are not applicable. For instance, a simple
uniaxial test applied to a specimen to study its elastic and fracture

4 nature materials ADVANCE ONLINE PUBLICATION www.nature.com/naturematerials
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to the way we prepare it. However, after some distance of pulling, the skin thickness decreases
and reaches a constant value of t ⇤ 80µm. Once the skin reaches this constant thickness, we
deduced the e�ective adhesion from direct measurement of the pulling force. Our experiments
gave ⌃ ⇤ 80 N/m when the flap was pulled at a speed v ⇤ 5 mm/s.

(b)(a)

Supplementary Fig. 2: Tears in tomato skin a, A 1 cm wide rectangular flap made along the equator of a

tomato skin and pulled leaves triangular tears. Here the tomato was painted white before cutting the flap to better show the

tear shape. b, The figure shows a tomato after a rectangular strip 1 cm wide was peeled from the equator. The narrowing

process is avoided by cutting two parallel lines before pulling the flap. The strip of tomato skin is displayed beside it.

It is also easy to obtain the fracture force of the tomato skin by using the same rectangular
strips detached from the fruit. We hung a strip vertically and cut a smaller flap of 5 mm that
was pulled downwards by increasing weights until the tearing process started. This experiment
gave a lower bound for the fracture force due to the deviation of the crack trajectories from their
initial parallel directions (see equation (4)). It yielded a value �t ⇤ 8⇥ 10�2 N. Thus, the work
of fracture is � ⇤ 102 N/m. This value can be compared with the experimental value reported
in ref. 20 for tomato skin that is ten times smaller. This di�erence is not unusual in fracture
mechanics when two tests use di�erent modes of crack displacement. Reference 20 uses a tensile
mode test while our method uses a tearing mode to fracture the surface.

It is much more di⇤cult to measure bending sti�ness. A strip of tomato skin has some
natural curvature and must be hydrated while testing it. The setup described in the Methods
section is di⇤cult to implement in this case. On the other hand, our formula predicts a bending
sti�ness B = (⇥�t sin ⇤)2/2⌃ ⇤ 4⇥ 10�6 J. Assuming that tomato skin is nearly isotropic22 and
has a Poisson ratio ⇧ = 1/2, we conclude that the Young modulus is given by the formula B =
Et3/12(1� ⇧2) (see ref. 13). It gives E ⇤ 70 MPa. The reported values for the Young modulus
of tomato skin ranging from 5 MPa to 50 MPa in ref. 20 are consistent with our estimation.
However, the comparison should be taken with some caution since there are variations in the
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presence of a substrate, have not been investigated.
Furthermore, little is known about the loading conditions that
lead to specific edge types produced by tearing and fracture of
graphene. Understanding these issues is, however, critical for
the development of manufacturing approaches to produce
functional graphene nanostructures with defined geometries
and edge characteristics. A bottom-up atomistic approach is
crucial if the experimental observations shown in Figure 1b–d
are to be explained as it can provide a fundamental perspective
of the material properties of graphene that incorporates
chemical effects associated with bond stretching and breaking,
as well as the capacity to reveal the tearing mechanisms of
materials at much larger scales of tens of nanometers.[24–29] In
this Full Paper, we report a systematic atomistic simulation
study using the first-principles-based reactive force field
ReaxFF[30] to elucidate the fundamental fracture mechanical
properties of graphene under tearing loading, as shown in
Figure 1a, mimicking the loading conditions used in our
experiments (Figure 1b–d). The first-principles-based ReaxFF
force fieldhas been shown toprovide an accurate account of the
chemical and mechanical behavior of hydrocarbons, graphite,
diamond, carbon nanotubes, and other carbon nanostruc-
tures,[31–33] while it is capable of treating
hundreds of thousands of atoms with near-
quantum-chemical accuracy.

In our simulations, two parallel crack
notcheswere initially created ina single large
graphene sheet (witha sizeof 200 Å! 175 Å)
adhered to a substrate and the edge of the
flap connecting the tears was lifted, bent
back, andpulledataconstantvelocity in they
direction to mimic the experimental tearing
load. We focused our study on the depen-
dence of the tearing process on, firstly, the
adhesion strength between graphene and a
substrate and, secondly, on the number of
layers torn. These layers are arranged in the
graphite Bernal A–B stacking. For all
conditions considered here, we present a
detailed analysis of the atomistic-level
mechanisms and their respective relation-
ship to the macroscopically observed tear
angle. Further details of the experimental
and computational protocols are provided in
the Experimental Section.

2. Results and Discussion

We begin our analysis by focusing on the
shape of the tearing path under varying
adhesion strength by carrying out a series of
computational experiments. Generally, we
find that thewidthof the ridge joining the two
crack tips at either end of the tear narrows as
tearing progresses through the material for
all adhesive strengths considered. As shown
in Figure 2, the narrowing of the torn-
graphene ridge leads to the formation of

tapered tears, in direct agreement with the findings revealed in
our experiments (Figure 1b–d). We find that the shape of the
resulting tear is a function of the strength of adhesion.
Figure 2a–c shows snapshots of the tearing geometry for
increasing adhesion strength. We find that the tear edges are
composed of a combination of armchair and zigzag edges,
reflecting the discrete nature of the underlying 2D atomic
lattice. An average angle of tearing (marked as u in Figure 1a)
can bemeasured by plotting the width of the tear ridge,W, as a
function of the length torn, L, and by fitting a linear
relationship, as presented in Figure 2d.

The observed narrowing of the torn section at all adhesive
strengths is also predicted by continuum theory, where it has
been developed for and applied to tearing of macroscopic
adhesive films.[21] This existing model is based on considering
anenergybalancebetween thereleaseofbendingelasticenergy
(due to the advancement of the crack tips) and the narrowing
of the tear ridge. By formalizing this energy balance, this
macroscale continuum theory predicts that

sin
u

2
/ Dtð Þ1=2

gt
(1)

full papers M. J. Buehler et al.

Figure 2. Molecular dynamics simulation results of graphene tearing. a–c) Structure of torn
nanoribbonsatdifferentadhesionstrengths(substratenotshownforclarity).d)Variationof the
widthof the ridge(W)with the lengthof theflapfromthe initialposition (L) fordifferentadhesion
strengths (see legend). Linear fits aremade to all curves to obtain the average rate of changeof
the width with respect to height and thus the average angle of tearing.
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applied to conventional materials. On the other hand, the
elucidation of the mechanical properties of graphene presents
an exciting opportunity that could have a profound impact
in advancing our fundamental understanding of 2D atomic
crystals. For example,many conventionalmethods of graphene
manufacture involve mechanical processes that induce large
deformations or breaking of covalent bonds. For example, a
widely used technique for exfoliation of few- and mono-layer
graphene is based on tearing off graphene layers using adhesive
tape.[1,2] Another technique is based on epitaxial deposition of
graphene on a crystal, followed by removal of the underlying
substrate.[14,15] In both approaches, the tearing of graphene
sheets from graphite or other substrates is used to obtain free-
standing sheets or narrow ribbons through the application of
mechanical loading, as shown schematically in Figure 1a.Other
methods to manufacture graphene nanoribbons[9,10,16–19] and
graphene oxide nanoribbons[20] also involve large deforma-
tions and fracture in graphene sheets. Despite the broad
application of these graphene manufacturing approaches, the
fundamental mechanisms of large deformation and tearing
mechanisms of graphene remain unknown.

To provide insight into the mechanisms of graphene under
tear loading, we carried out a series of experiments that

reveal that ribbon-like structures are formed, as displayed in
Figures 1b–d. Notably, the graphene ribbons produced using
this technique consistently result in a tapered geometry, where
the angles of tear are found to depend on the substrate used as
well as on the number of layers torn.While the tapered ribbons
observed in our tearing experiments are reminiscent of
macroscopic triangular tears obtained during peeling of
adhesive films (such as Scotch tape) from substrates,[21] the
formation of tapered graphene ribbons remains unexplained as
of today. Specifically, the dimensions and adhesion strengths in
graphene are greatly different from the conditions described in
macroscale tearing experiments and associatedmodels.[21]As a
result, conventional continuum theory cannot be applied to
explain the tearing phenomena in graphene. The mechanisms
behind the formation of tapered nanostructures, the specific
angles observed, the effect of the underlying discrete atomic
lattice, the influence of the 2D nature of the graphene sheet, as
well as the influence of geometric parameters such as the
number of graphene layers torn remain unknown.

Earlier studies on graphenemechanics have focused on the
absence of extensive plastic deformation under loading.[8,22,23]

However, the generation and role of defects on the fracture
mechanism of this 2D material, as well as the effect of the

Tearing Graphene Sheets From Adhesive Substrates

Figure 1. Overall geometry of the tearing setup and experimental results of peeling. a) Schematic diagram of the setup for the tearing studies of
graphene: side and top views; the inset shows the sheet orientation. An initial flap of 80 Å in width is cut in the sheet, folded back, and moved at a
constant speed. Typical graphene flakes obtained by micromechanical cleavage:[9,10] b) monolayer graphene on SiO2 (total width of the panel:
150mm); c) bilayer graphene on SiO2 (total width of the panel: 150mm); d) monolayer graphene on PMMA (total width of the panel: 20mm). Circled
numbers:1¼monolayergraphene,2¼ bilayergraphene,3¼SiO2,4¼ foldedbilayergraphene(2þ 2layers),5¼PMMA. In theexperimentalstudies,
a thick (1–100nm)flakewasdepositedfirst,whichwas then tornoff, leavingmonolayer or bilayer graphenewith characteristicwedge-like tears.Note
that, although it is difficult to obtain proper statistics of the tearing angle (due to low reproducibility of the experiments, which depend on many
parameters, likecleannessof thesubstrate, tearingdirection,etc.), thegeneral trendisrepresentedwell inthefigure.Specifically, thetearinganglesfor
bilayergraphenearegenerally largerthanformonolayers–comparetheangles inpanels(b)and(c)–andalsolarger forgraphenetornoff fromrelatively
highly adhesive substrates (such as PMMA) compared with low-adhesion substrates (such as SiO2) – compare the angles in panel (d) with those in
panels (b) and (c).
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Conclusion:
- applications !
- rich, reproducible fracture paths !
- a 0th-order (non-linear) framework

— good test for theory!
— lab for fracture mechanics !
! ! (anisotropy. dynamics?)!
! ! and for teaching?

Questions for you: 

- proper justification of model          (and its limits).  3D? memory?!
- often not sufficient.  a better set of approximations? (VA)

proper justification of model          (and its limits).  3D? memory?

a lot to be done…B.Roman Int. J.Frac. 2013
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