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From classical diffusion to flux limited one.

e The heat equation: u; = vAu.
If uy > 0 has compact support, then u(t, -) is strictly positive in the whole
RN forany t > 0.
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From classical diffusion to flux limited one.

e The heat equation: u; = vAu.
If uy > 0 has compact support, then u(t, -) is strictly positive in the whole
RN forany t > 0.

¢ P. Rosenau: (1992)
up = vAu <= wu + div(uV,) =0,

where the speed V,, is

Ve = —I/@.
u

Therefore, if |%| 1 00, V4, will also diverge.
Let ¢ be the maximal speed of transport of the media.

Vu

\/u2+’c’f§|Vu|2

Viw=—-v
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Flux limited diffusion equations.

(RHE)  w, = div (ﬁ) .

2
\/ u? + % | Dul?
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Flux limited diffusion equations.

(RHE)  w, = div (ﬁ) .

\Ju? + ’;—§|Du|2

Diffusion of heat in a neutral gas: v = v(u) ~ viu? and ¢ = c(u) ~ cyuz.

3
iD
(PMRHE) ;= div (#) .

\/u2+z—§|Du|2
1
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Mass transportation interpretation

Y. Brenier (2001)
up = div (uVE*[V(F'(u))])

02(1— l—z—;) if |z]<e¢
k(z) =

+00 if |z > e
If F(x) = v(log(xz) — 1)z (the Boltzmann entropy) = (RHE).
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Mass transportation interpretation

Y. Brenier (2001)
up = div (uVE*[V(F'(u))])

02(1— l—z—;) if |z]<e¢
k(z) =

+00 if |z > e
If F(x) = v(log(xz) — 1)z (the Boltzmann entropy) = (RHE). If

M

F(z) = 37— (the Tsallis entropy) =

(SLPME) M uVul !
up = ——div )
M—1 \/1 + (M¥12)2c2 (VuM—1[2
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Flux limited diffusion equations. Known results

e Existence and uniqueness of entropy solutions for the Cauchy problem
(F. Andreu, V.Caselles, J.M.Mazén (2005), V. Caselles (2011).

e Propagation of the support (F. Andreu, V.Caselles, J.M.Mazo6n, S.M
(2006), L. Giacomelli (2015).

e Vertical contact angle, Rankine-Hugoniot condition, speed of propagation
of discontinuity fronts (V. Caselles 2011).

e Waiting time phenomenon (L. Giacomelli (2015), J. Calvo, J. Campos, V.
Caselles, J. Soler, O. Sanchez (2015), L. Giacomelli, S.M., F. Petitta
(2017)).
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Two flux limited porous medium equations.

(PMRHE)  u, = div (&) .

\/u? + % |Dul?

M-—1
(SLPME) ;= div (;/ uvu ) .

Jr+ Zwe-p
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Two flux limited porous medium equations.

(PMRHE)  u, = div ("“D“) .

\/u2+‘é—§\Du|2

M-—1
(SLPME) ;= div (,, uvu ) .

S+ 2

e (Caselles, 2015) When ¢ — +o0, solutions tend to solutions to PM E (up
to a factor M — 1) in the second case.
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Two flux limited porous medium equations.

(PMRHE)  u, = div ("“D“) .

\/u2+‘c’—§\Du|2

M-—1
(SLPME)  ug = div | v—tV" .
I+ 5 Va2

e (Caselles, 2015) When ¢ — +o0, solutions tend to solutions to PM E (up
to a factor M — 1) in the second case.
Fromnowon,v =c= 1.

¢ Different scaling for large gradients:

ug ~ (u™)y, foru, >>1 resp. wuy ~ u, for (uM_l)ﬂc >>1
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Two flux limited porous medium equations.

(PMRHE)  u, = div ("“D“) .

\/u2+‘c’—§\Du|2

M-—1
(SLPME)  ug = div | v—tV" .
I+ 5 Va2

e (Caselles, 2015) When ¢ — +o0, solutions tend to solutions to PM E (up
to a factor M — 1) in the second case.
Fromnowon,v =c= 1.

¢ Different scaling for large gradients:

ug ~ (u™)y, foru, >>1 resp. wuy ~ u, for (uM_l)ﬂc >>1

e (Caselles, 2011) R. H. condition:

+\m __ —\m
60f 25 1) = M resn. 1 =1



Expectations: Numerics J.A.carilio, V. Caselles, S.M (2013)

e Smoothing? .
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Expectations: Numerics. J.Acarrilio, V. Caselles, S.M (2013)

e Asymptotics?
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1-D simple observation.

Preservation of mass within jump discontinuities:
Suppose that, in ¢ € [to, t1] uT (¢, a(t)) < u™(t,a(t)) and
u” (t,b(t)) < ut (¢, b(t). Then, recall the vertical contact angle and

R-H-condition.
a(t) = ato + t, b(t) = bto —|— t
d [ b(t)
—/ u(t,z)dr = u(t,b(t))” —u(t,a(t))t + / ue(t, x)dx
dt Jagr a(®)

= u(t,b(t))” — ult,a(t))*
tu(t, b(t)) sign(us (£, (1))~ — u(t, a(t)) signu, (¢, a(t)) " = 0

Therefore, a natural change of variable is mass variable (Lagrangian
coordinates).
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The 1-D case: dual formulation and large solutions.

Let u a probability density governed by an evolution equation with finite
speed of propagation and mass conservative:

Uy = a(“) um)z

and with initial datum u( with compact support and mass equal to 1.
Consider a diffeomorphism @ : [0, 1] — R given by ff)é;”t) u(t,x) de =n.
Then, taking v(t,7) := m we get

v = (—v a(%, %))n, in [0, 7] x [0,1]

Suppose that u = 0 at the boundary of its support. Then, v(¢,1) = +oc in
(0, 7] x {0,1}.
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Example
For PMRHE: u; = (0" ——2 | |
Vu? + |ugl?
v= vt in [0, 7] x [0, 1]
VUt + o |?
n
u(t,n) = +o0 on [O’T] X {07 1}
Example
For SLPME:

v = Un in [0, 7] x [0,1]
AT o)

u(t,n) = +o0 on [OaT] X {Oa ]-}
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I P — in [0, 7] x [0,1]
(va)uwnP)n |

Un

—1 __—71  on|0,T] x{0,1}
p(v)? + |y ?
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v = (W) in [0, 7] x [0,1]
v U"? "

Un
—_—— =71 on [0,7] x {0,1}
p(v)? + |vg|?

e Equivalence of problems for (RHE) and regularity properties for locally
Lipschitz initial data on their support. (J. A. Carrillo, V. Caselles, S.M
(2013).

e Regularity properties for locally Lipschitz but a finite set of points (J.
Calvo, J. Campos, V. Caselles, J. Soler, O. Sanchez (2015))
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v = (W) in [0,7] [0, 1]
/o

Un

1 —F1  on[0,7]x{0,1
EOEEaTa 10,71 > 10,1}

e Equivalence of problems for (RHE) and regularity properties for locally
Lipschitz initial data on their support. (J. A. Carrillo, V. Caselles, S.M
(2013).

e Regularity properties for locally Lipschitz but a finite set of points (J.
Calvo, J. Campos, V. Caselles, J. Soler, O. Sanchez (2015))

In the model cases, ¢(v) > @(m) > 0. The, one expects that the PDE

behaves as the Time—Dependent Minimal Surfaces Equation:

Un
v = | ———
<\/1+ |U”|2>n
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S.M., F. Smarrazzo (2018)

a(u,Vu) -v=0 in 90 x [0, T
u(0) = ug in Q

e (H,) aLipschitz, a(z,0) = 0 and |a(z,€)| < 1
a(5,€) = Vef(2€) forall (2,6) € R x RY

f € CY(R x RY), convex with respect to &
* (Ha) Col¢] = Do < f(2,€) < Ca(lé] + |2 +1)

) 9= i of (25 ) =l GeR€eRY),

{ up = div (a(u, Vu)) inQ x [0,7]
(NP)
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S.M., F. Smarrazzo (2018)

up = div (a(u, Vu)) inQ x [0,7]
(NP)¢ a(u,Vu)-v=0 in 90 x [0, T
u(0) = ug in Q
e (H,) a Lipschitz,, a(z,0) = 0 and |a(z,£)| <1
a(5,€) = Vef(2€) forall (2,6) € R x RY

f € CY(R x RY), convex with respect to &
* (Ha) Col¢] = Do < f(2,€) < Ca(lé] + |2 +1)

) 9= i of (25 ) =l GeR€eRY),

Apart from the previous models, it also includes doubly nonlinear equations
with linear growth s.a:

Vu

ul)y =div [ ——m |, g>1.
(e ( 1+|Vu|2> 1

13 0of 25



¢ [F. Andreu, V. Caselles, J. Mazon (2004,2005)] Given uy € L (), there
exists a unique entropy solution to (PN).

Theorem

Givenug € BV () (L*(52)), there exists a unique strong solution to (PN')
such that:

(i) uwe L>(0,T; BV(Q)) and u; € L2(Qr) (€ L*(Q x (7.T)).
(i) ifug € BV(Q) N L2(Q), thenu € C([0,T]; L*(R)) and

o) + | (), Du(a))(@) ds = St ey

(il ifug € BV (Q) N LK), fora.e. t € (0,T)
(a(u(t), Vu(t)), Du(t)) = h(u(t), Du(t)) in M(Q).

(here h(z,€) := a(z,€) - ¢.)
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Theorem
Ifu is a strong solution, then

[a(u(t)» vu(t)v Vu(t)] =1 5 HN_l —a.e.in Ju(t)
If N =1, then

D3 u(t) = Diu(t)|{z € Q: a(u(t), Vu(t)) = £1} ae.t€[0,T]
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Rough idea. Pseudoparabolic approximation.

up = div (a(u, Vu)) + eAu +eAu,  in Q x [0,7]
(NP). 1 (a(u,Vu)+eVu+eVu)-v=0 indQx[0,T]
u(0) = up € H(Q) in Q

I
uy = L(u) in (0,T),
{ u(0) =uy € HY(Q).

Here, for every u € H(Q), w, := L(u) is the unique weak solution in
H'(2) of the Neumann problem

{ —eAw +w = div (a(u, Vu) +/eVu) in Q,

5 = —la(u, Vu) + VEVu, V] on 90,
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A piori estimates

/f(u(ac,t),Vu(:v,t))dx—i——/ Ve, )2 do +
Q

t 1 t
—I—s// |Vut|2da:ds+—// u? drds <
2 JoJa

< —t|Q|+/f uo(z), Vug(z)) da:—i——/ |Vug|* dz
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A piori estimates

/f(u(x,t),Vu(x,t))dx—i——/ Ve, )2 do +
Q
t t
2 1 2
—1-8// |Vl da:ds—i——// uy dxds <
2 0JQ
< —t|Q|+/f uo(z), Vug(z)) da:—i——/ |Vug|* dz

Hence, {u.} bdd in L>(0,T; W1(Q)) N Wh1(Q7) n WL2(0,T; L1(Q2)).
Then,
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A piori estimates

JE 2
/Qf(u(x,t),Vu(:v,t))dx—i—7/Q|Vu(x,t)| da +

t 1 t
—1-8// |Vut|2da:ds+—// u? drds <
o/a 2 JoJa

? Ve 2
< —t|Q] —|—/ flup(x), Vuo(z)) dz + —— | |Vuo|” dz
2 0 2 Ja
Hence, {u.} bdd in L>(0,T; W1(Q)) N Wh1(Q7) n WL2(0,T; L1(Q2)).
Then, Ju € C([0,T); LY(Q) N L2(0,T; BV (Q)) s.t.
Ug,, —wu in Ll(QT)a
ue, (t) = u(t) in L'(Q) for every t € [0,T], and

Uept — Ug in Lz(QT) .
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There exists z € L>(Qr; RY) such that

a(ue,, Vue,) Xz oin LOO(QT;]RN).
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There exists z € L>(Qr; RY) such that
a(ue,, Vue,) =~z in L=(Qr;RY).

Moreover, z(t) € X (Q), div (z(¢)) = u:(¢) in D'(Q2) and [z(¢), v] = 0 for a.e.
t €1[0,7].

Finally, for a.e. (z,t) € Qr there holds

z(z,t) = a(u(z,t), Vu(z,t)) .
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Case N = 1. S. M., F. Smarrazzo, in preparation.

up = (ﬁ) in [0, 7] x [a, b]
L a = (21,22 — 2

( g02@)%%)(,1» (21, 22) € [1,1]

U(O) = Ug in [av b]
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Case N = 1. S. M., F. Smarrazzo, in preparation.

Uy = (ﬁ) in [O,T] X [a, b]
L a = (21,22 — 2
( wg(u)%) (a.b) = (21.22) € [1.1]
U(O) = Ug in [a7 b]
Theorem

For any uy € BV (), there exists a unique strong solution. Moreover,

|(uz(8))2] < |((u0)z)L  forall ¢ € [0,T]
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Sketch of proof

¢ Take the pseudoparabolic approximation and write the equation for u.:
Ve 1= a(“m ua,w) + \/E + EUe 1 ¢,

Ue gt = Ve g,z + b.C.

¢ Obtain entropy inequalities for wu, ;.

//QG(“’ Ua )t — //g(v)%vz + g (v)v2Y

>~ [ Gl wo )z 0) - /Q HO ()0
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* From energy estimates, obtain u. (-, t) = u,(-,t) in M(Q)
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* From energy estimates, obtain u. (-, t) = u,(-,t) in M(Q)

® u., —uy a.e. in Q.

° v, — a(u,u) a.e. in Q.

* Pass to the limit in the entropy formulation for u, (g € C*(R), ¢’ > 0,
close to —x)_oo,17 @nd finally with g = —x7_0 1)

t
/ Wz, () < — / g p+ / / 2ape + +g e s P
Q Q 0 Q
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*

e From energy estimates, obtain u. ,(-,t) = ug(-,t) in M(Q)

® u., —uy a.e. in Q.

° v, — a(u,u) a.e. in Q.

* Pass to the limit in the entropy formulation for u, (g € C*(R), ¢’ > 0,
close to —x)_oo,17 @nd finally with g = —x7_0 1)

t
/ Wz, () < — / g p+ / / 2ape + +g e s P
Q Q 0 Q

e Together with weak formulation...

<u;s(-,t),p>g - <u;7s(-,t),p>9 < <U0;3,p>9
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* From energy estimates, obtain u. (-, t) = u,(-,t) in M(Q)

® u., —uy a.e. in Q.

° v, — a(u,u) a.e. in Q.

* Pass to the limit in the entropy formulation for u, (g € C*(R), ¢’ > 0,
close to —x)_oo,17 @nd finally with g = —x7_0 1)

t
/ Wz, () < — / g p+ / / 2ape + +g e s P
Q Q 0 Q

e Together with weak formulation...

<u;:r,s('7 t)a p>ﬂ - <U;7s(', t)) P)Q S <u0;37 P)Q
* Symmetric argument for u;f
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Asymptotics. S. M., in preparation.

A= {uES(R):’u <+oo,u(x)2)\e_ﬁ%

T
u

< +00,

}

().

oo (e.¢]

Theorem (Caselles, '11)
Letuy € A. Then, the entropy solution u to (RHE) satisfies:
(iy u(t) € S(R), forallt >0

2(t
iy [|4=®

U0 g
S —
u('vt) Hoo

Uo

, forallt > 0.

o
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Basic estimat Uag utd
Imates. u; =

23 0f 25



4

U

) ) U T
Basic estimates. u; = o

- L

(L+ (%))

11

Do

(1+ (%))

Let uy € A. Then, the entropy solution u to (RHE) satisfies
4
o [PutE| < C
u

ICYRET
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Ugy u

Basic estimates. u; =
L () 1 ()

Let uy € A. Then, the entropy solution u to (RHE) satisfies
4
o [PutE| < C
u
u/x

Lemma
There exist ay, as, K1, Ko > 0 such that

KiG1*xup <u < KaGo * uyg,

with G; being the fundamental solutions of the heat equations u; = a ;..
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Perform the following change of variables,

|

v(7,y) = e u( 5 €Ty).

Then,

vr=|yv+v vV (1)
! Y V2 + e 27| Vo2 y-

Take v; as the solution to (1) and v, the solution of the linear Fokker-Planck
equation with uy € A as initial datum.

Theorem
There exist K > 0 such that

Wa(vi (1) LY v (1) L) < Ke™ 5
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THANK YOU VERY MUCH!




