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Outline Background Quantum results

SCHUBERT POLYNOMIALS Sw

I The ring Z[x1, x2, . . . ] has a linear basis given by {Sw |w ∈ S∞}.

I For n fixed, {Su(x1, . . . , xn) | u ∈ Sn} can be computed recursively.
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SuSv =
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u,vSw
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Monk’s rule

Let u ∈ Sn and k < n. Then

S(k,k+1)Su =
∑

Sv

summing over all v = u(i, j) such that i ≤ k < j and `(u)+1 = `(u(i, j)).

The k-Bruhat order on Sn is given by ulku(i, j) whenever i ≤ k < j and
`(u) + 1 = `(u(i, j)).

I 1246|357 l4 1247356 1246357
(6,7)−−−→
(4,7)

1247356.
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Fact: If w1 < · · · < wk, wk+1 < · · · < wn then Sw = sλ(x1, . . . , xk).
For instance, S(k,k+1) = s�(x1, . . . , xk).

Theorem (Sottile ’96)

Let u ∈ Sn, k < n and λ = (b, 1a−1) with a ≤ k, b ≤ n− k. Then

Su · sλ =
∑

w

Sw

where u γ−→k w with γ peakless and shape(γ) = λ.
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MURNAGHAN-NAKAYAMA IN H∗(F`n)

Theorem 2 (Morrison-Sottile’16)

Let p(r)(x1, . . . , xk) = s(r) − s(r−1,1) + · · ·+ (−1)r−1s(1r). Then

p(r) ·Su =
∑

w

(−1)leg(γ)Sw

where u γ−→k w with γ peakless tree.

Example: u = 38254671, r = k = 4, w = 38572461, v = 48372561

γ : γ′ :

then [Sw] p(4)Su = (−1)1 but [Sv] p(4)Su = 0
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QUANTUM WORLD

Algebraic Geometry
◦ qH∗(F`n)

Combinatorics
◦ Z[X][q1, . . . , qn−1]/〈E1, . . . ,En〉

Schubert classes [Xw] q-Schubert polynomials Sq
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Intersection Multiplication
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q-Monk’s rule (Fomin-Gelfand-Postnikov ’97)

Let u ∈ Sn and k < n. Then

S
q
uS

q
(k,k+1) =

∑
ulkv

S
q
v +

∑
ulq

kqαv

qαS
q
v

Let Sn[q] := {qαv : v ∈ Sn, qα monomial in the q′i s}. The quantum
k-Bruhat order on Sn[q] is given by

• u lq
k u(i, j) if i ≤ k < j and `(u) + 1 = `(u(i, j)), and

• u lq
k qi · · · qj−1u(i, j) if i ≤ k < j and `(u) + 1 = `(u(i, j)) + 2(j− i)

I 14|32lq
22431 and 14|32lq

2q2q31234 lq
2 q2q31324.
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I Mészáros, Panova, Postnikov provided an expansion for
sq
(b,1a−1)

(θ1, . . . , θk) in the Fomin-Kirillov algebra. We used it to obtain:

Theorem q1 (B-B-C-S-S’17)

Let u ∈ Sn, k < n, λ = (b, 1a−1) with a ≤ k, b ≤ n−k and ρ = (1, . . . , n).
Then

sq
λ ·S

q
u =

∑
w

qαS
q
w

where u γ−→
q
k w with ρi(γ) peakless and shape(ρi(γ)) = λ.

Example: n = 8, k = 4 λ = (2, 12). Then [S
q
w] sq

λS
q
u = q2q3q2

4q5q6q7

38452671

31452678

32415678

32451678

u=38254671

41563782

42563781

43526781

43562781

  (u)= 41365782

γ :

ρ1(γ) :

ρ4(γ) :
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MURNAGHAN-NAKAYAMA IN qH∗(F`n)

Theorem q2 (B-B-C-S-S’17)

Let pq
(r)(x1, . . . , xk) := sq

(r) − sq
(r−1,1) + · · ·+ (−1)r−1sq

(1r). Then

pq
(r) ·S

q
u =

∑
w

(−1)leg(γ)qαS
q
w

where u γ−→
q
k qαw with ρi(γ) peakless tree.

Example: u = 38254671, r = k = 4, w = 32415678, v = 41362578

γ : δ :

ρ4(γ) : γ :

then [S
q
w] pq

4S
q
u = (−1)2q2q3q2

4q5q6q7 but [Sq
v] pq

4S
q
u = 0
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