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Problem formulation

given (I'(t))eep,7) C R family of evolving closed hypersurfaces
ST = Ureo,my T(1) x {t}
v : St — R velocity field, v-v = Vr
up : F(0) — R.

find u such that

Jfu+uVr-v—Aru = 0 on St (1)
u(0) = up on I(0). (2)
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Existence and uniqueness

Theorem Suppose that (I'(t))¢ejo, 7] is smooth, v € C}(Sr,R™)
and up € HY(T(0)). Then, (1), (2) has a unique weak solution
u € HY(St) such that u(0) = ug and
8;u30+/ upVr-v+ Vriu-Vip=0
r(t) r(t) r(t)
for all ¢ € H}(I'(t)) and a.a. t € (0, T). Furthermore:
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Existence and uniqueness

Theorem Suppose that (I'(t))¢ejo, 7] is smooth, v € C}(Sr,R™)
and up € HY(T(0)). Then, (1), (2) has a unique weak solution
u € HY(St) such that u(0) = ug and

Bgug0+/ ueVr-v+ Vriu-Vip=0
r(t) r(t) r(t)

for all ¢ € H}(I'(t)) and a.a. t € (0, T). Furthermore:

/ (t)—/ uo, 0<t<T;
r(t) r(0)

/ u +/ |Vru® = —1/ w2 Vi - v.
2 dt Jr(y) r() 2 Jr()
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Numerical methods

Triangulated surfaces:

Dziuk & Elliott (ESFEM, '07,'12,'13), Lenz, Nemadjieu & Rumpf
(FV, '08)

Eulerian approach, extended PDE:

Adalsteinsson & Sethian '03, Xu & Zhao '03, Adalsteinsson,
Colella, Arkin & Onsum '05, Teigen, Li, Lowengrub, Wang & Voigt
'09, Dziuk & Elliott '10, Elliott, Stinner, Styles & Welford '11,
Petras & Ruuth '16

Restriction of bulk FEM, CutFEM:

Olshanskii, Reusken & Xu '14, Olshanskii & Reusken '14, Hansbo,
Larson & Zahedi '15, Lehrenfeld, Olshanskii & Xu '17
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Preliminaries, cf. Dziuk & Elliott '10

Stationary surface = {x € Q|¢(x) =0}, Vo¢(x)#O0:

Vo
V¢l

H = —-V-v
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Preliminaries, cf. Dziuk & Elliott '10

Stationary surface = {x € Q|¢(x) =0}, Vo¢(x)#O0:

Vo
V¢l

H = —-V.v
Ven = (Il—v®@v)Vn
Agn = Vg-Vgn
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Preliminaries, cf. Dziuk & Elliott '10

Stationary surface N={xeQlo(x) =0}, Vo(x)#O0:

Vo
V¢l

H = —-V.v
Ven = (Il—v®@v)Vn
Agn = Vg-Vgn

/V¢f\v¢| = —/ fHv |V suppf CC Q.
Q Q
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Extension

Moving surfaces M(t) ={xe€Qlo(x,t) =0}, Vo(x, t) #0;

a) There exists an extension v of the velocity such that

¢r+v-Vo=0.
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Extension

Moving surfaces M(t) ={xe€Qlo(x,t) =0}, Vo(x, t) #0;
a) There exists an extension v of the velocity such that
or+v-Vo=0.
b) Suppose that v is a solution of the surface PDE
Ofu+uVr-v—Aru=0 on St.
There exists an extension u€ of u such that Vu® - V¢ = 0 and
Ofut 4+ u¢Vy-v—DNApu* =¢R inQx(0,T).

where 0ff = f; + Vf - v.
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Phase field function

For € > 0 define
P(x, t)

€

);

p(x, t) :=o(

where o € C%1(R) is given by

" Fa-r3), Irl<1,
(03 =
0, |r| > 1.
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Phase field function

For € > 0 define
P(x, t)

€

);

p(x, t) :=o(

where o € C%1(R) is given by

{ F1-r?), Irl<1,

o(r) =
") 0, |r| > 1.

1 €
1/fp|v¢\dx:/ J(S)/ fd?-l”dsz/ fdH".
€ Ja €Jc € Jio=e) {6=0)
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Phase field function

For € > 0 define
P(x, t)

€

);

p(x, t) :=o(

where o € C%1(R) is given by

{ F1-r?), Irl<1,

o(r) =
") 0, |r| > 1.

1 €
1/fp|v¢\dx:/ J(S)/ fd?-l”dsz/ fdH".
€ Ja €Jc € Jio=e) {6=0)

Note that
Vep=0, 0ip=0.
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Weak formulation

Let n € HY(Q):

d [ ] e e
/uenp\V¢|=/3t(u np)|V¢!+/u nVg-vp Ve
dt Jq Q Q
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Weak formulation

Let n € HY(Q):

d [ ] e e
/uenp\V¢|=/3t(u np)IVch/u nVg-vp Ve
dt Jq Q Q

= /Q(f??ueJruqus'V)anWﬁlJr/Q (n 0f i+ (9t77 p) |V
—0 _vVn
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Weak formulation

Let n € HY(Q):

d [ ] e e
/uenp\V¢|=/3t(u np)IVch/u nVg-vp Ve
dt Jq Q Q

= /Q(f??ueJruqus'V)anV@ﬁlJr/ (n 0f i+ (9t77 p) |V
—0 _vVn

= /(A¢ue+¢R)np|v¢\+/ uév-Vnp|Vel
Q Q
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Weak formulation

Let n € HY(Q):

d [ ] e e
/uenp\V¢|=/5t(u np)IVch/u nVg-vp Ve
dt Jq Q Q

= /Q(f??ueJruqus'V)nplvcler/ (n 0f Gt + (9t77 p) |V
—0 _vVn

= /(A¢ue+¢R)np|v¢\+/ uév-Vnp|Vel
Q Q

= —/V¢UE'V¢?7PIV¢I+/uev-Vnplvqbl-
QN— Q
=Vue-Vn
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Discretization

» Let 7, be a regular triangulation of Q, t,, = m7,m=20,1, ...
» D" = U{T||¢p7(x)| < 2¢ for some vertex x € T}.

> Vit = {nn € CODP) [nw7 € PI(T), T C D'}

> 0 = o™ pf = o(°F).

A~ . 1¢"1< 28
\
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Scheme: Find v’ € V| such that for all n, € V"
1 m m m m— m— m—
{/ up nn o !V¢h|—/ a1V |
T Q Q
+ [V Van o (9071 = [ o (o7 ) o 190

+/ (Vup - v ) (Vvp-vp) =0
by
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Scheme: Find v’ € V| such that for all n, € V"

1 m m m m— m— m—
T{/Uh Nh Ph ’V¢h|_/uh lﬁhph 1|V¢h 1\}
Q Q
+ /Q VUl ol VT /Q up (v - ) T [V
+/ (Vup - v ) (Vvp-vp) =0
Dy

Mass conservation, stability: For m=1,....M
1 m _m m 1 0.0 0

(@) = [ uppp VORI == | uppp | Vpl
€Ja €Ja

M
1 M2 m e m 1 m2. m i .m
) ¢ [P R IVoRl+r Yo 1 [ IV 9oR] < Clw)
m=1

provided that € = ch and 7 < ~vh.
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Sketch of the proof of (b)

To simplify: ¢, p instead of ¢, pp; P(x, t) = d(x, t) = dr)(x).

Choose 1, = up'":
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Sketch of the proof of (b)

To simplify: ¢, p instead of ¢, pp; P(x, t) = d(x, t) = dr)(x).

Choose 1, = up'":

1 1 1
5 L@ =5 [ 2ot g [ -yt
Q Q Q

7'/|Vu,’,"\2pm+7'/ (Vul - v™)?
Q m

Dy
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Sketch of the proof of (b)

To simplify: ¢, p instead of ¢, pp; P(x, t) = d(x, t) = dr)(x).

Choose 1, = up'":

1 1 1
5 L@ =5 [ 2ot g [ -yt
Q Q Q

7'/|Vu,’,"\2pm+7'/ (Vul - v™)?
Q m

Dy

m m m m 1 m m m—
= T/Uh(V -Vu) p _2/(Uh 2(p" = p™ )
Q Q

= [+l
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I =7 fqup (V" V) p"

I= [ Va0 v [ (T o
Q

=h =bh
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I= [ Va0 v [ (T o
Q Q

=h =bh

h = 27/(V¢(U/T)2‘Vm)pm
Q

1 1
= 57 [@RPVe v = 5r [ PHm g
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I =7 fqup (V" V) p"

I= [ Va0 v [ (T o
Q Q

=h =bh

1
b= 57 [(Valwp? v
Q
= o7 @2V v or [ (@ RHm o o
2" Jq 2" Jq —~—
L = —T/U,T(Vu,',"-um)dtmpm.
Q
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I = —/ / ulM?py = —/ /(u,T)ZVp v dy
tm 1 tm 5
tm—1 Q tm—1 Q

since v - Vd; = Vd - Vd; = 1 0,|Vd[? = 0.
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Recall 34 r(o) u2 + -/.F(t) Vrul? = -3 fr(t) Vv

;/ /(u 2m1_|_7_/‘vum|2m
Q

1
+7 / (Vul'-v™)? < —27'/(uh')2 (Vg-vM)p™
m Q
h

tm
/ /Q((u;")2r+u;"vU,T-f)
tm—1

where

f(Hmdtmpm Hdtp), F=dipv —dp™"

N
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Recall 34 r(o) u2 + -/.F(t) Vrul? = -3 fr(t) Vv

;/ /(u 2m1_|_7_/‘vum|2m
Q

1
+7 / (Vul'-v™)? < —27'/(uh')2 (Vg-vM)p™
m Q
h

tm
(/‘ jgauﬁfr4-wrvUﬁ-a
tm—1

where

f(Hmdtmpm Hdtp), F=dipv —dp™"

N

1
]ﬂgCréwmﬁﬁ+ﬂ2+&ﬂ/(quﬁﬁ

m
h
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Theorem (Error bound)

Let u be the solution of the surface PDE, uj’ € V", m=0,...,M
the discrete solution. Then

max/ lu™ — ul]? + 7 Z/ |Vr(u™ - u)|? < Ch?,
mJr(tm) (tm)

provided that € = ch, 7 < €.
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Theorem (Error bound)

Let u be the solution of the surface PDE, uj’ € V", m=0,...,M
the discrete solution. Then

max/ lu™ — ul]? + 7 Z/ |Vr(u™ - u)|? < Ch?,
mJr(tm) (tm)

provided that € = ch, 7 < €.

Work in progress
» Error bound under time step restriction 7 < ce;
» Analysis of a scheme with

(19).

lh[a(%)] instead of o ;
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