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@ Two disjoint intervals




Entanglement entropies: definition

[ Quantum system (H) in the ground state |¥)
Density matrix p = |U)(¥V| = Trp" =1

[ Hilbert space (H =Has®H B)

e.g.: spatial bipartition



Entanglement entropies: definition

[ Quantum system (H) in the ground state |¥)
Density matrix p = |U)(¥V| = Trp" =1

[ Hilbert space (H =Has®H B)

e.g.: spatial bipartition

[0 A’s reduced density matrix (pA = Ter) (Trapa =1)

if p describes a pure state then pa describes a mixed state



Entanglement entropies: definition

[ Quantum system (H) in the ground state |¥)
Density matrix p = |U)(¥V| = Trp" =1

[ Hilbert space (H =Has®H B)

e.g.: spatial bipartition

[0 A’s reduced density matrix (pA = Ter) (Trapa =1)

if p describes a pure state then pa describes a mixed state

[0 Entanglement entropy = Von Neumann entropy of pa

(SA = —Tra(palogpa) J




Entanglement entropies: definition

[ Quantum system (H) in the ground state |¥)
Density matrix p = |U)(¥V| = Trp" =1

[ Hilbert space (H =Has®H B)

e.g.: spatial bipartition

[0 A’s reduced density matrix (pA = Ter) (Trapa =1)

if p describes a pure state then pa describes a mixed state

[0 Entanglement entropy = Von Neumann entropy of pa

(SA = —Tra(palogpa) )

[ Replica trick S4 = lim log(Trpi3) = — lim i Tr p'
n—1 1—mn n—1 On




Entanglement entropies: definition

[ Quantum system (H) in the ground state |¥)
Density matrix p = |U)(¥V| = Trp" =1

[ Hilbert space (H =Has®H B)

e.g.: spatial bipartition

[0 A’s reduced density matrix (pA = Ter) (Trapa =1)

if p describes a pure state then pa describes a mixed state

[0 Entanglement entropy = Von Neumann entropy of pa

(SA = —Tra(palogpa) )

: : (T
[ Replica trick Sa = 11m[ gl I“pAJ: — hm i Tr p'

—1 0n
Rényi entropies 51(4”) J




Entanglement entropies: definition

[ Quantum system (H) in the ground state |¥)
Density matrix p = |U)(¥V| = Trp" =1

[ Hilbert space (H =Has®H B)

e.g.: spatial bipartition

[0 A’s reduced density matrix (pA = Ter) (Trapa =1)

if p describes a pure state then pa describes a mixed state

[0 Entanglement entropy = Von Neumann entropy of pa

(SA = —Tra(palogpa)

[ Replica trick Sa = hm[ TIPAJ— — lim —‘
n—1 On
Rényi entropies 51(4”) J




Entanglement entropy: some properties

[0 Bipartition H =Hs® Hp p=|U)(¥|] pure state



Entanglement entropy: some properties

[0 Bipartition H =Hs® Hp p=|U)(¥|] pure state

—Zcilogci = SBJ

k

)
s
N
|

— 5S4 is not extensive

Schmadt decomposition



Entanglement entropy: some properties

[0 Bipartition H =Hs® Hp p=|U)(¥|] pure state

—Zcilogci = SBJ

k

)
s
N
|

— 5S4 is not extensive

Schmadt decomposition

Araki-Lieb inequality

] pmixed state 6SAESA_SB ( ‘5SA‘ < SAUB :Sp )




Entanglement entropy: some properties

[0 Bipartition H =Hs® Hp p=|U)(¥|] pure state

—Zcilogci = SBJ

k

)
s
N
|

— 5S4 is not extensive

Schmadt decomposition

Araki-Lieb inequality

[0 p mixed state 554 =S4 —Sg ( ‘5SA‘ <SAUB:Sp )
H Subadditivity Al N A2 :(Z) SAl + SA2 2 SA1UA2
[ Strong Subadditivity 4 ~

SAl _|_ SAQ > SAlLJAQ —l_ SAlﬂAQ
=

Sa, +Sa, 2 Saa, T 545\4,
% B \_ )




Geometric entropy: area law

[0 Assume that A and B correspond to a spatial bipartition of the system

[ @®] [
B r-




Geometric entropy: area law

[0 Assume that A and B correspond to a spatial bipartition of the system

2 (@] [
B r-

M Area law: In d spatial dimensions when p = |W)(¥| (S4 = Sae)

[ S 4 x Area(0A) n ] [Bombelli, Koul, Lee, Sorkin, (1986)]

qd—1 [Srednicki, (1993)]




Geometric entropy: area law

[0 Assume that A and B correspond to a spatial bipartition of the system
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M Area law: In d spatial dimensions when p = |W)(¥| (S4 = Sae)

[ S 4 x Area(0A) n J [Bombelli, Koul, Lee, Sorkin, (1986)]

qd—1 [Srednicki, (1993)]
= Inl+1CFTsatT =0 c /
[Holzhey, Larsen, Wilezek, (1994)] Sa = 3 log — + const
[Calabrese, Cardy, (2004)] a

SA:’YT_f

=9 In 2+ 1 CFTs for a circle [ 9r R J

[0 Area law violated in presence of Fermi surfaces: S4 ~ L% !log L
[Wolf, (2005)] [Gioev, Klich, (2005)]
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[ Twist fields have been largely studied in the 1980s

[Zamolodchikov, (1987)] [Dixon, Friedan, Martinec, Shenker, (1987)]
[Knizhnik, (1987)] [Bershadsky, Radul, (1987)]

[ Integrable field theories [Casini, Fosco, Huerta, (2005)] [Casini, Huerta, (2005)]
[Cardy, Castro-Alvaredo, Doyon, (2008)]
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~ omik 5
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\_ _J
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[ Branch-point twist field 7, ; in the origin

[Dixon, Friedan, Martinec, Shenker, NPB (1987)] [Zamolodchikov, NPB (1987)]
[Calabrese, Cardy, JSTAT (2004)] [Cardy, Castro-Alvaredo, Doyon, JSP (2008)]
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[ Two-point function of twist fields for a free complex boson ¢
[Dixon, Friedan, Martinec, Shenker, NPB (1987)]
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[0 Partition function on R, 1 [Calabrese, Cardy, JSTAT (2004)] [Ryu, Takayanagi JHEP (2006)]

Trglh = 28 = (T Ta() = [[Ten()Tin(0)) = —— 2
2] =0 u—oft0"n)

Entanglement entropy of a single interval for the free real boson
» c=1

14
[ SA:_ﬁnTrpZ‘nzl — 9 log_—I_C/l ]
3 a [Holzhey, Larsen, Wilczek, NPB (1994)]

0 R, is topologically a sphere = it can be uniformized into a sphere
This allows to find S4 for any CF'T
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[0 Two disjoint intervals: Four point function of twist fields
[Caraglio, Gliozzi, (2008)]
[Furukawa, Pasquier, Shiraishi, (2009)] Uy Ay V1 Us Az Vo

[Calabrese, Cardy, E.T., (2009), (2011)] _ -

Trp" = =2 = (T (u1) T (v1) T (u2) Tr (02))

ol (Ter e e ) I

Zs p 1s the partition function of R ,, a particular

genus n — 1 Riemann surface obtained through replication
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Free compactified boson: Renyi entropies

[Calabrese, Cardy, E.T., JSTAT (2009)]

@ Riemann-Siegel theta function O(0|T) = Z exp [imm® T -m]
- m € ZC
r > ) ) > complex
©(0|nl') ©(0|T boson
o (0|T)
. J

n—1 F,(x) = oF1(y,1 —y; 1;2)
[ = - E sin (7‘(’—) i k}é’k/(n(a:)x) cos [27?5(7“ — s)]

rs=1,...,n—1 < nasty n dependence
= F,(x) is invariant under n < 1/n

= F,(z)is invariant under z 1 -z (S, = Sp)

O Previous studies of the period matrix in [Korotkin, (2003)] [Enolski, Grava, (2003)]
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[Alvarez-Gaume, Moore, Vafa; CMP (1986)]
[Dijkgraaf, Verlinde, Verlinde; CMP (1988)]

[l ¢ =1 theories in 2D
(compact boson and Zs orbifold)

00

Rorvifold
) 4-state Potts

L ¢
V2

1 © (Ising)?

/2 |K.T. Dirac 8%2)

[l For the Ising model

T 1s enough to write Z
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Ising model: Renyi entropies

I [Calabrese, Cardy, E.T.; JSTAT (2011)]

1+ —~
O fxy = _Z (T7 050511+ TWU?U?H T 5(7;2')
j=1
Ising model

. 1
— anisotro {
7 by 0 XX model

h = magnetic field

[0 Continuum limit: CFT.

Bosonization on higher genus Riemann surfaces

[0 Riemann-Siegel theta function with characteristic e and ¢ are vectors with
- - n — 1 elements € {0,1/2}

@[ g ](Z|F) = Z exp [im(m+e)" T (m+e)+2mi(m+e)-(z2+9)]

m € ZG

M F.(x) is invariant under x <+ 1 —x (94 = Sp)



Two disjoint intervals: comparison with numerics
[l Mutual information in XXZ7 model

(exact diagonalization) [Furukawa, Pasquier, Shiraishi, (2009)]

0.4

0.35 | ]1

0.3
0.25
0.2

0.15 It/

0.1

— 32 — B
2,2) (LD

0.4 0.6 0.8

Rational interpolation:
an example

0.5[T T

0.4

s 8 . S—
(17‘3110g 43) ~

1 1 LN 1

0.2

T T
grdidiiiiisag,

PSR S R R R

0.4 0.6 0.8 /r] 1 0

[ Mutual information in critical Ising chain

0.25

02—

0.1%

0.05

3

_—:‘ﬁ_—-_

T T T T T

— ~
A S,
7~ N ‘
P \.\ ]
().15~/( ‘\_
L§ ol —2 |
g — (32 nf—4 )
(1,1) o l=38 Y
(=16
- (2,1
2,1) 39
| | L | L |
0 0.2 0.4 T 0.6 0.8

(Tree Tensor Network) [Alba, Tagliacozzo, Calabrese, (2010)]

[ Rational interpolation:

[De Nobili, Coser, E.T., (2015)]

ap(z) + a1(x)n +

oo _|_ ap(x)np

=
2
~
N——"
]

bo(x) 4+ b1(z)n +

cee bq(w)nq

Method first employed for Riemann theta functions
in 2+ 1 dimensions [Agén, Headrick, Jafferis, Kasko, (2014)]
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Why disjoint intervals?

[ One interval on the infinite line at 7' = 0 [

[Holzhey, Larsen, Wilczek, (1994)]

14
Sq = < log — + const ]
[Calabrese, Cardy, (2004)] 3 a

O Two intervals Ay and As: Trp’ 4, for small intervals

[Headrick, (2010)]

w.r.t. to other characteristc lengths of the system
[Calabrese, Cardy, E.T., (2011)]

& T >
61 62
r N N
, —e/6(n—1/m) 105 > (Aj+A;) n i oo
Trph = i (£16y) =00 =HM 3 <n2r2) (L] 6w (2797
| (k) =1 |

Trp"; for disjoint intervals contains all the data of the CFT

(conformal dimensions and OPE coefficients)

e M

The vacuum is not empty!

[0 Generalization to higher dimensions [Cardy, (2013)]
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7~

N\

N N-—1 n—1
C RN,n is | y" = H (Z - 5527—2) [ H (Z — 5627—1)]
v=1 y=1

\,

g={N-1)(n-1)
[Korotkin, (2003)]
[Enolski, Grava, (2003)]

[M] Partition function for a generic Riemann surface studied long ago in string theory
[Zamolodchikov, (1987)] [Alvarez-Gaume, Moore, Vafa, (1986)] [Dijkgraaf, Verlinde, Verlinde, (1988)]

Riemann theta function
with characteristic

m € ZP

[ Free compactified boson (1 < R?)

Ole](0|Q) = >  explin(m+e)' Q- (m+e)+2ni(m +e) - 4]

[Coser, Tagliacozzo, E.T., JSTAT (2014)]
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g=(N-1)(n-1)

N N—-1 n—1
M Rynis|y" = H (2 — x2y—2) [ H (2 — 5627—1)] [Korotkin, (2003)]
v=1 v=1 [Enolski, Grava, (2003)]

\,

[M] Partition function for a generic Riemann surface studied long ago in string theory
[Zamolodchikov, (1987)] [Alvarez-Gaume, Moore, Vafa, (1986)] [Dijkgraaf, Verlinde, Verlinde, (1988)]

Riemann theta function Ole](0|Q) = Z exp [ir(m + €)' Q- (m +¢€) + 27mi(m + €)' - §]
with characteristic

m € ZP
D Free CompaCtiﬁed boson (77 X Rz) [Coser, Tagliacozzo, E.T., JSTAT (2014)]
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[ Ising model Fleing(g) = 2_. ©le](0]7)]
——— N,n 29‘@(0‘7_)‘
.




N intervals: free compactified boson & Ising model

é =Y
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v=1 v=1 [Enolski, Grava, (2003)]
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[M] Partition function for a generic Riemann surface studied long ago in string theory
[Zamolodchikov, (1987)] [Alvarez-Gaume, Moore, Vafa, (1986)] [Dijkgraaf, Verlinde, Verlinde, (1988)]

Riemann theta function Ole](0|Q) = Z exp [ir(m + €)' Q- (m +¢€) + 27mi(m + €)' - §]
with characteristic

m € 7P
D Free CompaCtiﬁed boson (77 X R2) [Coser, Tagliacozzo, E.T., JSTAT (2014)]
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©(0|T;,) inZT R T=RT1
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. J
( -
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The periodic harmonic chain

[0 Periodic chain of harmonic oscillators
L—1
1 M w? K
— L9 2 L A g )
;_:()(2Mpn+ 5 qn—|—2(Q+1 Q))

The massless case in the continuum limit

is the ¢ = 1 free boson on the line

[Peschel, Chung, JPA (1999)] [Botero, Reznik, PRA (2004)]
[Audenaert, Eisert, Plenio, Werner, PRA (2002)]
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The periodic harmonic chain

[0 Periodic chain of harmonic oscillators

L—1
1 M w? K
H = A —~ Un _n2
;<2Mpn+ 5 qn—|—2(Q+1 Q))

The massless case in the continuum limit

is the ¢ = 1 free boson on the line

[Peschel, Chung, JPA (1999)] [Botero, Reznik, PRA (2004)]
[Audenaert, Eisert, Plenio, Werner, PRA (2002)]

[ Decompactification 1L ]
regime (large ) Fior

0.8 — _

.F](%;ec ( ) _ 779/2 0.6 - _

v det(Z) [©(0]7)[2

[Coser, Tagliacozzo, E.T., JSTAT (2014)]
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Numerics for the Ising model: Matrix Product States (I)

[White, Noack, PRL (1992)] [Ostuld, Rommer, PRL (1995)] [Vidal, PRL (2003)] [Verstraete, Cirac, PRB (2006)]

[Hastings, JSTAT (2007)] ...

b ' '
Ground T = Z Z (102 40205 L gOsO oY  [ig) i

11

state

Reduced density matrix pA

[0 t*” are obtained
by minimizing (V|H|¥) T 2
IpA
[[] The accuracy of the result
depends on the bond dimension




Numerics for the Ising model: Matrix Product States (1)

[ The N = 2 case has been studied numerically through various methods
[Caraglio, Gliozzi, JHEP (2008)] [Furukawa, Pasquier, Shiraishi, PRL (2009)]
[Alba, Tagliacozzo, Calabrese, PRB (2010); JSTAT (2011)]
[Fagotti, Calabrese, JSTAT (2010)]

[l For N > 2 we considered Ising chain with 30 < L < 500.
Variational algorithm of [Pirvu, Verstraete, Vidal, PRB (2011)]
Finite size corrections must be taken into account
[Coser, Tagliacozzo, E.T., JSTAT (2014)]
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Motivations for Negativity

[ Quantum system (H) in the ground state |¥) = p=|U)(¥| (Trp"=1)

[0 Bipartite system H =Hs Q@ Hp

reduced (,OA _ Ter)

density matrix

Entanglement
“ I (SA:—TrA(pAlogpA))

entropy

S4 = Sp for pure states

O Tripartite system H =Hu, @ Ha, @ Hp — PA;UA, 1s mixed

Sa,ua, : entanglement between A; U Ay and B

@ @ What about the entanglement between A1 and As?

A computable measure of the entanglement
is the logarithmic negativity
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Partial transpose & Negativity: definitions

p'2 is the partial transpose of p

(62157 0ef?) = (e plefVe?) ]

Peres, PRL (1996)] [Zyczkowski, Horodecki, Sanpera, Lewenstein, PRA (1998)] [Eisert, (2001)]
Vidal, Werner, PRA (2002)]

A p = pa,uA, is a mixed state
\e§1)> and |e§-2)> bases of H 4, and H 4,

—

A; <0 Trp™ =1

P T2
B Trace norm [ 1p72|| = Tr|p™2| = Z N =1-2)" AJ Aj eigenvalues of p

Logarithmic negativity (8 4, = In|[p"2|| = In TY‘PTQ‘J

[ Same definition for a bipartite system
H=Hs®Hp in a generic state p =—3 E4 =Ep
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Replica approach to Negativity

.0 Renyr log Trp'y
— - - n . —
O l Sa lim 5 Tr p'} I entropies Sn T _)n > SA

[Calabrese, Cardy, E.T., (2012)]

Tr(pTg)ne — )\;Ie — |>\z Ne + ‘)\Z Ne
1 A parity effect fo< ; A,Z>0 Azz<o

Tr(pe)me = 3o = 30 e = Y

7 ;>0 A; <0

[ Replica approach

_ ol — 13 To2\ne
to negativity €4 [ Ea=logllp[| = nljr—r>ll log [Tr(p ) } J

lim Tr(p’2)" =Trp'2 =1

ne—1

Analytic continuation on the even sequence Tr(p?2)"e (make 1 an even number)




Partial transposition: two disjoint intervals

[Caraglio, Gliozzi, (2008)]

[Furukawa, Pasquier, Shiraishi, (2009)]
[Calabrese, Cardy, E.T., (2009), (2011)]
[Fagotti, Calabrese, (2010)]

[Alba, Tagliacozzo, Calabrese, (2010), (2011)]



Partial transposition: two disjoint intervals

Caraglio, Gliozzi, (2008)] | @ The partial transposition

Furukawa, Pasquier, Shiraishi, (2009)] exchanges 7- and 7‘-
n n

Fagotti, Calabrese, (2010)]

[
[
[Calabrese, Cardy, E.T., (2009), (2011)]
| |
[Alba, Tagliacozzo, Calabrese, (2010), (2011)] [Calabrese, Cardy, E.T., (2012)]



Partial transposition: two disjoint intervals

Caraglio, Gliozzi, (2008)] | O The partial transposition
Furukawa, Pasquier, Shiraishi, (2009)]

[

[ —
[Calabrese, Cardy, E.T., (2009), (2011)] eXChangeS 7Tn and 7:7’
[

[

Fagotti, Calabrese, (2010)] |
Alba, Tagliacozzo, Calabrese, (2010), (2011)] [Calabrese, Cardy, E.T., (2012)]
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Partial Transposition for bipartite systems: pure states (1)

[Calabrese, Cardy and E.T.; PRL (2012), JSTAT (2013)]

H=Has, @ Ha,
| B A B A, B
] lim
B —0 Uy (] U V2
Tn T T €< T,
Partial o exchange

Transposition  two twist fields

[ T = T T

[0 7.7 connects the j-th sheet
with the (j 4+ 2)-th one

O Evenn=n, = decoupling

@NNMN%
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Partial Transpose: pure states (Il)

O p=[0){ H=H 3N

= Schmidt decomposition |V¥) = ch U1 Pr)e ¢ =0 Zci =1
k k

” )
Tr py n=mn, odd

(

Tr(p™2)" = 4

24 2
(Tr ,0727’/ ) n=mne  even
. . J

1o — : To\ne c/2
o]l = lim Tr(py)" oc €



O p=|¥NY

Partial Transpose: pure states (Il)

(
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H=H1 QHs
= Schmadt decomposition

Tr py
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Partial Transpose: pure states (Il)

O p=[0){ H=H 3N

= Schmidt decomposition |V¥) = ch U1 Pr)e ¢ =0 Zci =1
k k

” )
Tr py n=mn, odd

(

Tr(p™2)" = 4

\ \

C
ol = lim Tr(py?)"™ o (62 iy [5 = §1n€+constJ

0 For n. — 1 we find £ = 2log Trp§/2 (Renyi entropy 1/2)
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Partial Transpose in 2D CFT: two disjoint intervals

[Tr(p£21uA2)” = ¢ [t102(1 —y)] g(ni)gn(y)]

O Tr (p%lu A2)” is obtained from Trp'; 4, by exchanging two twist fields

Gnly) = (1— w%(n—%) F. (yy_1>

[ Tr(p’2)" involves a new genus n — 1 Riemann surface for n > 3
whose period matrix is 7(y) = 7(;%7)
( )

O E(y) = lim Gy (y) = lim [F” (y)]

Ne—1 Ne—1
. J




Two adjacent intervals: harmonic chain & Ising model

[ Critical periodic harmonic chain
Finite system: ¢ — (L/m)sin(nf/L)

Te(p,"2~")"

Tr(p ")

r, = In

4 sin(m[ly + ¢2]/L)

" L=150 oL=10

L=100 oL=10"
4

L=100 ©L=10"
sl s ; =

[ 1 log sin(m¢1 /L) sin(mly /L) 4 enst }
J

[ Ising model:
Monte-Carlo analysis [Alba, (2013)]

Tree Tensor Network [Calabrese, Tagliacozzo, E.T., (2013)]

4 e m @ -

L=32
L=64
L=128
L=256
L=512
CFT

03 04 0.5

4
7 L
6 L
N
b
5 L
<t
.l 4
¥) 4
3 L
TTN The state is encoded in the network
made by smaller tensors
1 7\ Il
0 0.1 0.2
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Two disjoint intervals: periodic harmonic chains

[0 Previous numerical results for &: [Wichterich, Molina-Vilaplana, Bose, (2009)]
Ising (DMRG) and harmonic chains [Marcovitch, Retzker, Plenio, Reznik, (2009)]

[l Non compact free boson [Calabrese, Cardy, E.T., (2012)]

4 ™ 5, 1 1
no_ Tr(p'2)" R — (1—2)s = [T, 1F§(_=’17> Fr(l—a)|"
" T p'y k—lRe< Fi(3%5) Fr(15))
K J n n
| I ] ! ] |
R, I
0.9_— -
0-8:‘ L=1000, 5000, 10000 CFT 7
I n=3 X A o) —
07-_ n=4 X A — ) ]
[ n=>5 X A \\
- n=6 X A o) — "
0.6 ARG
[ 1 L L N | L L N | N L N | 1 1 1 | 1 ’ <O
0 0.2 0.4 0.6 0.8 1.0

[De Nobili, Coser, E.T., (2015)]



Two disjoint intervals: periodic harmonic chains

0.6

0.4 : v L=5000
[ : O L=10000

0O L =20000

, : : - 1
Analytic continuation for x ~ 1 £=—"log

[Calabrese, Cardy, E.T., (2012)] A (1 _ 'CU) + log K(Qj) + cnst

@ Analytic continuation n, — 1 for 0 < z < 1 not known

@ &(x) for x ~ 0 vanishes faster than any power

Numerical extrapolations (rational interpolation method) [De Nobili, Coser, E.T., (2015)]




Two disjoint intervals: Ising model

[Alba, (2013)] [Calabrese, Tagliacozzo, E.T., (2013)]

M CFT

(1— y)(n—l/n)/6

2. 19el(0l7(;57))

~\

_ n—1
2T By (52511

J

[l Tree tensor network:

2.57
@) 1 =2
] 1 =14
< or O x 1 =28
(@) . 1 =16
+
+++ + + + 1l = 32
" w o
e 1 =64
15] % -
. 2 » xXXX X <> 1l = 128
; m
moo o O CFT
@O0 Wo ) extrapolation
1 ‘ ‘ | |
0 0.2 0.4 0.6 0.8

D<y<l1

[Calabrese, Tagliacozzo, E.T., (2013)]
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XY spin chain: two disjoint blocks

with periodic b.c. Hxy = 2

[ XY spin chain 1ZL:<1—|—7 - 1 —~
j=1

Ising model in a transverse field for v = 1, XX spin chain for v = 0




XY spin chain: two disjoint

blocks

with periodic b.c. Hxy = 2

[ XY spin chain 1 Z ( 1+~

J

—1

Ising model in a transverse field for v = 1, XX spin chain for v = 0

O' —10'
[l Jordan-Wigner transformation ( H o’ ) —
m<Jg
Then introduce the Majorana fermions ai = ¢; + C}L' and af = i(c;

= (11 )~

m<j

T

)

‘”+10




XY spin chain: two disjoint blocks

XY spin chain Heoo 1 & 1+~ . 1= 4
with periodic b.c. XY =75 Z 0 !

DO

g=1

Ising model in a transverse field for v = 1, XX spin chain for v = 0

. . o 2\ 195 2\ % 1o
Jordan-Wigner transformation Cj = ( H 0m> 9 ( H Um) 2

m<J m<j

.I.
Cj

Then introduce the Majorana fermions af = ¢; + c} and af =i(c; — c}L)

Two disjoint blocks [Igloi, Peschel, (2010)] [Alba, Tagliacozzo, Calabrese, (2010)]
[Fagotti, Calabrese, (2010)]

B2 Al B1 AQ B2

*—0—0—06—0—0—6@ ——-

Crucial role played by the following strings of Majorana operators



XY spin chain: two disjoint blocks

[0 The moments of p4 can be computed through four Gaussian operator
[Fagotti, Calabrese, (2010)]

pL=pi p2 = Pa,piPa, p3 = (Pg,) p'y’ pa = (Pp,) Payp's' Pa,

L. o : :
WhereBp 4 is the fermionic reduced density matrix 5 Trp (Pp, | 0)(T])
and p,' 1s the auxiliary density matrix Pa (Pg,)

1

1 w1 -
TI',OZZ = 2_n TI'(,Ol + P2 + pP3 — /04) — 2n—1 Z(_]‘)#4 TI'[ H qu:|
q k=1




XY spin chain: two disjoint blocks

[0 The moments of p4 can be computed through four Gaussian operator
[Fagotti, Calabrese, (2010)]

pL=pa p2 = Pa,psPa, ps = (Pg,) pa' ps = (Pp,) Pa,p}y* Pa,
1 - . . . .
WhereBp 4 is the fermionic reduced density matrix 5 Trp (Pp, | 0)(T])
and p,' 1s the auxiliary density matrix Pa = (Pg,)
1

1 w1 -
TI',OZZ = 2_n TI'(,Ol + P2 + pP3 — /04) — 2n—1 Z(_]‘)#4 TI'[ H qu:|
q k=1

[0 Simplest examples: n =2 and n =3

Tepd = 5| Te(pd) + Tr(prpa) + Te(pd) — Te(pspa) |

I

Trpy = —| Tr(p}) + 3 Tr(pip2) + 3 Tr(p1p3) + 3 Tr(p2ps) — 6 Tr(p1paps) }



XY spin chain: two disjoint blocks

[0 The moments of p4 can be computed through four Gaussian operator
[Fagotti, Calabrese, (2010)]

pL=pa p2 = Pa,psPa, ps = (Pg,) pa' ps = (Pp,) Pa,p}y* Pa,
1 - . . . .
WhereBp 4 is the fermionic reduced density matrix 5 Trp (Pp, | 0)(T])
and p,' 1s the auxiliary density matrix Pa = (Pg,)
1

1 w1 -
TI',OZZ = 2_n TI'(,Ol + P2 + pP3 — /04) — 2n—1 Z(_]‘)#4 TI'[ H qu:|
q k=1

[0 Simplest examples: n =2 and n =3

Tepd = 5| Te(pd) + Tr(prpa) + Te(pd) — Te(pspa) |

== N]|

Trpy = —| Tr(p}) + 3 Tr(pip2) + 3 Tr(p1p3) + 3 Tr(p2ps) — 6 Tr(p1paps) }

[0 We focus on the XX and Ising spin chain at criticality




Spin structures in CFT: Dirac fermion and Ising model

[Calabrese, Cardy, E.T., (2011)]
Olel(0|7)

o(0[7) - <6>

A similar formula con be written for the modular invariant Dirac fermion

O CFT regime

Ismg _ 45 o
Fn 2n 1

+ The characteristic e provides the spin structure
i.e. the set of boundary conditions along the canonical homology cycles

[0 The lattice term whose scaling limit is the term with characteristic e
in Fn(x) can be found [Coser, E.T., Calabrese, (2015)]



Spin structures in CFT & lattice terms: numerical analysis

Ising spin chain
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XX spin chain

1.0
00
0.8]
01
o 0.6 .
z
Sen
G
~ 04 e (=16 . 4
n (=32 o (=9
=64 =27
0.2 * (=128 A (=81 x extrapolation 7
v (=256 =243 _— CFT
0 L L L L
0 0.2 0.4 0.6 0.8 1.0
x
1(} T T T T
0.8] T
? 0.6 .
e
G
N— 04 -
£
£
0.2] x extrapolation 4 ¢=81 e (=128 7]
CFT =243 v (=256
[SS!
p
S
S
=
=9
4 =2
* (=128 n =81 x extrapolation
v =256 =243 __ CFT
G L L L L
0 0.2 04 0.6 0.8 1.0
X
T T T T
0 )
m‘z' YvY v Ov v°
*e o * o . Yo v
-
-0.05 ¢ * .
L .
N e, =
~~~ . L
éqm -0.10] ®e. . . . ]
~ . (=16 ° .
o1k B2 o9 C . b
e =64 =27 ° .
* (=128 ~ (=81 % extrapolation 01
=25 = Qe =
020k 7 £=256 (=243 __ CFT 11 ]
L L L L
0 0.2 04 0.6 0.8 1.0

x

[Coser, E.T., Calabrese, (2015)]

[ Characteristic e

n
Lattice term Tr H Pas
k=1

=3 (dd characteristics
vanish identically

[ Numerics for n = 3



XY spin chain: partial transpose of two disjoint blocks

[ Free fermion: p% is a sum of 2 fermionic Gaussian operators [Eisler, Zimboras, (2015)]

2 number of

0 (ue mod4) e {0,1}
T T( 2 —
Majorana operators i 0, 02 = (=102 7e) = {1 (11> mod 4) € {2,3)

[ XY spin chain [Coser, E.T., Calabrese, (2015)]

. 1 1 (0l P, O})
1 1L Tt ~By __ - 24 B1Y1
PA = g 2L1(0201) 0102 Pa = g 2

0104



XY spin chain: partial transpose of two disjoint blocks

[0 Free fermion: p% is a sum of 2 fermionic Gaussian operators [Eisler, Zimboras, (2015)]
12 1.r1umber of | oT — (—1)7(“2)0 (g) = 0 (p2 mod4) € {0,1}
Majorana operators in Os 2 2 1 (pe mod 4) € {2,3}
[ XY spin chain [Coser, E.T., Calabrese, (2015)]

. 1 1 (0l P, O})
1 1L Tt ~By __ - 24 B1Y1
PA = g 2L1(0201) 0102 Pa = g 2

0104

The moments Tr(p’?)™ can be written in terms of four Gaussian operators

~ ~

151 = /51% P2 = PAQIOAPAQ ﬁ3 = <PBl> ﬁﬁl 154 = <PB1> PAQﬁﬁlpAz

2n—1

1 1 iz [T
)" = o T+ i+ 190 = i S0 T w | T
k=1

q




XY spin chain: partial transpose of two disjoint blocks

[0 Free fermion: p% is a sum of 2 fermionic Gaussian operators [Eisler, Zimboras, (2015)]
12 1.r1umber of | oT — (—1)7(“2)0 (g) = 0 (p2 mod4) € {0,1}
Majorana operators in Os 2 2 1 (pe mod 4) € {2,3}
[ XY spin chain [Coser, E.T., Calabrese, (2015)]

. 1 1 (0l P, O})
1 1L Tt ~By __ - 24 B1Y1
PA = g 2L1(0201) 0102 Pa = g 2

0104

The moments Tr(p’?)™ can be written in terms of four Gaussian operators

~ ~

151 = /51% P2 = PAQIOAPAQ ﬁ3 = <PBl> ﬁﬁl 154 = <PB1> PAQﬁﬁlpAz

2n—1

1 1 iz [T
)" = o T+ i+ 190 = i S0 T w | T
g k=1

1 ~ o o . ~ ~
1 {Tr(pzf) +3Tr(p7p2) + 6 Tr(p1 paps) — 3 Tr(p1p3) — 3 Tf(ﬂng)}



Moments of the partial transpose: Ising chain & XX chain

[ CFT regime: modular invariant Dirac fermion (scaling limit of the XX chain)
1l —=x 28n 1 2
To\n 2 (1= de-8 _
Tr(py) =cp ( 0105 ) on—1 Ee:(_m €= (

where 7(2) = 7(=%7). A similar formula can be written for the Ising model

©le](0I7)
O(0[7)




Moments of the partial transpose: Ising chain & XX chain

[ CFT regime: modular invariant Dirac fermion (scaling limit of the XX chain)

T ( T2>n 2 l—x 2on 1 Z(_1>4s-5 i —
r(ps’) =c, i, on1 e =

where 7(2) = 7(=%7). A similar formula can be written for the Ising model

©le](0I7)
O(0[7)

M Numerics: e.g. Tr(p’?)"/Trp" for n = 4 [Coser, E.T., Calabrese, (2015)]

Ising chain
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Moments of the partial transpose: Ising chain & XX chain

[ CFT regime: modular invariant Dirac fermion (scaling limit of the XX chain)

T ( T2>n 2 l—x 2on 1 Z(_1>4s-5 i —
r(ps’) =c, i, on1 e =

where 7(2) = 7(=%7). A similar formula can be written for the Ising model

©le](0I7)
O(0[7)

M Numerics: e.g. Tr(p’?)"/Trp" for n = 4 [Coser, E.T., Calabrese, (2015)]

Ising chain

1.00f B e————RRL ] 1.00f ;

I 1 095 ]

U (=64 ]

=96 0.90F .

i (=12 e = § 1 i ]

0.00F ¢ 1 . . .

! (=160 . 1 0.85} ]

o (=102 B! e (=16 : . ]

085k " 724 . : ] 0.80F = =32 o (=9 ]

=256 : ; (=64 o (=27 ]

* (=288  x extrapolation . 075k ¢ (=128 » (=81 x extrapolation o .

080k 7 (=320 — CFT ] [ v ¢=256 © (=243 — CFT ’ ]
I T S S SR A 0.70 I B R R R

0 0.2 0.4 T 0.6 0.8 1.0 0 0.2 0.4 T 0.6 0.8 1.0

[0 The lattice term in Tr(p’?)"™ whose scaling limit is the term with characteristic e
in the CFT formula can be found



Partial transpose: spin structures in CFT & lattice terms

Ising spin chain
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[Coser, E.T., Calabrese, (2015)]

[ Characteristic e

)

n
Lattice term Tr P,
k=1

=3 (dd characteristics

vanish identically

' [l Numerics for n = 3



Free fermion: partial transpose of two disjoint intervals

[ CFT : [Coser, E.T., Calabrese, (2015)]
expression:

( 5 )
1—2\?* 1 s — n—1 Ole|(7)
T T2\ _ 2 (1 —1 2> 52 95
r</0A) Cn < 6162 ) 2n/2—1 %:COS [4 ( —1—2( ) @(7~')
G v=

where 7 = 7(x/(z — 1)) and the sum is over the characteristics e = (g)



Free fermion: partial transpose of two disjoint intervals

[Coser, E.T., Calabrese, (2015)]

[ CFT expression:

4 o
1—2\?* 1 s — n—1 Ole|(7)
T T2\ _ 2 (1 —1 2> 52 95
r<10A) Cn < 6162 ) 2n/2—1 %:COS [4 ( —1—2( ) @(7~')
. -

where 7 = 7(x/(z — 1)) and the sum is over the characteristics e = (g)

[0 Same result for the compact boson at selfdual radius




Free fermion: partial transpose of two disjoint intervals

[ CFT expression:

[Coser, E.T., Calabrese, (2015)]

( A, o )
n ]. — X n—1 ¢ @ (& %
Tr(p%) = = g COS 1+ g 221:7? 0 LS)
014 2n/ o(7)
U J
~ : .. 0
where 7 = 7(x/(z — 1)) and the sum is over the characteristics e = ( 5)
[0 Same result for the compact boson at selfdual radius
[0 The lattice counterpart of each term in the sum can be found
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Conclusions & open issues

Entanglement entropies for disjoint intervals for some 2D CFT

=3 free boson and Ising model

Entanglement for mixed states.
Entanglement negativity in QFT (141 CFTs): Tr(p!2)" and &€

=3 free boson on the line, Ising model and free fermion
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== Analytic continuations

=2 More complicated models

=2 Higher dimensions
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