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Introduction/Overview
Large-Time-Behaviour of Nonlinear RD systems Gnat

# Motivation/Application: Volume-Surface RD models

°

Complex Balanced Equilibria —

°

Geometry — Non-Convex Entropy-Dissipation

Exponential Equilibration of Renormalised Solutions
Indirect Diffusion Effect — Nonlinear Diffusion

Boundary Equilibria — Global Attractor Conjecture

© o o o

A non-complex balanced Amyloid Model
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A Volume-Surface Reaction-Diffusion Model
Model Assumptions and Quantities

A complex-balanced reaction-diffusion network

4I) 7(@PKC) p(I)

Lgl protein in cytoplasm (€2) and cell cortex (I' = 992).
aPKC kinase phosphorylates Lgl on a subpart I'; of cortex.

L(t, x) cytoplasmic Lgl < [(¢, x) cortical Lgl — activation of aPKC

— p(t, x) cortical p-Lgl — P(t, z) cytoplasmic p-Lgl < L(t, x)
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A Volume-Surface Reaction-Diffusion Modéel

Interphase Prophase: cortical blebbing and random accumilatons

Cylokinasis Divesion complated

Cell-diversity by localisation of cell-fate determinants into one
side of the cell cortex and into one of two daughter cells.?

2GFP-Pon in SOP precursor cells in living Drosophila larvae [Meyer, Emery,
Berdnik, Wirtz-Peitz, Knoblich, Current Biology, 2005]
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A Volume-Surface Reaction-Diffusion Modél

Complex balance reaction network

| concentration, Time = 100 | concentration, Time = 100

Figure 1: [-Lgl(I") with and without surface diffusion

Numerical analysis of VSRD models including discrete
entropy structure/estimates: @

%[Egger, F., Pietschmann, Tang]
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A Volume-Surface Reaction-Diffusion Modéel

Figure 2: p-Lgl(I") with and without surface diffusion

Surface diffusion O(10~?) : indirect surface diffusion effect via
weakly reversible reaction O(1) and volume diffusion O(10~2)

Banff 11.04.2018 — p. 3/11



A Volume-Surface Reaction-Diffusion Modél
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Figure 3: L-Lgl(2) with and without surface diffusion

Surface diffusion and weakly reversible reaction lead to
stationary hump in L within ().

Banff 11.04.2018

—n. 3/11



A Volume-Surface Reaction-Diffusion Modél

Time = 100

Time = 100

Figure 4: P-Lgl(2) with and without surface diffusion

Stationary hump in L as conseo
P — L and shape of ().

uence of inflow from p into
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Another (Volume-Surface) RD Model

Lipolysis
A) hormone-stimulated lipolysis B) basal lipolysis
Ipanaore
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Lipolysis: Breakdown of lipids and hydrolysis of triglycerides
Into glycerol and fatty acids.
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Systems of Reaction-Diffusion Equations
Nonlinear Complex Balance Networks Sk

Substances: S = {S51,...,5x},

Complexes: C = {y,,...,y} With y; € ({0} U[1,0))",
Reactions: R = {y — v’} from source y into product y' € C.
Mass action law reaction rate for y, — y/: c¥ = Hfi o

Reaction rate constant k, of the reactiony, — y...

Reaction vector: R(c) = S% k.c¥ (y. —y,)
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Systems of Reaction-Diffusion Equations
Nonlinear Complex Balance Networks Sk

Nonlinear reaction-diffusion network

%C — DAc = R(C) for (ZC', t) c ) x (07 —|_OO)7

with D = diag(dy, ..., dy).
Homogeneous Neumann BCs on Lipschitz domain €.

[JH72]: A complex balanced network has a unique positive
equilibrium, which balances the total outflow and inflow for all
complexes y € C:

Z kycdr = Z kscZs.

{ry,.=y} {s: Y=y}
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Systems of Reaction-Diffusion Equations
Nonlinear Complex Balance Networks Sk

Relative (free energy) entropy functional

E(clcy) = ZEN;/Q(CZ

Explicit (nontrivial) entropy dissipation functional with
e(z,y) =zlog (z/y) —x+y

D(c) = — & (cle)

.+ cz-,oo)da:

R

N /
\V/ ; 2 Yr Y

:E dz/‘ C|dx+§ krcgge(c © )20
i=1 Q G r=1 Y

CQoC
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Systems of Reaction-Diffusion Equations
Nonlinear Complex Balance Networks UNI

Theorem:® For complex balanced RD networks without
boundary equilibria, any renormalised (Fisher [2015]) solution
c(x,t) converges exponentially to c., in L' with a rate \/2:

N
Z lei(t) — cioollFiiq) < Coxp E(colcos) € fora.a. ¢ >0,
1=1

where C'ckp 1S the constant in a Csiszar-Kullback-Pinsker
type inequality.

Renormalised solutions satisfy all mass/charge conservation
laws and a weak entropy-dissipation law, Fisher [2017]

%[K.F. B.Q.Tang, to appear in ZAMP]
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The Entropy Method
Quantitative large-time behaviour Sk

E(f) non-increasing convex entropy functional

P(f) entropy production, f., entropy minimising equilibrium

d d

—E(f) = ZE(f) = E(fx) = —P(f) £ 0

provided conservation laws: P(f) =0 <= [ = fy
P> 0(E(f) — E(fx), ®(0)=0, >0

= explicit convergence in entropy, exponential if ®'(0) > 0

= convergence in L, : ||f — fx||? < C(E(f) — E(fso))
Cziszar-Kullback-Pinsker inequalities for convex entropies
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The Entropy Method
Entropy Method Sk

Advantages:
#® based on functional inequalities — " "
#® avoids linearisation — "global" results

# allows for explicit constants

nonlinear diffusion: [T], [CIMTU], [AMTU], [DV]...
Inhomogeneous kinetic equations: [DV], ...

reaction-diffusion systems: [Gr683], [Gr692], [DF06], [DF08],
[DF14], [IMMH15], [FL16], [PSZ17], [DFT17], [FT17],
[HHMM18], [FT18] no Bakry-Emery strategy
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Systems of Reaction-Diffusion Equations
Entropy Method for Complex Balance Networks Sk

Theorem:® For any complex balanced reaction networks
without boundary equilibria, there exists a constant A > 0 and
the “exponential” entropy entropy-dissipation estimate

D(c(t)) 2 A&(c(t)|ce0),

#® Proof via convexification: [MMH15] (detailed balance)

#® Proof via explicit estimates using conservation laws
Qc = M: [DFT17], [FT17]

#® Proof via reduction to finite-dimensional inequality: [FT18]

2[L. Desvillettes, K.F,, B.Q. Tang, SIMA 2017], [K.F,, B.Q. Tang, Nonlinear Anal-
ysis 2017.]
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Systems of Reaction-Diffusion Equations
Entropy Method for Complex Balance Networks

Lemma:® For all states € € RY, satisfying £(¢|c.,) < +oo and
the conservation laws Q¢ = M, there exists a positive
constant H; = H,(Q, M,y € C,£(c|cy)) such that

Rl T = Y Eyé'Q N = 2
Y e e ()
Coo Coo i—1 Ci,oo

r=1

Here «/i:(w/a ,/W)
! Coo 01,007"" CN,c0 .

This finite-dimensional inequality implies

D(c(t)) = A(Hy) E(c(t)|cx),

%[K.F, B.Q. Tang, to appear in ZAMP]
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Systems of Reaction-Diffusion Equations
Boundary Equilibria Sk

. k1
Example: A BiC

]‘CgT /kz/
28
a;, — d,Aa = —kja + ksb?,

by — dpAb = kia + kobc — 2ksb?,
¢, — d.Ac = kia — kybe,

Boundary equilibrium (a*, b*, ¢*) = (0,0, M).

Problem: D(a*,b*,¢*)) = 0, but £(c*|cy) > 0
No global entropy-entropy dissipation estimate possible!
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Systems of Reaction-Diffusion Equations
Boundary Equilibria Sk

Our approach: weaker entropy-entropy dissipation estimate
along solution trajectories

D(c(t)) = Alt) E(c(t)|co0)

Difficulty: \(¢) — 0 near boundary equilibria.

However, if A(t) satisfies [ A(s)ds = +oo, then
E(c(t)|ca) < E(coles)e o s 0 ast — oo,

= (algebraic) instabilty of boundary equilibria

= Exponential convergence to positive equilibrium
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Systems of Reaction-Diffusion Equations
Boundary Equilibria Sk

Corresponding RD system

’

—d,Aa = —kja + ksb?, reN, t>0,

by — dpAb = kia + kobc — 2k3b?, z €8, t>0,

| — d.Ac = kia — kybc, xeQ, t>0,
Va-v=Vb-v=Vc-v=0, xe ), t>0,

inf b(xz,t) > ! , forall ¢ > 0.
rel Hb | oo + 2kst

Solutions would need infinite initial entropy to remain close to
boundary equilibria for an unbounded time interval. @

2[L. Desvillettes, K.F,, B.Q. Tang, SIMA 2017]

Banff 11.04.2018 — p. 9/11



Systems of Reaction-Diffusion Equations
Boundary Equilibria

Theorem:? Let c(¢) be a renormalised solution of an arbitray
complex balanced network. Assume that there exists

H; : [0,00) — [0,00) such that [~ H:(s)ds = +oo and for a.a.
t >0

i ) /i?yr_ /—E(:(—t)yr_ >H1(t)i< ?(t)1>2.

Then, the renormalised solution c(¢) converges exponentially
to the positive equilibrium c.

%[K.F, B.Q. Tang, to appear in ZAMP]
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Systems of Reaction-Diffusion Equations
Boundary Equilibria Sk

Global Attractor Conjecture:

For any complex balanced mass action law reaction
networks, all solution trajectory subject to positive initial data
are conjectured to converge to the positive equilibrium c.
Proof for ODE systems by Gheorghe Craciun in 20157

Above finite-dimensional inequality has ODE structure!?

But ODE system and averaged PDE concentrations:

d d
“u=R(u) £ R(c) = ()
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Systems of Reaction-Diffusion Equations
Boundary Equilibria Sk

Boundary equilibria for complex balanced reaction networks:

Sl + SQ > 3S1

252 ¢ 251 + Sg

Open problem!
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Systems of Reaction-Diffusion Equations
Nonlinear Diffusion Sk

(Oici — A = fi(e), x€Q, t>0, i=1,...,N,
V(") -1 =0 red), t>0, i1=1,..., N,
Lci(2,0) = cip(x), x € (), i=1,..., N,

/"

~»

() 1£:(c)] < C(1+e]"), Yo = (er,...,en) RN, Wi=1,... N

(i) Mass dissipation: There exist positive constants
Ai,..., Ay >0suchthat: 37 A fi(u) <0,  VceRS

(i) Quasi-positivity = Propagation of non-negativity
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Systems of Reaction-Diffusion Equations

Nonlinear Diffusion UNI

® Assume m; > max{r — 1;1} and m; > v — 735 if d > 3.
= Existence of global weak nonnegative solutions
c; € C([0,00); LY(Q)), ™ € LY 0, T; Whi(Q)),

fi(c) € LY(Q x [0,7)) and

lcilloo(@ry < Cp forall T'>0 and ¢=1,...,N,

i } k
#® Single reaction a; A1 + -+ ap Ay k’:b, 1By + -+ OBy
f

= Exponential convergence to equilibrium v1 < p < oo,
M N
Z ||a”&(t) o a’iOO”LP(Q) + Z ||b](t) — b]OO”Lp(Q) S Ce_Apt
i=1 =1
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Systems of Reaction-Diffusion Equations
Nonlinear Diffusion Sk

Proof of existence theory extends [LP17]

# Duality estimates

#® Specific bootstrap
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Systems of Reaction-Diffusion Equations
Nonlinear Diffusion

A generalised version of Logarithmic Sobolev Inequality:

Va, | B Z.
| 2?”!- dx > C(Q,m;)a;" 1/6% log g—dx.
Qa; Q a;

Degeneracy for @; ~ 0 is control by functional inequalities for
indirect diffusion effect and conservation law, since not all
a; ~ 0 can be small at the same time.

Setting of “slowly growing” apriori estimates:
First algebraic convergence, then exponential convergence!

Indirect diffusion effect ~ “coercive hypocoercivity”
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Models for amyloids and protein aggregation

with Marie Doumic, Mathieu Mézache, Human Rezaei UNI

Model for transient oscillations in coagulation-fragmentation
experiments of PrP fibrils

(viw 5 oow
§ WH+C =5 Cia, 1
G+ Y = G +2V, 2<i

VAN
IA
S

(

VAN

Simplest two-polymer model with normalised coefficients

dv __ dei
{dtv[kw—'_CQ], {CﬁUJCl—I_UCQ,

dw
dt

dca

= w kv — 1], ;7

— WC1 — VCq,
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Models for amyloids and protein aggregation

with Marie Doumic, Mathieu Mézache, Human Rezaei

small parameter ¢ = 1

|

W = 0 [Weo — W] + £V [Vog + Weo — v — W],

W — W [V — Vo) + EW [Voo + Woo — ¥ — W] .

Zero-order Hamiltonian H = vy — v In vy + wg — W In wy
Full model entropy

CH(H), w(t)) = < [(0 — o) + (w0 — w).

= Equilibration and oscillations for k large.
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Models for amyloids and protein aggregation
with Marie Doumic, Mathieu Mézache, Human Rezaei

THANK YOU VERY MUCH!
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