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Motivation: Interface Problems and Immersed Boundary Method (FE)

Interface Problem

Figure: Domain Ω = Ω+ ∪ Ω− ∪ Γ.
Smooth Interface Γ.

Consider the problem

ρ±∆u± = f± in Ω±

u = 0 on ∂Ω

[ρ∇u · n] = β on Γ

[u] = α on Γ

We denote

[ρ∇u · n] = ρ+∇u+ ·n++ρ−∇u− ·n−, [u] = u+−u−

n±: normal vector pointing outwards Ω±
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Figure: Domain Ω = Ω+ ∪ Ω− ∪ Γ.
Smooth Interface Γ.

Consider the problem

∆u± = f± in Ω±

u = 0 on ∂Ω

[∇u · n] = β on Γ

[u] = 0 on Γ

We denote

[∇u · n] = ∇u+ · n+ +∇u− · n−, [u] = u+ − u−

n±: normal vector pointing outwards Ω±
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Motivation: Interface Problems and Immersed Boundary Method (FE)

Stationary Immersed Boundary Problem

Figure: Domain Ω = Ω+ ∪ Ω− ∪ Γ.
Smooth Interface Γ.

Consider the problem

∆u = f + g in Ω

u = 0 on ∂Ω

g(x) =

∫ A

0
β(s)δ(x−X(s))ds, x ∈ Ω

δ(x): Dirac delta function
X: parametrization over [0,A] of curve Γ

J. Thomas Beale and Anita T. Layton.

On the accuracy of finite difference methods for elliptic problems with interfaces.
Commun. Appl. Math. Comput. Sci., 1:91–119 (electronic), 2006

Yoichiro Mori.

Convergence proof of the velocity field for a Stokes flow immersed boundary method.
Comm. Pure Appl. Math., 61(9):1213–1263, 2008.
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Motivation: Interface Problems and Immersed Boundary Method (FE)

Immersed Boundary Method (IBM)

IBM is a finite difference method developed by Peskin (1977), as a com-
putational tool to investigate blood flow in the presence of cardiac valves

Some properties:

• Discrete approximation δh(x) of the Dirac delta function δ(x)

• Application in problems with fluid-structure interaction

• Beale and Layton (2006) proved error estimates for the Poisson equations

• Mori (2007) proved error estimates for the stationary Stokes equations

• Boffi and Gastaldi (2004) introduced a finite element approach to IBM

• IBM and FE-IBM are only first order accurate near the interface

Charles S. Peskin.

Numerical analysis of blood flow in the heart.
J. Computational Phys., 25(3):220–252, 1977.
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Motivation: Interface Problems and Immersed Boundary Method (FE)

Finite element approach to IBM

Figure: Domain Ω = Ω+ ∪ Ω− ∪ Γ.
Smooth Interface Γ.

Difficulties:
• Mesh non aligned with the

interface

• Regularity of the solution

Daniele Boffi and Lucia Gastaldi.

A finite element approach for the immersed boundary method.
Comput. & Structures, 81(8-11):491–501, 2003.
In honour of Klaus-Jürgen Bathe.
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Motivation: Interface Problems and Immersed Boundary Method (FE)

Finite element formulation

Find uh ∈ Vh such that∫
Ω

∇uh · ∇vdx =

∫
Ω

fvdx +

∫
Γ

β(s)v(X(s))ds, ∀v ∈ Vh

Vh: finite element space of continuous piecewise polynomials

• This can be seen as the finite element approach of IBM for Poisson equations

• By means of the variational formulation the delta function is replaced by an
integral along the interface

• The method is formulated for a mesh independent of the interface (not matching)

• An important feature is that the left-hand side is not affected by the interface
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Motivation: Interface Problems and Immersed Boundary Method (FE)

Numerical test FE-IBM
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h ‖eN
h ‖L2 r ‖∇eN

h ‖L2 r ‖eN
h ‖L∞ r ‖∇eN

h ‖L∞ r

1.8e-1 1.02e-1 4.71e-1 1.63e-1 7.01e-1
8.8e-2 1.57e-2 2.70 1.38e-1 1.78 4.09e-2 2.00 3.26e-1 1.10
4.4e-2 6.72e-3 1.22 1.30e-1 0.09 2.85e-2 0.52 5.48e-1 -0.75
2.2e-2 2.02e-3 1.74 7.88e-2 0.72 1.07e-2 1.42 5.87e-1 -0.10
1.1e-2 7.65e-4 1.40 6.16e-2 0.36 7.24e-3 0.56 6.24e-1 -0.09
5.5e-3 2.71e-4 1.50 4.27e-2 0.53 4.39e-3 0.72 6.24e-1 0.00
2.8e-3 9.09e-5 1.58 2.83e-2 0.59 2.04e-3 1.11 7.80e-1 -0.32
1.4e-3 3.53e-5 1.36 2.24e-2 0.34 1.38e-3 0.57 8.78e-1 -0.17

Table: L2 and L∞ errors of the approximate solution by FE-IBM, on a non-uniform grid.
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Motivation: Interface Problems and Immersed Boundary Method (FE)

Convergence

Theorem Suppose that Ω is a rectangle and assume that u
solves the interface problem with the Dirichlet boundary condi-
tions replaced with periodic boundary conditions. Let uh be its
FE-IBM approximation. Let z ∈ Ω and let d = dist(z,Γ) ≥ κh
for a sufficiently large fixed constant κ. Furthermore, suppose
dist(Γ, ∂Ω) > d. Then, we have

|∇(Ihu− uh)(z)| ≤ Ch(log(1/h)
h
d2 + 1)(‖u‖C2(Ω−) + ‖u‖C2(Ω+)),

where C depends only on the quasi-uniformity of the mesh.
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A simple interface problem Higher-order finite element methods

Interface Problem

Figure: Domain Ω = Ω+ ∪ Ω− ∪ Γ.
Smooth Interface Γ.

Consider the problem

∆u± = f± in Ω±

u = 0 on ∂Ω

[∇u · n] = β on Γ

[u] = 0 on Γ

Motivation: Implementation of more general prob-
lems as Stokes (Navier-Stokes) equations

Objective: Develop finite element methods with
piecewise polynomials of order k
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A simple interface problem Higher-order finite element methods

Finite element method

Figure: Domain Ω = Ω+ ∪ Ω− ∪ Γ. Smooth Interface Γ.

Find uh ∈ Vh, such that∫
Ω
∇uh · ∇v dx =

∫
Ω

fv dx +

∫
Γ
βv ds−

∑
T∈T Γ

h

(∫
T−
∇wu

T · ∇v dx +

∫
T+
∇wu

T · ∇v dx
)

for all v ∈ Vh, where wu
T is a correction function
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A simple interface problem Higher-order finite element methods

Construction correction function

Define the local space for T ∈ T Γ
h

Sk(T) =
{

w ∈ L2(T) : w|T± ∈ Pk(T±)
}
.

[
Dk−`
η wu

T(x`,Ti )
]

=
[

Dk−`
η u(x`,Ti )

]
for 0 ≤ i ≤ ` and 0 ≤ ` ≤ k,{

(wu
T)−(θ) = 0, if θ ∈ Ω− ∪ Γ;

(wu
T)+(θ) = 0, if θ ∈ Ω+.

for all degree k Lagrange points θ of T.
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A simple interface problem Higher-order finite element methods

Remark

Define the bilinear form and the functional

a(u, v) =
∑
T∈Th

∫
T
∇u · ∇v dx, F(v) =

∫
Ω

f v dx.

Define the global correction function

wu =

{
0 if T ∈ Th\T Γ

h ,
wu

T if T ∈ T Γ
h .

We defined our scheme as; Find uh ∈ Vh such that

a(uh, v) = F(v) − a(wu, v) ∀v ∈ Vh.

=⇒ a(u− uh, v) = a(wu, v) ∀v ∈ Vh.
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A simple interface problem Higher-order finite element methods

Linear case: edge-based correction method

• Let EΓ
h be the edges intersecting Γ

• ae = n− · t−e , be = t− · t−e

Γ

Ω
+

Ω
−

e

y−e

y+e

xe

n−

t−e
n−

e

e−

e+

Find uh ∈ Vh such that:∫
Ω

∇uh · ∇v dx = Eh(v) ∀v ∈ Vh

Eh(v) =

∫
Ω

f vdx +

∫
Γ
βvds−

∑
e∈EΓ

h

he−he+

2
aeβ(xe)[∇v · n]|e
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A simple interface problem Higher-order finite element methods

A priori error estimate

Define Lagrange interpolation operator Ih onto the finite element space Vh

Main result:

Theorem

Suppose that Ω is convex and that the family of meshes {Th}h>0 are quasi-
uniform and shape regular, then

‖∇(Ihu− uh)‖L∞(Ω) ≤ C hk (‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
,

‖Ihu− uh‖L∞(Ω) ≤ Chk+1 log(1/h)
(
‖u+‖Ck+1(Ω+) + ‖u−‖Ck+1(Ω−)

)
,

where C > 0 are constant independent of h.
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A simple interface problem Higher-order finite element methods

What do we need?

a(Ihu− uh, v) = a(Ihu− u, v) + a(u− uh, v) = a(Ihu− u, v) + a(wu, v)

=
∑

T∈Th\T Γ
h

∫
T
∇(Ihu− u) · ∇v dx

+
∑

T∈T Γ
h

∫
T
∇(Ihu + wu

T − u) · ∇v dx

Construction of wu
T , for T ∈ T Γ

h , must satisfy

‖∇(Ihu + wu
T − u)‖L∞(T±) ≤ Chk

where T± = T ∩ Ω±
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A simple interface problem Higher-order finite element methods

Numerical examples: β 6= 0 and α = 0

h ‖eN
h ‖L2 r ‖∇eN

h ‖L2 r ‖eN
h ‖L∞ r ‖∇eN

h ‖L∞ r

1.8e-1 1.39e-1 4.44e-1 2.53e-1 5.20e-1
8.8e-2 3.09e-2 2.17 1.72e-1 1.37 6.40e-2 1.98 3.84e-1 0.44
4.4e-2 7.32e-3 2.08 5.75e-2 1.58 1.58e-2 2.02 1.79e-1 1.10
2.2e-2 1.81e-3 2.02 2.18e-2 1.40 4.19e-3 1.91 1.20e-1 0.58
1.1e-2 4.50e-4 2.01 8.57e-3 1.35 8.92e-4 2.23 6.45e-2 0.89
5.5e-3 1.12e-4 2.01 3.57e-3 1.26 2.37e-4 1.91 3.17e-2 1.02
2.8e-3 2.68e-5 2.06 1.55e-3 1.21 6.23e-5 1.93 1.71e-2 0.90
1.4e-3 6.89e-6 1.96 7.68e-4 1.01 1.68e-5 1.90 8.33e-3 1.03

Table: Errors of the approximate solution by EBC-FEI, on a non-structure triangulation.
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A simple interface problem Higher-order finite element methods

Numerical example: β 6= 0 and α 6= 0

h ‖eN
h ‖L2 r ‖∇eN

h ‖L2 r ‖eN
h ‖L∞ r ‖∇eN

h ‖L∞ r

1.8e-1 9.28e-3 3.27e-2 1.42e-2 4.23e-2
8.8e-2 5.41e-3 0.78 3.50e-2 -0.10 8.23e-3 0.79 6.61e-2 -0.64
4.4e-2 1.19e-3 2.18 1.18e-2 1.56 2.19e-3 1.91 3.18e-2 1.06
2.2e-2 2.89e-4 2.05 5.06e-3 1.23 7.41e-4 1.56 2.25e-2 0.50
1.1e-2 7.51e-5 1.94 2.42e-3 1.06 1.64e-4 2.17 1.15e-2 0.97
5.5e-3 1.89e-5 1.99 1.18e-3 1.04 4.45e-5 1.88 5.57e-3 1.04
2.8e-3 4.71e-6 2.00 5.74e-4 1.03 1.20e-5 1.89 2.68e-3 1.06
1.4e-3 1.18e-6 2.00 2.86e-4 1.01 3.03e-6 1.98 1.35e-3 0.98

Table: Errors of the approximate solution by EBC-FEI, on a non-structured triangulation.
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A simple interface problem Higher-order finite element methods

Numerical examples
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Figure: Plot of the L∞ and W1,∞ errors (left) and the approximate solution (right) by the method, on
non-structured meshes.

h ‖eN
h ‖L2 r ‖∇eN

h ‖L2 r ‖eN
h ‖L∞ r ‖∇eN

h ‖L∞ r

1.8e-1 8.87e-5 3.97e-4 3.80e-3 2.53e-2
9.0e-2 9.73e-6 3.29 7.46e-5 2.49 9.04e-4 2.14 7.43e-3 1.82
4.7e-2 1.11e-6 3.33 1.06e-5 3.00 2.15e-4 2.21 2.58e-3 1.63
2.4e-2 1.30e-7 3.15 1.42e-6 2.95 5.06e-5 2.13 7.34e-4 1.84
1.2e-2 1.59e-8 3.14 2.24e-7 2.76 1.27e-5 2.07 2.16e-4 1.83
6.1e-3 1.96e-9 3.04 3.15e-8 2.85 3.15e-6 2.02 5.55e-5 1.98

Table: Errors of the approximate solution on a non-structured triangulation.
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A simple interface problem Higher-order finite element methods

Numerical example

Figure: Plot of the approximate solution by the method, on non-structured triangulations.

h ‖eN
h ‖L2 r ‖∇eN

h ‖L2 r ‖eN
h ‖L∞ r ‖∇eN

h ‖L∞ r

2.5e-1 7.55e-4 2.19e-3 2.18e-2 1.05e-1
1.2e-1 5.41e-5 3.80 2.22e-4 3.31 2.56e-3 3.09 1.96e-2 2.42
6.2e-2 4.37e-6 3.63 3.60e-5 2.62 4.83e-4 2.40 5.78e-3 1.76
3.1e-2 4.41e-7 3.31 5.11e-6 2.82 8.11e-5 2.57 1.53e-3 1.92
1.6e-2 3.38e-8 3.70 6.99e-7 3.07 1.45e-5 2.48 4.35e-4 1.90

Table: Errors of the approximate solution on non-structured triangulations.
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A simple interface problem Application to Stokes equations

Stokes Interface Problem

−∆u +∇p = f , in Ω

∇ · u = 0, in Ω

u = 0, on ∂Ω

[u] = α, on Γ

[(∇u− pI)n] = β. on Γ

Figure: Domain Ω = Ω+ ∪ Ω− ∪ Γ.
Smooth Interface Γ.
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A simple interface problem Application to Stokes equations

Finite Element Method

Find (uh, ph) ∈ Vh ×Mh such that∫
Ω

∇uh : ∇v dx−
∫

Ω

ph∇ · vdx =

∫
Ω

f · vdx +

∫
Γ

β · vds

−
∑

T∈T Γ
h

(∫
T

wp
T∇ · vdx +

∫
T
∇wu

T : ∇v dx
)

∫
Ω

q∇ · uhdx =−
∑

T∈T Γ
h

∫
T

q∇ · wu
T dx

for all (v, q) ∈ Vh ×Mh.

M. Sarkis FEM for stationary elliptic interface problems April 8, 2016 24 / 55



A simple interface problem Application to Stokes equations

Corrections

Velocity:

For each T ∈ T Γ
h , let wu

T ∈ Sk(T) such that[
Dk−`

η wu
T(x`,Ti )

]
=
[
Dk−`

η u(x`,Ti )
]

for 0 ≤ i ≤ ` and 0 ≤ ` ≤ k,

Ih(wu
T) = 0.

Pressure:

For each T ∈ T Γ
h , let wp

T ∈ Sk−1(T) such that[
Dk−`

η wp
T(x`,Ti )

]
=
[
Dk−`

η p(x`,Ti )
]

for 0 ≤ i ≤ ` and 0 ≤ ` ≤ k − 1,

Jh(wp
T) = 0.
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A simple interface problem Application to Stokes equations

Numerical example

Consider an exact solution of Stokes interface problem on Ω = (−1, 1)2

u(x, y) =

 u1(x, y) =

{
3y if r ≤ 1/3,
4y
3r − y if r > 1/3

u2(x, y) =

{
−3x, if r ≤ 1/3,
x− 4x

3r if r > 1/3

 , p(x, y) =

{
4− π

9 + 3x2 − 3y2 if r ≤ 1/3,
π
9 + 3x2 − 3y2 if r > 1/3
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Figure: Plot of velocity (left) and discontinuous pressure (right).
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A simple interface problem Application to Stokes equations

Numerical example

h ‖eu
h‖L2 r ‖eu

h‖L∞ r ‖∇eu
h‖L2 r ‖∇eu

h‖L∞ r

2.5e-1 2.02e-3 3.47e-3 1.01e-1 3.86e-1
1.3e-1 2.56e-4 2.98 4.23e-4 3.04 2.77e-2 1.87 1.48e-1 1.38
6.3e-2 3.06e-5 3.06 8.62e-5 2.30 7.21e-3 1.94 4.22e-2 1.81
3.1e-2 3.74e-6 3.03 1.14e-5 2.92 1.84e-3 1.97 1.33e-2 1.67
1.6e-2 4.55e-7 3.04 1.67e-6 2.77 4.63e-4 1.99 3.65e-3 1.87

Table: Errors and orders of convergence for velocity, on structured meshes.

h ‖ep
h‖L2 r ‖ep

h‖L∞ r

2.5e-1 2.33e-2 6.32e-2
1.3e-1 8.50e-3 1.46 3.31e-2 0.93
6.3e-2 2.65e-3 1.68 1.58e-2 1.07
3.1e-2 7.12e-4 1.89 5.09e-3 1.64
1.6e-2 1.84e-4 1.95 1.46e-3 1.80

Table: Errors and orders of convergence for pressure, on structured meshes.
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High-contrast interface problem
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High-contrast interface problem Model problem

Model Problem

Consider the problem

−ρ±∆u± = f± in Ω±,

u = 0 on ∂Ω,

[u] = 0 on Γ,

[ρDnu] = 0 on Γ.

The jumps across the interface Γ are defined as

[ρDnu] = ρ−Dn−u− + ρ+Dn+u+, [u] = u+ − u−

n±: unit normal vector pointing outwards Ω±
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High-contrast interface problem Model problem

Objective

Develop a piecewise linear FEM, with error
estimates independent of contrast ρ

+

ρ− � 1

‖u− uh‖V ≤ C h ‖f‖L2(Ω)

‖u− uh‖L2(Ω) ≤ C h2 ‖f‖L2(Ω).

Difficulties

• Unfitted mesh (independent of the
interface)

• Regularity: u|Ω± ∈ H2(Ω±)

• Convergence independent of
contrast.
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High-contrast interface problem Model problem

Two approaches

Interface Finite Element Method

Define local piecewise polynomial finite el-
ement spaces on elements intersecting the
interface. The basis functions are con-
structed to having them satisfy the jump
conditions across the interface.

• FE version of the Immersed Interface
Method of LeVeque and Li (1994)

• Adjerid, S. Ben-Romdhane M and Lin
T.

• Lin T., Lin Y. and Zhang X.

Unfitted Nitsche’s Method for Interface

Double the degrees of freedom on the el-
ements intersecting the interface and add
penalty terms to weakly enforce the conti-
nuity across the interface.

• Interface version of Nitsche’s method

• Hansbo and Hansbo (2002), uniftted
fem based on Nitsche’s method

• Burman and Zunino, Stabilized
unfitted Nitsche method.

• Burman and Hansbo, Unfitted Nitsche
extended finite element method.
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High-contrast interface problem Interface finite element method approach

Finite element space

Jump conditions of basis functions:
v ∈ P1(T+), ∃! E(v) ∈ P1(T−) satisfying:

E(v)(x0) := v(x0)

(Dt+0
E(v))(x0) := (Dt+0

v)(x0)

ρ−(Dn+
0

E(v))(x0) := ρ+(Dn+
0

v)(x0)

Basis functions:

G(v) =

{
v in T+

E(v) in T−

Local space:

S1
(T) =

{
span

{
G(v1),G(v2),G(v3)

}
if T ∈ T Γ

h

P1(T) if T ∈ Th\T Γ
h
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High-contrast interface problem Interface finite element method approach

Finite element space

Figure: Illustration of basis function using barycentric coordinates on T+ and ρ− = 1, ρ+ = 10.

Global finite element space:

Vh :=
{

v : v|T ∈ S1(T), ∀T ∈ Th, v is continuous across all edges in Eh\EΓ
h

}
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High-contrast interface problem Interface finite element method approach

Finite element space

T Γ
h , EΓ

h −

Global finite element space:

Vh :=
{

v : v|T ∈ S1(T), ∀T ∈ Th, v is continuous across all edges in Eh\EΓ
h

}
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High-contrast interface problem Interface finite element method approach

Local approximation on S1(T)

Local interpolation operator: Let u± ∈ H2(Ω±) with [u] = 0 and
[ρDnu] = 0. For each T ∈ T Γ

h , define IT u ∈ S1(T)

IT u =

{
I+
T u on TE,+

I−T u on TE,−

If T ∈ Th\T Γ
h define IT(u)|T to be the Scott-Zhang interpolation

operator of u on T.

I±T are defined satisfying the following conditions

(I−T u)(x0) := (JT u+
E )(x0) =: (I+

T u)(x0)

(Dt+0
I−T u)(x0) := (Dt+0

(JT u+
E ))(x0) =: (Dt+0

I+
T u)(x0)

ρ−(Dn+
0

I−T u)(x0) := ρ−(Dn+
0

JT u−E )(x0) =: ρ+(Dn+
0

I+
T u)(x0).

JT : L2 projection operator onto P1(TE).
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High-contrast interface problem Interface finite element method approach

Local approximation on S1(T)

We define the interpolation operator Ih onto the finite element space Vh as the
restriction of the local interpolation operator IT , i.e.

Ihu|T = IT(u)|T for all T ∈ Th.

Lemma: The following bounds hold, j = 0, 1:

hj
T‖D

j
(u− IT u)‖L2(TE,−) ≤ C h2

T

(
‖Du−E ‖L2(TE,−) + ‖D2u−E ‖L2(TE,−) + ‖D2u+

E ‖L2(TE,+)

)
and

hj
T‖D

j
(u− IT u)‖L2(TE,+) ≤ C h2

T

(
‖Du+

E ‖L2(TE,+) + ‖D2u+
E ‖L2(TE,+)

+
ρ−

ρ+
‖D2u−E ‖L2(TE,−)

)
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High-contrast interface problem Interface finite element method approach

Finite element method

Find uh ∈ Vh such that: ah(uh, v) = (f , v)Ω ∀v ∈ Vh

ah(w, v) :=

∫
Ω

ρ∇hw · ∇hv−
∑

e∈EΓ
h

∫
e

({
ρ∇hv

}
· JwK +

{
ρ∇hw

}
· JvK

)

+
∑

e∈EΓ
h

(
γ

|e−|

∫
e−
ρ
−JwK · JvK +

γ

|e+|

∫
e+
ρ

+JwK · JvK
)

∑
e∈EΓ

h

(
|e−|

∫
e−
ρ
−J∇hvK J∇hwK + |e+|

∫
e+
ρ

+J∇hvK J∇hwK
)
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High-contrast interface problem Interface finite element method approach

Finite element method

Find uh ∈ Vh such that: ah(uh, v) = (f , v)Ω ∀v ∈ Vh

ah(w, v) :=

∫
Ω

ρ∇hw · ∇hv−
∑

e∈EΓ
h

∫
e

({
ρ∇hv

}
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{
ρ∇hw

}
· JvK

)

+
∑

e∈EΓ
h

(
γ

|e−|

∫
e−
ρ
−JwK · JvK +

γ

|e+|

∫
e+
ρ

+JwK · JvK
)

∑
e∈EΓ

h

(
|e−|

∫
e−
ρ
−J∇hvK J∇hwK + |e+|

∫
e+
ρ

+J∇hvK J∇hwK
)

Stabilization terms
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High-contrast interface problem Interface finite element method approach

A priori error estimates: Preliminaries

We prove:

• Coercivity: c‖v‖V ≤ ah(v, v), ∀v ∈ Vh

• Continuity: ah(w, v) ≤ C‖w‖W‖v‖V , ∀w ∈ H2
h(Ω±), v ∈ Vh.

• Interpolation error estimate: ‖Ihu− u‖W

• Inconsistency error estimate: ah(u− uh, Ihu− uh)

‖v‖2
V = ‖√ρ∇hv‖2

L2(Ω)
+
∑

e∈EΓ
h

(
ρ−

|e−|
‖JvK‖2

L2(e−)
+

ρ+

|e+|
‖JvK‖2

L2(e+)

)

+
∑

e∈EΓ
h

(
ρ
−|e−|‖J∇vK‖2

L2(e−)
+ ρ

+|e+|‖J∇vK‖2
L2(e+)

)
.

‖v‖2
W = ‖v‖2

V +
∑

T∈EΓ
h

(ρ
−‖{∇v} · n‖2

L2(e−)
|e−|+ ρ

+‖{∇v} · n‖2
L2(e+)

|e+|),
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High-contrast interface problem Interface finite element method approach

A priori error estimates: Energy estimate

Theorem: There exists C > 0, independent of h, ρ− and ρ+,
such that

‖u− uh‖V ≤ C h
(√

ρ−(||Du||L2(Ω−) + ‖D2u‖L2(Ω−)+√
ρ+(||Du||L2(Ω+) + ||D2u||L2(Ω+))

)

Energy estimate Regularity estimate (convexity)

Energy error estimate

‖u− uh‖V ≤
C√
ρ−
‖f‖L2(Ω)
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High-contrast interface problem Interface finite element method approach

A priori error estimates: L2 estimate

Theorem: Assuming Ω is convex, then it holds

‖u− uh‖L2(Ω) ≤
C h2

ρ−
‖f‖L2(Ω).
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High-contrast interface problem Interface finite element method approach

Numerical example

Exact solution: Ω = (−1, 1)2 Γ = {x ∈ Ω : x2
1 + x2

2 = R2}
Ω− := {x ∈ Ω : x2

1 + x2
2 < R2}

u(x) =

{
rα

ρ− if x ∈ Ω−

rα

ρ+ + Rα( 1
ρ− −

1
ρ+ ) if x ∈ Ω+

Figure: Approximate solution, case Γ = ∂Ω− and for case Γ = ∂Ω+ (right).
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High-contrast interface problem Interface finite element method approach

Numerical example

Errors:

e0
h := ‖uh − u‖L2(Ω) e∞h := ‖uh − u‖L∞(Ω)

e1
h := ‖√ρ(∇uh −∇u)‖L2(Ω) e1,∞

h := ‖√ρ(∇uh −∇u)‖L∞(Ω)

l e0
h r e∞h r e1

h r e1,∞
h r

1 8.2e-3 2.5e-2 1.1e-1 3.7e-1
2 1.7e-3 2.28 5.7e-3 2.12 4.4e-2 1.30 2.1e-1 0.86
3 2.7e-4 2.63 1.3e-3 2.19 1.8e-2 1.29 9.7e-2 1.08
4 4.6e-5 2.57 3.2e-4 1.97 8.3e-3 1.12 5.2e-2 0.90
5 9.0e-6 2.34 7.2e-5 2.15 3.9e-3 1.07 2.5e-2 1.08
6 2.0e-6 2.19 1.8e-5 2.01 1.9e-3 1.03 1.3e-2 0.92
7 4.7e-7 2.08 4.6e-6 1.94 9.5e-4 1.02 6.8e-3 0.94

Table: Errors and convergence orders with ρ− = 1 and ρ+ = 104, stabilization parameters γ = 10 and
γF = 10, and h = 2−(l+3/2).
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High-contrast interface problem Interface finite element method approach

Numerical example

Errors:

ē1
h := ‖ρ(∇uh −∇u)‖L2(Ω) ē1,∞

h := ‖ρ(∇uh −∇u)‖L∞(Ω)

en,∞
h := ‖ρ(Dnuh − Dnu)‖L∞(Γ) ẽ1

h := ‖ρ(∇uh −∇u)‖L2(Ω)\T Γ
h

l ē1
h r ē1,∞

h r ẽ1,∞
h r en,∞

h r

1 3.9e-1 7.0e-1 7.0e-1 3.7e-1
2 1.6e-1 1.32 6.1e-1 0.19 4.0e-1 0.81 2.1e-1 0.86
3 6.4e-2 1.29 1.9e-1 1.68 1.9e-1 1.07 9.7e-2 1.08
4 2.9e-2 1.15 2.2e-1 -0.20 1.0e-1 0.91 4.9e-2 1.00
5 1.4e-2 1.09 1.4e-1 0.65 5.0e-2 1.01 2.5e-2 0.98
6 6.6e-3 1.04 6.6e-2 1.09 2.5e-2 0.99 1.2e-2 1.00
7 3.2e-3 1.02 5.1e-1 -2.95 1.3e-2 0.98 6.2e-3 1.00

Table: Errors and convergence orders with ρ− = 1 and ρ+ = 104, stabilization parameters γ = 10 and
γF = 10.
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High-contrast interface problem Interface finite element method approach

Numerical example

Errors:

e0
h := ‖uh − u‖L2(Ω), e1

h := ‖√ρ(∇uh −∇u)‖L2(Ω),

ē1
h := ‖ρ(∇uh −∇u)‖L2(Ω),

ρ+ e0
h ē1,∞

h e1
h

101 2.3e-6 6.5e-3 2.8e-3
102 2.0e-6 6.6e-3 2.0e-3
103 2.0e-6 6.6e-3 1.9e-3
104 2.0e-6 6.6e-3 1.9e-3
105 2.0e-6 6.6e-3 1.9e-3
106 2.0e-6 6.6e-3 1.9e-3

Table: Errors with ρ− = 1 and h = 2−(6+3/2), stabilization parameters γ = 10 and γF = 10.
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High-contrast interface problem Unfitted stabilized Nitsche’s finite element method

Finite element space

Figure: Illustration of definition of set T Γ
h ,Ω

±
h . Left figure: elements in T Γ

h (red transparent). Center figure: set
Ω−h (blue transparent). Right figure: set Ω+

h (blue transparent.

V±h = {v ∈ C(Ω±h ) : v|T ∈ P1(T),∀T ∈ T ±h and v|∂Ω∩∂Ω± ≡ 0}.
Vh = V−h × V+

h .
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High-contrast interface problem Unfitted stabilized Nitsche’s finite element method

Finite element method

Find uh = (u−h , u
+
h ) ∈ Vh, such that:

ah(uh, v) = (f , v), for all v ∈ Vh

ah(w, v) =

∫
Ω+

ρ+∇w+ · ∇v+dx +

∫
Ω−

ρ−∇w− · ∇v−dx

+
∑

T∈T Γ
h

∫
TΓ

(
ρ−∇v− · n−[w] + ρ−∇w− · n−[v] +

γ

hT
ρ−[w] · [v]

)
ds

+ γ−g
∑

e∈EΓ,−
h

|e|
∫

e
ρ−J∇v−KJ∇w−K ds + γ+

g

∑
e∈EΓ,+

h

|e|
∫

e
ρ+J∇v+KJ∇w+K ds.

γ, γ−g , and γ+
g are positive parameters to be chosen.
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High-contrast interface problem Unfitted stabilized Nitsche’s finite element method

A priori error estimate
Define the energy norm ‖ · ‖V

‖v‖2
V =‖√ρ∇v‖2

L2(Ω) +
∑

T∈T Γ
h

1
hT
‖
√
ρ−[v]‖2

L2(TΓ)

+
∑

e∈EΓ,−
h

|e|‖
√
ρ−J∇v−K‖2

L2(e) +
∑

e∈EΓ,+
h

|e|‖
√
ρ+J∇v+K‖2

L2(e),

for v = (v−, v+) ∈ H2
h(Ω−h )× H2

h(Ω+
h ).

We prove:

• Coercivity (independent of contrast): c‖v‖V ≤ ah(v, v), ∀v ∈ Vh

• Continuity: ah(w, v) ≤ C‖w‖W‖v‖V , ∀w ∈ H2
h(Ω±), v ∈ Vh.

• Galerkin orthogonality: ah(u− uh, v) = 0, ∀v ∈ Vh

• Interpolation error estimate:

‖u− Ihu‖VA ≤ Ch(
√
ρ+‖D2u‖L2(Ω+) +

√
ρ−‖D2u‖L2(Ω−))
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High-contrast interface problem Unfitted stabilized Nitsche’s finite element method

Energy estimate

Theorem: Suppose that Ω is convex. Then, there exist
C > 0 independent of ρ±, such that

‖u− uh‖V ≤
C h√
ρ−
‖f‖L2(Ω).
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High-contrast interface problem Unfitted stabilized Nitsche’s finite element method

Flux error estimate

Theorem: (Discrete Extension) Assume that Th is quasi-uniform. Let vh ∈
V+

h . Then, there exists a function Evh ∈ Vc
h = {v ∈ C0(Ω) : v|T ∈ P1(T) :

∀T ∈ Th} such that Evh = vh in Ω+
h , and

‖Evh‖H1(Ω) ≤ C‖vh‖H1(Ω+
h )
,

with C > 0 independent of h.

Theorem: Assume that Ω is convex and the triangulation is quasi-uniform.
Then, there exists a constant C > 0, independent of h and ρ±, such that

‖ρ∇(u−uh)‖2
L2(Ω) = ‖ρ∇(u−uh)

−‖2
L2(Ω−)+‖ρ∇(u−uh)

+‖2
L2(Ω+) ≤ Ch‖f‖L2(Ω).
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High-contrast interface problem Unfitted stabilized Nitsche’s finite element method

Numerical example

Exact solution: Ω = (−1, 1)2 Γ = {x ∈ Ω : x2
1 + x2

2 = R2}
Ω− := {x ∈ Ω : x2

1 + x2
2 < R2}

u(x) =

{
rα

ρ− if x ∈ Ω−

rα

ρ+ + Rα( 1
ρ− −

1
ρ+ ) if x ∈ Ω+

Figure: Approximate solution, case Γ = ∂Ω− and for case Γ = ∂Ω+ (right).
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High-contrast interface problem Unfitted stabilized Nitsche’s finite element method

Numerical example

Errors:

e0
h := ‖uh − u‖

L2(Ω)
e∞h := ‖uh − u‖L∞(Ω)

e1
h := ‖ρ(∇uh −∇u)‖

L2(Ω)
e1,∞
h := ‖ρ(∇uh −∇u)‖L∞(Ω)

l e0
h r e∞h r e1

h r e1,∞
h r

1 1.9e-02 5.5e-02 3.7e-01 5.9e-01
2 6.2e-03 1.64 1.5e-02 1.86 1.4e-01 1.38 2.7e-01 1.11
3 1.1e-03 2.46 2.8e-03 2.45 5.6e-02 1.31 1.2e-01 1.17
4 1.7e-04 2.69 5.0e-04 2.48 2.6e-02 1.11 5.4e-02 1.17
5 2.8e-05 2.66 9.8e-05 2.34 1.3e-02 1.03 2.4e-02 1.14
6 4.6e-06 2.59 1.9e-05 2.39 6.4e-03 1.01 1.2e-02 1.03
7 8.4e-07 2.45 4.2e-06 2.16 3.2e-03 1.00 6.0e-03 1.01

Table: Errors and orders of convergence with ρ− = 1, ρ+ = 104, stabilization parameters γ = 10 and
γ±G = 10.
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High-contrast interface problem Unfitted stabilized Nitsche’s finite element method

Numerical example β 6= 0

Smooth exact solution u(x) =
(x2

1+x2
2)5/2

ρ− for x ∈ Ω = (−1, 1)2, and
Γ = {x : x2

1 + x2
2 = (1/3)2}. Consider Ω− as the inclusion. Let ρ+ = 104 and ρ− = 1.

Note that the jump of the flux in nonhomogeneous. Stabilization parameters: γ = 10,
γ+

g = 10 and γ−g = 10.

l e0
h r e∞h r e1

h r e1,∞
h r

1 4.2e-02 6.7e-02 7.9e+03 2.8e+04
2 1.1e-02 2.00 1.8e-02 1.90 3.9e+03 1.00 1.4e+04 0.94
3 2.6e-03 2.00 4.6e-03 1.95 2.0e+03 1.00 7.4e+03 0.97
4 8.4e-04 3.30 2.3e-03 2.02 1.5e+03 0.74 6.8e+03 0.26
5 2.1e-04 2.00 6.0e-04 1.95 7.6e+02 1.00 3.4e+03 0.98

Table: Ω = (−1, 1)2, Γ = {x ∈ Ω : x2
1 + x2

2 = (1/3)2}, ρ− = 1, ρ+ = 104.
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Summary and future projects

Outline

1 Motivation: Interface Problems and Immersed Boundary Method (FE)
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Interface finite element method approach
Unfitted stabilized Nitsche’s finite element method

4 Summary and future projects
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Summary and future projects

Summary

Immersed Interface approach:

• Piecewise linear FEM for an interface problem

• Optimal energy error estimate independent of contrast

• Optimal L2 error estimate independent of contrast

• Extension to 3D

Nitsche’s approach:

• Piecewise linear FEM for an interface problem

• Optimal energy error estimate independent of contrast

• Optimal L2 error estimate independent of contrast

• Flux error estimate independent of contrast
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Summary and future projects

Future projects

• Flux error estimate for interface finite element method

• 3D extension of Nitsche’s finite element method

• Non-homogeneous jump conditions

• Higher-order method for interface problems

• Stokes interface problem

• Moving interface problems: Navier-Stokes equations
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Thanks for your attention!

M. Sarkis FEM for stationary elliptic interface problems April 8, 2016 54 / 55



Summary and future projects
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