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Letu € S, and k < n. Then
Sk j+1)Su = ZGv

summing over allv = u(i,j) such thati < k < jand ¢(u)+1 = £(u(i,j)).

The k-Bruhat order on Sy, is given by u<u(i,j) whenever i < k < j and
€(u) +1 = £(u(i,f)).
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Theorem 1 (Sottile '96)

Letu € Sy, k <nand A = (b,1°7*) witha < k,b < n — k. Then
5 Gu=) 6y

where u 5 w with v peakless and shape(vy) = \.

Example
2357146
2347256 2356147
n=75k o 4 1347256 1356247 i
A= (2,1%) —

72t —

1247356 1256347

1246357

then [Sy] 52,6, = 2.
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Let py (%1, - -+ %) = 8¢) = 8¢-1,1) + -+ + (=1)"'sar). Then

o6 = (-1,

w

where u 5 w with  peakless tree.

Example: u = 38254671, r =k = 4, w = 38572461, v = 48372561

— —
— —
— —
5 — P —

then [&4] psy&u = (—1)" but [&o] py&u =0
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Problem

Find a combinatorial rule for

P’Zr)GZ - Zdﬁve%
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Letu € S, and k < n. Then

SlS{n =2 S+ D a"6

IS u<2qav

Let Su[q] := {g®v : v € Sy, q° monomial in the gjs}. The quantum
k-Bruhat order on Sy[q] is given by

o u < u(i,j) ifi <k<jand ¢(u) + 1= £(u(i,])), and
o u<]qi---qgi—u(i,j)ifi <k <jand €(u) +1 = €(u(i,j)) + 2( — i)

> 14/32<12431 and 14|32<)42q31234 <} g2931324.
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Then
-8l=) 96}
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where u l)Z w with p'(v) peakless and shape(p'(7)) = \.
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> Mészéros Panova, Postnikov provided an expansion for

(b 10— 1)(
Theorem ql (B-B-C-5-5'17)
Letu € Sy, k< n, A= (b,1° ") witha <k,b <n—kand p = (1,

Then
-8l=) 96}

w

where u l)Z w with p'(v) peakless and shape(p'(7)) = \.

61, ..., 0c) in the Fomin-Kirillov algebra. We used it to obtain:

.o 1),

Example: n = 8,k = 4 A = (2,1?). Then [&],] s} &) = 924373959677

32415678 43526781
— —
32451678 43562781 =
5 —
31452678 42563781 —
o) —
38452671 41563782 —

N AN
U=38254671 p(u)= 41365782
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Theorem g2 (B-B-C-5-5"17)
Let pf, (x1,- ., %) i= 8fy — 8%, 3y +--- + (1)~ 's?,). Then

Al €1 = DDt

w

where u l)Z q“w with p'(v) peakless tree.
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Theorem g2 (B-B-C-5-5"17)

S_gpy oot (—1)! Then

Z( 1)’eg(7) el

w

Letpf, (x1, ..., %) := 8, —

(1’)
PZr) : GZ =

where u l)Z q“w with p'(v) peakless tree.

Example: u = 38254671, r =k = 4, w = 32415678, v = 41362578
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Theorem g2 (B-B-C-5-517)
Wit (oo i = = e e A (e

P’Zr) .G = Z( 1)’98('7) el

w

where u l)Z q“w with p'(v) peakless tree.

Example: u = 38254671, r =k = 4, w = 32415678, v = 41362578

then [&Y] pi&} = (—1)*q2q39395q647 but [S]] pj&Si = 0
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