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Model Specification

Two groups random coefficient model

Group 1 (G1) - treatment -  ny individuals

Group 2 (G2) - control - ny individuals
Gl: Yl,-k:a,'—i—u,-—{—sl,-k, i:il,..,i,,l, k=1,..,K
G2: Yoik = i + €ik, I = lng+1, - IN, k=1,.,.K

N =n1+ n2

@ K number of observations per individual

@ cji, j=1,2, observational errors
o E(é‘j,'k) =0

o Var(sj,-k) = 02
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Model Specification

Two groups random coefficient model

Gl: Yik = i+ pi+ €k, I =11,.,0p;,  k=1,.,K
G2: Yaik = i + €2ik; I =41, ins, k=1, K
@ 0, := (cj, ;)" individual random parameters

o E(0;) = (a0, 110) " =: 8¢ unknown

° Cov(0,-)—02<g 8) v& u known; v, u>0

@ All 8; and all €jiry uncorrelated

Search for optimal group sizes for a) estimation of g

b) prediction of o = (a1, ...,an) "
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Best Estimation and Prediction

Best estimation

Best linear unbiased estimator for population parameters 6 :

o = (G0, o) "

<
[
|

Variance of estimator &g :

var (o) = — o .

o? (K(u—|—v)+1 Ku+l)
K +
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Best Estimation and Prediction

Best prediction

Best linear unbiased predictor for individual parameters 6; :

A Kot (Yo = Y2) + gitig (Yo — Y2), ind. "i” in Gl
o =
Yi— Yz, ind. "i" in G2
1 K
== Yk, j=12
K k=1

_{ W(ﬁi* \71)4»\72, ind. "i" in G1

fii . e
Ku+1 Y2,+ﬁ+1Y2, ind. "i" in G2
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Best Estimation and Prediction

MSE matrix

MSE matrix of predictor & = (4, ..., Gn

Cov (6 — a) = ( A )

5 N v T v
= — 1,1, + 77— 1
Au U(KU+1)((Kn1n2 K(u+v)+1) * 1JrK(u—|—v)—|—1 1)

N
A12 = 0'2(KU + 1)m1n11n—; = A;l

K(u+ +1 Ku+1
A22:o'2 (< (UKn‘i) + 7([72 >1n21;,|;+vln2)
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Optimal Design

Optimal design

Exact design:

Approximate design:

f:—(Gl . >; o<w<l1
w

1—w

Search for optimal weight w* to minimize
a) variance of dy
b) MSE matrix of & = (dy, ...,an) "
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Optimal Design

A-optimal design for estimation of population parameter

A-criterion for estimation of population parameter aq
D4 o, 1= var (Go)
G1 G2
for &= ( w l—w )

K(v+u)+1+Ku+1

w 1—w

¢A7ao(w) =

Optimal weight:
1

Ku+1
L+ / ki

*
WA,ao -
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Optimal Design

D-optimal design for estimation of population parameter

D-criterion for estimation of population parameter «q

®p a, = log (var (&o))
for £:< ?A} 1€2W )

K 1 Ku+1
log( (v+u)+ L Kur )

®D.00(W) = w 1-—w

Optimal weight:

* %
WD,OLQ - WA,O(Q
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Optimal Design

A-optimal design for prediction of individual parameters

A-criterion for prediction of individual parameters o = (g, ..., an) '

D4 o = tr(Cov (& — a))
for éz( CI;/\} 1(—;2W )

Klv+u)+1 Ku+1l K2v2 N w
w l-w  Kv+u)+1

q)A,a(W) =

No formula for w; , = Numerical example
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Optimal Design

D-optimal design for prediction of individual parameters

D-criterion for prediction of individual parameters o = (o, ..., an)":

®p o 1= log(det (Cov (& — ar)))

G1 G2
for {:(W lfw)

_ Ku+1
¢D7O,(W) =N WlOg (m) log(W(l W))
Optimal weight:
g 1 + i + 1 + 1 t=lo &
Yoo =5 TN 4" (N2’ T8\ Kvru)+1
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Numerical Example

A-optimal design for prediction of individual parameters

A-optimal weight wy ,

1.0
of treatment group G1
for prediction of individual parameters 0.8 7
a=" 0.6
u %
_g=2 04
-q=20.5
q 0.2
-qg=0.1
/(14 v) 0.0 T T T T 1
r= 00 02 04 06 08 10
N =100
K=5 p
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Numerical Example

Efficiency of OD in fixed effects model

Efficiency of A-optimal design

1.0
in fixed effects model w; = 0.5
0.8
¢‘A7(¥(W,Z cx)
eff = ——— 06 4
Paa(wy) ’
=
Q
v
q=— 0.4 —
u
-q=2 0.2
-qg=0.5
-a=01 0.0 T T T T ]
p=v/(1+v) 00 02 04 06 08 10
N = 100
K = P
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Numerical Example

Efficiency of OD for estimation of population parameters

Efficiency of A-optimal design

1.0
for estimation w;
0.8
aa(Wa o)
off = o 2 Ao 06
A»Q(WA ao) =
(3]
q=— 0.4
u
-q=2 0.2
-q=205
-q9=01 0.0 T T T T ]
p=v/(1+v) 00 02 04 06 08 10
N = 100
K=5 P

August 9, 2017 Maryna Prus Optimal Designs in Multiple Group RCR Models



Numerical Example

D-optimal design for prediction of individual parameters

D-optimal weight w™

1.0
of treatment group G1
for prediction of individual parameters 0.8 7
a=" 06 |
u %
_g=2 0.4 1
-q=20.5
q 0.2
-qg=0.1
/(14 v) 0.0 T T T T 1
r= 00 02 04 06 08 10
N =100
K=5 p
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Numerical Example

Efficiency of OD in fixed effects model

Efficiency of D-optimal design

in fixed effects model wj = 0.5
0.8

(exp(@p.a(wp )\ P |
= ( eXp(q)D,a(WE))) ) = o6

v 0.4 —
qg=-
u
-g=2 0.2 +
-g=05
-q=01 0.0 T T T T ]
S+ v) 0.0 0.2 0.4 0.6 0.8 1.0
p=v v
N = 100 0
K=5
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Numerical Example

Efficiency of OD for estimation of population parameters

Efficiency of D-optimal design

1.0
for estimation wp
0.8
. 1
pr eXp(cDD,a(WD,a)) N 06
eff = - = =T 6 -
eXp(q)D,a(WE)’au)) =
v 0.4 —
q=—-
u
-g=2 0.2
-q=05
-q=01 0.0 T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0
p=v/(L+v)
N = 100
P
K=5
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Directions for Future Research

Directions for future research

@ Other design criteria

More than two groups

Unknown variance parameters

OD for prediction of other linear aspects

Exact designs
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Directions for Future Research

Thank you for your attention!

OTTO VON GUERICKE

UNIVERSITAT
MAGDEBURG
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