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E.g.: liquid drop, star. Domain: Q(t). The equations describing this
situation are the free boundary Euler equations.

Goal: (i) establish well-posedness of the free boundary Euler equations; (ii)
compare the behavior of solutions to the Euler equations (in a fixed
domain) with those of the free boundary Euler equations.

Terminology: fluids = incompressible inviscid fluids.
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The free boundary Euler equations
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' o) Q(t) C R3 is the time-dependent
domain;
u = velocity; p = pressure;
2h) A = mean curvature of Q(t);
r = coefficient of surface tension
VA VA (constant > 0);
The unknowns in equations (1) are u, p, and Q(t). We write u,, px, and

Q.(1).
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One seeks to recast all quantities in terms of their dependence on the fixed
domain Q = Q(0).

Consider the flow 7 of the vector field u, where u solves the free boundary
Euler equations. l.e., let 1 solve
On(t, x)
ot
or, briefly, n = uomn.

= u(t,n(t, x)), n(0,x) = x,

n(t, ) : Q — R3 is, for each t, a volume preserving embedding of Q into
R3. Then

Q(t) = n(t)(Q).
The space of H® volume preserving embeddings of Q into R3 is denoted

£5(9).
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that x > 0.

Then there exist a T, > 0 and a unique solution (7, p.) to the free
boundary Euler equations with initial condition ug. The solution satisfies:

e € CO([0, Tw), £5()), 1 € L=([0, Tx), H*(R)),
il € L2([0, T), HS2(Q)),

P € L¥([0, To), HE 2 (1)),

and 99,(t) is H*™* regular,

where Q,.(t) = n,.(t)(Q2). (Solution in Eulerian coordinates,
(ug, pr, 2 (t)), automatically follows.)
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Rigid domains: surface tension

The coefficient of surface tension, &, is the parameter controlling how stiff
or rigid a domain is.

The larger the &, the stiffer the domain.

Thus, we expect that solutions to the free boundary Euler equations with
large x will be near solutions of the fixed domain Euler equations.

3
% has units of ('(jl“nfte';g . large x? Large compared to the volume of the

domain or some characteristic length. Fix once and for all the volume of Q
and vary k.

More precisely, we would like to show that solutions to the free boundary
Euler equations converge (in a suitable topology) to solutions of the fixed
boundary Euler equations, when x — oc.
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div(v¥) =0 in €, (3b)
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where 1 = velocity and m = pressure.

The unknown in (3) is ¢ (7 is completely determined by the velocity ).
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Then ((t,-) : Q — Q. is, for each t, a volume preserving diffeomorphism of

the domain €. The space of H® volume preserving diffeomorphisms of € is
denoted D;,(Q2).

In terms of ¢, Euler's equations (in the fixed domain) read

5 =—Vrmol(, (4a)
div(Co¢™1) = (4b)
¢(0) =id, ¢(0 ) (4c)

Notice that D7 (Q2) C £;(Q).
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Then, if T is sufficiently small, we find that T,, > T for all  sufficiently
large, and, as k — oo, 1,(t) — ((t) as a continuous curve in &;(£2) (recall
D;(Q2) C £3(Q)). Also, n,x(t) — ((t) in H*(Q) as k — oo.
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Convergence: summary

In a nutshell:

If the coefficient of surface tension k goes to infinity, then solutions to the
free-boundary Euler equations converge to solutions of the fixed boundary
Euler equations.
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Remark 3. There was no statement about convergence of p;.

Notice that only V7 (and not ) is well-defined for the fixed domain
equations, thus we need to talk about convergence of Vp,. This
convergence fails in general, even if the initial data is smooth. Notice that
from 7. = Vpon, and ( = V. o ¢, convergence Vp, o1, — V1ol
would be equivalent to 7j, — ¢ (not true). However, in view of the
convergence 1), — C we have that

t t
/ vPﬁonn_)/ Vrod,
0 0

in H*® for any t > 0.
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These all use significantly different techniques.

Irrotational flows or 2d (including x = 0): many more results, in various
directions: Alazard, Ambrose, Bieri, Burq, Christodoulou, Craig, Deng,
Germain, Hunter, Ifrim, lonescu, Kukavica, Miao, Masmoudi, Nalimov,
Nishida, Ogawa, Pausader, Pusareti, Shatah, Tani, Tataru, Tuffaha, Vicol,
Yosihara, Wu, Zuily, to cite a few.

Convergence part of our theorem: D— and Ebin in 2d (2014).
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Core of the proof: decomposition of 7,

D;(2) is a submanifold of H*5(Q,R3). It has a normal bundle given by the
L? metric on H*(Q,R3).
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L? metric on H*(Q,R3).

A tangent vector to D; () at 3 is of the form vo 3 (divv =0 and v is
tangent to JQ2), and a normal vector to D;(2) at 3 is of the form Vf o 3.

The exponential map from the normal bundle to H*(Q,R3) is a
diffeomorphism in a neighborhood of D7 ().
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Core of the proof: decomposition of 7,

It follows that if 7, is near DZ(Q), then there exist 3, and V£, such that

N, = (id +Vf,) o By. (5)
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Core of the proof: decomposition of 7,

It follows that if 7, is near DZ(Q), then there exist 3, and V£, such that
e = (id +V£,) 0 By (5)
Since 75(0) = id € D;(), nx(t) is near D;(2) for small time, and

decomposition (5) applies.
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For the rest of the talk, assume: « large, Q a ball.

The formula
Nk = (id +an) o /Bm

decomposes 7, as a motion that fixes the boundary S:

Bk = Br(t, x), Bu(t, ) : Q — Qis, for each t, a volume preserving
diffeomorphism of Q, thus 5,(0Q2) = 0%;

and a boundary oscillation id +Vf,:
fi = fo(t,x), fu(t,:) : @ = R, so V£, controls the boundary motion.

Goal: write the free boundary Euler equations as equations for f, and [,
and derive estimates showing that Vf, ~ % i.e., Vf. is small.
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Elliptic equation for f,

Since 7, and 8, are volume preserving, the Jacobian J gives

1= J(n) = J((id +V£:) o Br)
= J(id+V£,) J(By)
et

= J(id+V£).
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Elliptic equation for f,

Since 7, and 8, are volume preserving, the Jacobian J gives

1=J(nx) = J((id+VH£,) o B)

= J(id +V£,) i(ﬁ*’:l
= J(id +VT£,). N
Expanding J(id +V£,):
Af, + O((D?£,)?) + O((D?*£,)*) = 0 in Q. (6)

Given f;|5q, equation (6) is a non-linear Dirichlet problem for f,.
Therefore, if £, is small, it is determined by its boundary values.
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Equation for f,|4q

Differentiating 1, = (id +Vf,) o 5, and using the original equation
Nlx = —V Pg © 1)k, We obtain an equation for f,; on the boundary:

K—M(ﬁmvﬁy )+<% on 9. (7)
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Equation for f.|,q

Differentiating 1, = (id +Vf,) o 5, and using the original equation
Nlx = —V Pg © 1)k, We obtain an equation for f,; on the boundary:

fo = (B> Vi, ) + B on O (7)

47, is a third order pseudo-differential operator on f;, and %, is lower
order. <7, comes from p, = kA, on 0Q(t); Ay is second order on id +Vf,.

3
In (7) we have that 0; ~ 03.
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The boundary-interior system

(B, Vi, f) depends on the interior values of f,; (<, ~ Ayqd,), hence
on the extension of f,; to €2, given by the previous elliptic equation. (Think
of 47, as Dirichlet-Neumann type of operator.)
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Therefore, we are led to consider the following equations for f:
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Af, + O((D*£.)?) + O((D?*£,)*) = 0 in Q, (8b)
£.(0) =0, £.(0) = 1. (V£.(0) = Q(uo).) (8c)

Given f; € H5+%(8§2) and i, v, € H*(Q2), we can solve (8) and obtain a
solution in £, € H*2(9Q), or V£, € H*3(Q). Think “wave equation:"
data for £(0) in HS+%(8Q) gives back one “spatial” derivative; but

“ .. 3
spatial” is 5 more regular here.
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Solving the boundary-interior system; estimates

Solving the system

.fﬁ = A, (Br, Vi, frs) + B on 01, (9a)
Af, + O((D*£.)?) + O((D?*£,)*) = 0 in Q, (9b)
£.(0) =0, £.(0) = fi. (V£.(0) = Q(wo).) (9¢)

is at the core of the work.
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Af, + O((D*£.)?) + O((D?*£,)*) = 0 in Q, (9b)
£.(0) =0, £.(0) = fi. (V£.(0) = Q(wo).) (9¢)

is at the core of the work. The method is inspired on Kato's “The Cauchy
problem for quasi-linear symmetric hyperbolic systems.” The extra
regularity V£, € H"2(Q) gives that 9Q(t) is HS*+1 regular. If £ is small,
we also obtain the estimates

C - C
|| vfl’i ||5+%§ Ea || an ||s§ ﬁ
(extra regularity of 0€(t); recall previous comments on % derivatives.)

This essentially takes care of the convergence part of our result.
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Hypothesis that €2 is a ball

Since

Nk = (id +Vfli) o By = Bx + Vi, 0 B,

the mean curvature of 99, (t) contains a contribution H, from from j,.

Recalling that Vp, enters in the equation and that pm\aﬂ(t) =rA, Hy
gives a term like

KV H,,

which increases linearly with &, diverging in the limit kK — oo if H, is not
constant.

— Thank you for your attention —
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Appendix: existence, determining the remaining quantities

Write u, = w,, + Vh,. Taking P of the free boundary Euler equations, we
obtain an ODE in H? for z, = wy o ny:

z, = F(z).

The function h,, is harmonic and solves

Ah, =0, in (id +V£,)(Q),
om = (Ve + Dy, Ve + vi) o (id+V£) ™1 Ny on 0(id +V£)(Q).

Crucial: extra regularity of 0Q,(t) = (id +V£,)(Q).

Finally, the pressure p,, decomposes as p, = po . + HA,':’, where pg ,; solves

Apg, = —div((ug - V)ug), in (id+V£)(Q),
pox =0 on 0(id +V£,)(Q).

AH has been taken care of in the f, equation).
K
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Appendix, existence: solution via iteration

Start with £, = 0 and 7, = ¢ (solution on Q).

1.

Given a curve of embeddings 7, in H®, use the normal bundle

decomposition to obtain /3, (and thus v,;) in H® (not enough to get Vf,).

2.

3
4.
5
6

Obtain pg . as described.

. Use v,; and pg , as input to solve the f,; equation.

Obtain h, as described.

. Obtain z,. as described.

. Set

t
Nk = id +/ (zs + Vhy o (id+Vf,) o B).
0

Iterate the process, and obtain a fixed point.
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Appendix: scaling by length

Let A be a positive scale factor and assume 7 is a solution to the free
boundary Euler equations on €. Then on the scaled domain AQ2 define o by
a(Ax) = An(t)(x). Then letting y = Ax we find that &(t)(y) = Mij(t)(x).
A computation shows that « satisfies the equations on AQQ with p replaced
by g, where q(y) = A2p(x). However, the mean curvature of

0a(AQ2) = 0An(R) is (1/A)A (A = mean curvature of dn(2)). Thus

q=Xp=XNrA=\kr(1/NA,

so the scaled motion has an effective coefficient of surface tension of \3k.
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