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Mean-field Quantum Electrodynamics

» Model:

@ quantized Dirac field «~ classical electromagnetic field

e interactions solely through the classical field = quadratic in W(x)t, W(x) =
mean-field exact for particles

@ quasi-free states for electrons / coherent states for photons

» History:
@ Dirac ('34) wrote first order and suggested self-consistent model
o (Current) Density Functional Theory

o Chaix-Iracane-Lions ('89): purely electrostatic model

» Applicability to real systems?
@ Simple model containing some of the difficulties of full QED

@ DFT: chemists plan to include correlation+photons by adding
phenomenological terms
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Mean-field Quantum Electrodynamics: results

» Purely electrostatic case:

@ non-perturbative solutions Vo, Z, m,A > 0

@ non-perturbative formula for physical charge

@ (perturbative) charge renormalization, Landau pole
@ no mass renormalization needed
°

time-dependent solutions

» Full electromagnetic case:
@ perturbative solutions
o Pauli-Villars regularization

@ Euler-Heisenberg effective action

» Main open problems:
@ non-perturbative & time-dependent solutions for A £ 0
@ include correlation & quantized photons perturbatively
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QED Lagrangian action

2nd-quantized Dirac field W(x) «w classical EM field (V/(x), A(x))

Formal time-independent QED Lagrangian action

7= \IJ(x)Jr ( —iz Ok + ﬁm)W(x) dx + e/]R3 (V(x) + Vext(x))p(x) dx

R3

:=Dm,0

—e X X)) - j(x)dx S = 2
[, (400 + Aoxlo) ) e+ = [ 1V A AR = [9V)

y

(units: h=c=1, a = ¢?)

Density and charge current operators

4 X.'- X — X XT xTa X) — X)) XJf
Z (x)sv )02‘"( Jo V(s iy, = YO ar¥( )2"’( JauV(x)

o=1
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In one-body space

One particle density matrix
(W)L (y)or) = ¥(x,¥)s,0 which satisfies 0 < v < 1 on [3(R3,C*)

Action in terms of 7, V A

4 1
(L) =11 ( Dine(v Vo) el Ave) 51— | + = / IV AAR = |VV = L(y, V. A)
2 87T R3

where v :=1 —~ and

8
Dmy,a = Z o (= i0k — Ak(x)) + Bm + V()
k=1
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Self-consistent time-independent equations

_~L 1
M) +—/ IVAAR - [VV]
2 -

['(’77 Vv A) =tr (Dm,e(V+Vext),e(A+Aext) s

Self-consistent equations

vt
—AV(x) = A4re tres ( 5 ) (x,x) :=4mep,_,1 (x)
vt 2
—AA(x) = A4me tres (a 5 ) (x,x) :=4mej,_ . (x)
2
V-A =0
T = ]1(—oc.,u)(Dm7e(V+vext),e(A+Aext)> +9

Formal variational principle

mwin min max L(y, V,A)
1Z
0<y<1 V-A=0

» If (Vixt, Aext) = 0, the solution is (V,A) =0, v = 1(_c ,)(Dm,o0)
= old Dirac picture of the quantum vacuum
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The purely electrostatic case A = Ayt =0

r V.0 D 'y—ny- o p%(x)pw—gﬁ()/)d J
=t m,e >
m‘?x (77 ) ) I’( ,€Vext 2 > + 2 //]R3X]R3 |x—y| xay

A A
Wick ordering: subtract infinite constant tr (D ev,, 5 ) = tr (Dp 05> )

Convex minimization problem in electrostatic case

min {tr (Dm,evextQ) Jrg // pQ(X)pQ(y)dxdy}
2 J JR3XR3

v x =yl
where Q = Y — 7Y0. Chaix-lracane-Lions '89

Take Vi such that fR3 |V Vext |2 < 00, for instance Ve,y = —eZ v |x| 71

—AVie: =4re (pw,# — Zl/)
2

Y = ]1(—00,0) (Dm,e\/tot) +4

[HLSO05']: no minimizer, no solution to the equation (UV divergences)
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Existence with high momentum cut-off

Theorem (3! non-perturbative solutions [HLS05,HLS05'])

» Let N\;e,m,Z > 0 and v as above. Then there exists at least one minimizer
living over MAL2(R3) with My := 1(|p| < A). It solves

Yo = L(—o0,0) (D) +
D. = NA(Dmyo + €Vior) Ma

— AV = 47Te<p£ — ZV)
with 0 < § < T40y(Dx), and which is such th.;t
tr Y5 Yeve + try0vE o + tr(1s — Y0)2 < 00 and p,_,1 € L2(R3) N H~1(R3).
All these solutions share the same p., _,1 = pyac, henzce Viot and D, = Dp, ey,
are unique. T
> If €2 |V Veu| ;2 < 7/02Y/°, then ker (D) = {0} hence 6 = 0 and . is unique.
In addition, the vacuum is neutral

”

Ind(vs,70) = “tr(v — 0)" = tr 5 (% — %)% + tryo(7x —Y0)70 = 0.
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Existence for atoms and molecules

Theorem (Atoms and molecules [HLSO07])
Let \,e,m,Z >0 and 0 < v € L}(R3) N L%5(R3) as above, with [, v = 1.
For

aZ, q >0, N\ fixed and o < 1
or for
0<qg< Z A fixed and a < 1

there exists a minimizer under the charge constraint “tr(y — v)" = q.
It solves the previous nonlinear equations for some chemical potential
w € (—m, m).

pol. vacuum electrons pol. vacuum electrons
I

p=0
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Towards charge renormalization

Theorem (The physical charge [GLS09])
For v € L}(R3) we have p.,. -, € L}(R?) and

. . —Z/ v+ “tr (v« — %)
3
72/ V+/ Prys—vo = =
JR? JR?

where

/ms—s% 2 /\ 5 2log?2
ot

In particular, except when the two terms vanish, . — o is never trace-class.

2 _ S
eph = OQph - =

11re2By 1+ aBa

» Renormalization: express everything with aph and study A — oo
Problem: cannot keep o, fixed, since by definition apnBa < 1! [Landau pole]
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Renormalization order by order

Idea: expand vacuum polarization in powers of app, keeping aph log A fixed

Theorem (Perturbative renormalization [GLS11])

For = 0, there exists a sequence p; € L?(R%) N L%/5(R3), depending only on Zv,

such that the following holds. For € < apnBr <1 — € and oph < 1, we have

K

AProt — Z(aph)jpj < Cek.zo (apn)KH?
Jj=1 FI—1(R3)

where p; = —Zv and

_ Z [ 2 1 s (Y
P2>0<|x|1:_3—7T/1 dt(t2_1)1/2{t_2+_]/Rse2| yie_v(y) dy

t4 Ix —y|

is the Uehling potential. (Serber '35, Uehling '35)

@ Rough estimates give C, k ., < C(log K)Kz/2

@ The series is believed to be divergent (Dyson '52)
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Back to the electromagnetic case
We integrate fermionic degrees of freedom

Formal Lagrangian action

I
—
PN
&
CO| st

min ,C(’}/, V7A) ——tr ‘Dm,e V+Vext)"e(A+Aext + 7/ ‘V A A‘z — |V\/|2
Y 2 T JR3

Pauli & Villars ('49): 2 fictitious fields of masses my, my > 1

)

17
+—/ IVAAP = |VV|?
87T R3

L,
Fev(V, Vext; A, Aext) = 5 ZCJ<|DmJO| e(VA+ Vo) e(A+Acx)

l\)

2

with mg = ¢g = 1 and ZCJZZCJ’T’?:O-
=

Any other gauge-invariant cut-off probably works the same

Translation invariant case: Euler-Heisenberg '36, Weisskopf '36, Schwinger '51
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Existence of perturbative solutions

Theorem (Existence of Pauli-Villars-regulated solutions [GHLS12])

2 2
Assume that co =1, my > m; > mg > 0 anchj = Z:cjmj2 =0,
j=0 j=0
» Zpy is well defined and continuous on the space of potentials V, A € L°(R3)
satisfying [gs [VV|? + |V A A2 < o0.

» For any a/ |V Vel 4+ |V A Aexe|? < €2 myg, there exists a unique solution

(Vi, A.) to the min-max problem

min = sup ﬁgPV(Va Vextv A: Aext)
IVVIi2<3ey/R | VAA|2<3ey/
= max inf FpU(V, Vext, A, Aext)

HV/\AHL2<3E\/ i HVVHL2<3€\/ %

where e only depends on z o |¢jlmo/m; and .

> (Vi,A.) is a solution to the nonlinear equations.
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Euler-Heisenberg effective action

Theorem (Euler-Heisenberg effective action in magnetic case [GLS17])

Let B € CO(R3,R%) N LY(R3) N L°(R3) with VB € L}(R3?) N L%(R3) and
VB =0. Let A such that B=YV A A and set A_(x) = e 1A(ex). Then

3 2 .
€
31735 (1Pn.00l = [Dmaal) = |, #24(elBe:) o+ 0(e)

where

fPY(b) = 87r2 (Z e Smf) (sb coth (sb) — 1) g

is the Pauli-Villars-regulated Euler-He/senberg vacuum energy.

@ Semi-classical analysis in strong magnetic fields
@ Euler-Heisenberg with E # 0 is not easily well defined

872 s3

@ Recent confirmation of vacuum birefringence (Mignani et al, 2017)
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1 —sm 252 R cosh B|?> — |E|* +iE-B)2
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0 3
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