Numerical approximation of some inverse problems arising in

Elastography

Anna DOUBOVA
Dpto. E.D.A.N. - Univ. of Sevilla

joint work with

E. Fernandez-Cara (Universidad de Sevilla)
J. Rocha de Faria (Universidade Federal da Paraiba)
P. de Carvalho (Universidad Federal Fluminense de Niteroi)

Women in Control: New Trends in Infinite Dimensions

Banff International Research Station (Canada), 16-21 July 2017

)

S
3

u

1mus

ﬁ o
"Niaas *

&

A. Doubova

Numerical approximation of some inverse problems arising in Elastography



o Motivation: Elastography
e Geometric Inverse Problem for wave equation and Lamé system
0 Method 1: Reconstruction and algorithms (FEM, FreeFem++...)
0 Numerical results (1)

@ Case 1 (Lamé): N=2, Dis a ball

@ Case 2 (Lamé): N = 2, D is the interior of an ellipse

@ Case 3 (Lamé): N = 3, D is a sphere

Q Method 2: Reconstruction and numerical algorithms (meshless, MFS. . .)

0 Numerical results (11)
@ (Poisson): N =2, Dis a ball

0 Work in progress
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Geometric Inverse Problems governed by PDEs

Motivation: Elastography

We consider: Geometric inverse problems for wave equation and Lamé
system: the unknown is the spatial domain

« Motivation: Elastrography is noninvasive technique of imaging by
ultrasound or MR, allowing to detect elastic properties of a tissue in real time

e It is based on the fact that soft tissues are more deformable than stiff
matter. When mechanical compression is applied, the stress in the tumor is
less than into the surrounding tissue and the difference can be captured by
images (a tumor tissue is 5-28 times stiffer than normal tissue, then the
deformation after a mechanical action is smaller)

e It is used in various fields of Medicine (detection and description of bread,
liver, prostate and other cancers, fibrosis, ...)
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Wave equation

N-dimensional wave equation (N = 2 or 3)

(a) Direct problem:

Data: Q, D, T > 0, ¢ = ¢(x,t) and v C 9Q
Result: the solution u

ur —Au=20 in (Q\E)X(O, T)
) u=g on 9Qx(0,T)
u=20 on 9D x(0,T)
u(x,0) =uwp, uw(x,0)=uy in Q
Information:
ou
2) an =@ on ~vx(0,7)

(b) Inverse problem:

(Partial) data: Q, T, p and v C 9Q
(Additional) information: & = a(x, t)
Goal: Find D such that the solution to (1) satisfies (2)

Lamé vibrations are much greater in one direction than the other, then neglecting small terms, one
component of the displacement field approximately satisfies a wave equation. ..
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Elasticity systems: isotropic case, constant Lameé coefficients

Similar inverse problem

(b) Inverse problem: given & = a(x, t), ¢ = ¢(x,t), u, A > 0, find D such that

Uy — pAu+ (p+MV(V-u)=0 inQ\Dx(0,T)

u=ey on 9Q x (0, T)
u=0 on 9D x (0, T)
u(0) =, w(0)=uy inQ\ D

satisfies

o(u)-n= (M(Vu+w')+A(v-u)|d.).n;= a(x,t) on ~x(0,T)

Explanations:
@ u = (u, Uz, U) is the displacement vector
@ o(u) - nis normal stress
@ Small displacements, hence linear elasticity
@ The tissue is described by the Lamé coefficients A and p
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Inverse problems: main questions

Unlqueness u® and u' solutions corresponding to D° and D' resp. and
a®=a'on~y x (0, T). Then, do we have D° = D'?

@ N-dimensional wave equation: OK

@ N-dimensional isotropic Lamé system with constant coefficients: OK
Here we need only Unique Continuation, then no geometrical condition on ~
Stability Find an estimate of the “size” of (D° \ D') U (D' \ D°) in terms of

the “size” of &° — a':

Size((D°\ D')U (D' \ D)) < CF([1&° ~ &'llac 0.7

for all D' “close” to D°, for some F : R, — R, with F(s) - 0as s — 0,
some suitable space A(y x (0, T))and C = C(D°,Q,v, T, wo)

Reconstruction Devise iterative algorithms to compute D from ‘

@ Method 1: Optimization Problem, FEM, FreeFem++
@ Method 2: Mesh-less method, MFS, Optimization Problem, MATLAB
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Method 1: Optimization problem, FEM, FreeFem++. .. |

Augmented Lagrangian method (£ £-NLopt - AUGLAG)

Assume: N =2, D = B(xo, yo; r)

Inverse problem: given & = a(x, t), find xo, yo, r such that D C Q and the
solution u to the Lamé system satisfies

olXo, yoi 1] == (p(x)(Vqu Vu') + A(X)(V - u)ld.) n=a(x,t) on~yx(0,T)

Constrained optimization problem (case of a ball)

Find xo, ¥o and r such that (xo, yo, r) € X, and

J(X07y07r) SJ(Xév}’é:’J) V(X(l)v}/67r/)€Xb
the function J : X, — R is defined by

17 _
IO, Y0, 1) 1= 3 /0 o0, Yo 1] = Gl -1z Ot

Xp = { (X0, Y0, 1) ER® : B(xo,¥0:r) C Q}

v
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Method 1: Optimization problem, FEM, FreeFem++... |l

Augmented Lagrangian method (£ £-NLopt - AUGLAG)

The problem formulation contains inequality constraints
Minimize f(x)
Subjectto x € Xo = {x e R" : X <x <X, 1 <j<m}
CI(X)2071§ISI
We need numerical solution of PDE: FreeFem++ (ff-NLopt— AUGLAG)
Slack variables s;: ci(x) > 0 rewired as ci(x) —s;=0,5>0,1<i<|/

Optimization problem: augmented Lagrangian

! I

Minimize £a(x, A¥; ) = F(x) — 3" M (ei(x) — 81) + 2%% S (a(0) - s

i=1 i=1

Subjectto x € Xp; 5;>0,1<i </
MK multipliers, 4 : penalty parameters

Subsidiary unconstrained optimization algorithms (among others):

@ CRS2 is a gradient-free algorithm a version of Controlled Random
Search (CRS) for global optimization

o DIRECTNoScal is variant of the Dlviding RECTangles algorithm for
global optimization
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Numerical results: 2-D Lamé system |
Dis a ball
D= B(x0,y0;r), T=5

Test1: N =2,
Upt1 = 10X,

Q = B(0;10),
U2 = 10}/,

uir =0,

uz =0, ¢y =10x,

w2 =10y

rini = 0.6
0.4

Iter =

0,
0,

0, y0ini =

x0des = -3,
(AUGLAG + DIRECTNoScal),

INITIAL MESH AND TARGET CONFIGURATION

x0ini =
rdes =

NO

y0des =
1001, FreeFem++

NLopt
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Figure: Test 1 — The initial geometrical configuration, the
initial triangulation and the target D. Number of
triangles: 992; number of vertices: 526.
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Numerical results: 2-D Lame system |l
Dis a ball

COMPUTED OBSERVATION AT TIME T A
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Figure: Computed center and radius
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Numerical results: 2-D Lame system llI
Dis a ball
) 10 Current Function Values Current Function Values
81s I
g 3 oz |
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Figure: Test 1 — The evolution of the cost along the first 1001 iterations of

DIRECTNoScal (Left) and a detail (Right).
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Numerical results: 2-D Lamé system |

D is the interior of an ellipse

Assume: N =2, D = E(xo, Yo, 0, a,b)

Inverse problem: given a = a(x, t), find xo, yo, 0, a, b such that D C © and
the solution u to the Lamé system satisfies

o[X0, 0.0, a, b] == (M(x)(Vu+vU’)+A(x)(v-u)ld.) n=a(x,t) onyx(0,T)

Optimization problem: case of an ellipse
Find xo, ¥o and 0 and a, b such that (xo, yo, 6, a, b) € Xe and

K(Xo)y0’97 a’ b) S K(X67y670/7a,’b,) V(X67y670l7a/7b/) e Xe’
the function K : Xe — R is defined by

1 /7 _
K(Xoay07 97 a, b) = é A ||0[X07y03 97 a, b] - a”,‘z-l—‘/z(W) dt

Xe :={ (%, ¥0,0,a,b) e R* : a,b> 0,0 € [0,7], E(x0, Y0,0,a,b) C Q}
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Numerical results: 2-D Lame system |l

D is the interior of an ellipse

Test2: Q =B(0;10), T =5, up =10x, uee =10y, w11 =0,
Uiz =0, p1 = 10x, 2 = 10y

x0des=-3, y0des=0, sin (thetades)=0, ades=0.8, bdes=0.4

x0ini=-1, vy0ini=-1, sin(thetaini)=0, aini=0.5, bini=0.5
NLopt (AUGLAG + DIRECTNoScal), N° Iter = 2002, FreeFem++:

INITIAL MESH AND TARGET CONFIGURATION
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Figure: Test 2 — The initial geometrical configuration, the
initial triangulation and the target D. Number of
triangles: 1206; number of vertices: 633.



Numerical results: 3-D Lamé system |
Case of a sphere

Test 3: N = 3, Qs a sphere centered at (0,0,0) and radius R =10, T = 5,

Up1 :10X, u02:10y U03:1OZ, U114 :0, u2=0 uiz3=0
©1 =1OX7 @2:10_}/ (p3=102

|
=

x0des = -2, y0Odes = -2, z0des = -2, rdes

x0ini = 0, y0ini = 0, z0ini = 0, rini = 0.6

NLopt (AUGLAG + DIRECTNoScal), FreeFem++:

x0cal = -1.981405274
yOcal = -2.225232904
z0cal = -2.148084171

rcal = 0.9504115226
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Numerical results: 3-D Lame system |l
Case of a sphere

Figure: Test 3 — The initial mesh and the target  Figure: Test 3 — The computed first component
D. Number of tetrahedra: 4023; number of of the observation at final time and the final
vertices: 829; number of faces: 8406. mesh.

Similar results for the wave equation. ..

@ AD, E. Fernandez-Cara, Some geometric inverse problems for the linear
wave equation, Inverse Problems and Imaging, 9 (2015), no. 2, 371-393

@ AD, E. Fernandez-Cara, Some geometric inverse problems for the Lamé
system with application in elastography, submitted
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Method 2 of reconstruction

Method of fundamental solutions (MFS), meshless,. ..

MFS is meshless method developed for solving N dimensional wave

equations (direct problem), based on:

@ Wave equation is considered as Poisson equation with time-dependent

source term: —Au = —uy
@ Houbolt finite difference, then Poisson problem

@ Method of particular solutions (MPS)- fundamental solutions (MFS):

Jj=1 k=1

W00 = 0p() () = 3" AF(x )+ 3k Glx — &4l | where

uy is homogeneous solution of Laplace equation

is fundamental solution of the Laplace equation
Nf is number of the field points
Nb is number of the source points

© ©6 06 060 00

F is integrated radial basis function: AF(r) = f(r),
[g coefficients of the basis function, « intensity of the source points

up is particular solution of nonnhomogeneous equation

f(r) is radial basis func.

© PDE+BC+IC = resolution of linear system: | M (

B

[0}

):Z

for ﬁj, [e7%

For Inverse Problem: for simplicity, we consider Poisson equation. . .
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Method 2 of reconstruction: Poisson equation

Numerical results

Inverse problem: (Partial) data: Q, T, ¢, fand v C 9Q
(Additional) information: & = a(x)
Goal: Find D such that the solution u to (3) satisfies (4)

—Aut+au=f in Q\D (PDE)
(3) u=e on 99 (BC on 992)
u=20 on 0D (BConaD)
ou
(4) = on ~ (BCon~v)
We take

Nf Nb
u(x) = up(X) + un(x) = > BiF(Ix = mil) + > awG(1x — &)

=1

Assume: Q = B(0,10), D is a ball: D = B(xo, yo; rho)

A. Doubova Numerical approximation of some inverse problems arising in Elastography



-5

Boundary of Omega
Boundary points
Points on gamma
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Source points
Boundary of D
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Figure: Initial configuration




Method 2 of reconstruction: Poisson equation |

Numerical results: D is a ball

Q=B(0,10), ¢(x)=10x, f(x)=0, a=1

@ Nb0 =60: Nb of boundary points on 9Q
@ Nb00 =10: Nb. of boundary points on ~ ’
@ Nd =12: Nb. of boundary points on 9D
@ Nb=Nb0+ Nd: Nb. of source points

x0ini

0, y0ini = 0, rhoOini = 1.5
x0des = -6, y0Odes = 0, rhodes = 1.2

“10 5 o 5 10

Nf Nb
u(x) = up(x) + un(x) = > BF(Ix = mil) + D axG(Ix — &),
k=1

j=1
PDE + BC’s on 992, 9D, ~ yield to nonlinear system of equations

M(x0, y0, rho) ( g ) =Z = Lastsquare formulation fmincon, MATLAB. ..

\xOcal = -5.999991, yOcal = 0, rhocal = 1.199999 \
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Method 2 of reconstruction: Poisson equation I

Numerical results: D is a ball

‘xOcal = -5.999991, vyOcal = 0, rhocal = 1.199999

x0des = -6, vy0Odes = 0, rhodes = 1.2

Outer boundary
Inner (computed) boundary

Figure: Desired configuration Figure: Computed domain and iterations
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Method 2 of reconstruction: Poisson equation Il

Numerical results: D is a ball

Function Values

log(Fun. values)

.
0 20 40 60 80 100 120
Iterations

Figure: The evolution of the cost along 114 iterations of fmincon

Joint work with:
@ AD, E. Fernandez-Cara, J. Rocha de Faria, P. de Carvalho

A. Doubova Numerical approximation of some inverse problems arising in Elastography



Work in progress
Open problems

@ With the Method 2: Formulation + Numerical results for wave equation
@ With the Method 1: numerical results for general elasticity system:

—ur—V-o(u)=0 inQ\Dx (0,T)
u=yg on 9Q x (0, T)
u=20 on oD x (0, T)

u(0)=w, w0 =uw InQ\D

N
]
ou(U) = Y awei(u), ei(U) = 5 (0 + Ju)

=
ajl = awij = ajk € L=(Q) 1 <14,j,k,1<3
N N
2 NxN
Z Qi > o Z &5, V{&} € Reym
ij ki, I=1 ij=1

@ Ellipsoids, other more complicated geometries ?

@ Internal observations ?
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