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Monge Transport and Skorokhod Embedding
Move snow from µ

to ν, optimally!

inf
T7µ“ν

ż

c
`

y ,T pyq
˘

µpdyq

Given W0 „ µ

find a stopping-time with Wτ „ ν

as a barrier, τ “ inftt; Wt P Ru.
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Tour of Dynamic Problems
1 Fixed end-time: cLpy , zq “ inf

γ

ş1
0

!

Lpt, γ, 9γqdt; γp0q “ y , γp1q “ z
)

.

E.g. Lpt, x , vq “ 1
2 |v |

2 ñ cLpy , zq “ 1
2 |z ´ y |2.

Benamou-Brenier, Bernard-Buffoni, Fathi-Figalli

2 ˚ Free end-time: cLpy , zq “ inf
γ,τ

şτ
0

!

Lpt, γ, 9γqdt; γp0q “ y , γpτq “ z
)

.
3 Controlled Dynamics: t ÞÑ A P A, 9γ “ f pγ,Aq

Minimize
şτ

0 Lpt, γ,Aqdt. Lee-Agrachev (Fixed end-time)
4 Add Diffusion: dXt “ f pXt ,Atqdt ` σpXt ,AtqdWt ,

inf
A,τ

!

E
„
ż τ

0
Lpt,Xt ,Atqdt



; X0 „ µ, Xτ „ ν
)

.

Mikame-Theullen, Gentil-Léonard-Ripani (Fixed end-time)
5 ˚ Skorokhod Embedding (without control):

inf
τ

!

E
„
ż τ

0
Lpt,Wtqdt



; W0 „ µ, Wτ „ ν
)

.

Literature in probability and finance; Beiglböck-Cox-Heusmann
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Problems We Consider

1 Classical Existence and Uniqueness of Transport.
Gangbo-McCann, Kantorovich, Sudakov, Evans-Gangbo for Monge

2 Not so Classical: End-Time as a Hitting-Time.
Pontryagin Transversality for Optimal Control
Root/Rost for Skorokhod Embeddings

3 Eulerian Formulation with Continuity Equation.
Benamou-Brenier, Bernard-Buffoni for Optimal Transport,
Relates to: Fluids, Kinetic Theory, Phase Transitions.

4 Kantorovich Duality as Free-Boundary PDE.
Bensoussan-Lions for Optimal Stopping
Dupire, Meilijson, Gassiat, Cox-Wang for Skorokhod Embeddings

5 Understanding Regularity; Viscosity Solutions / Weak Solutions.
Everyone here to name a few
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Part 1: Free End-Time and Eulerian formulation
Optimal Transport:

V pµ, νq :“ inf
T7µ“ν

ż

cL
`

y ,T pyq
˘

dµpyq

built from dynamic optimization

cLpy , zq :“ inf
τ,γp¨q

!

ż τ

0
L
`

t, γptq, 9γptq
˘

dt; γp0q “ y , γpτq “ z
)

.

Eulerian Formulation:

Thm : V pµ, νq “ E pµ, νq :“ inf
η,ρ

ż 8

0

ż

TRn
Lpt, x , vqηpt, dx , dvqdt

Phase-Space Density η : R` Ñ MpTRnq, η ě 0,
ş

TxRn ηp0, x , dvq “ µpxq
Stopping-Measure ρ P MpR` ˆ Rnq, ρ ě 0,

ş8

0 ρpdt, xq “ νpxq

ρpt, xq ` Bt

ż

TxRn
ηpt, x , dvq `∇x ¨

ż

TxRn
v ηpt, x , dvq “ 0
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Duality Review: Optimal Transport for Fixed End-Time
The general Kantorovich dual problem is

W pµ, νq :“ sup
!

ż

ψdν ´
ż

φdµ; ψpzq ´ φpyq ď cLpy , zq
)

Optimizer satisfies
`

cLpy , zq “ inf
γ

ş1
0 Lpt, γ, 9γqdt; γp0q “ y , γp1q “ z

˘

φpyq “ sup
z
tψpzq ´ cLpy , zqu “ sup

γ

!

ψ
`

γp1q
˘

´

ż 1

0
Lpt, γ, 9γqdt

)

.

Bernard-Buffoni, Fathi-Figalli: φ “ Jψp0, ¨q,
Let Hpt, x , pq “ sup

v
tp ¨ v ´ Lpt, x , vqu

BtJψpt, xq ` H
`

t, x ,∇Jψpt, xq
˘

“ 0, Jψp1, ¨q “ ψ.

Hamiltonian flow, pptq “ ∇Jψpt, γptqq:

9γptq “ DpH
`

t, γptq, pptq
˘

, 9pptq “ ´Dx H
`

t, γptq, pptq
˘
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Eulerian Duality: Free End-Time
The dual problem via Eulerian formulation:

Thm1 : W pµ, νq “ Dpµ, νq :“ sup
pJ,ψqPNpLq

ż

Rn
ψpzqνpdzq ´

ż

Rn
Jp0, yqµpdyq,

pJ , ψq P NpLq satisfy

ψpxq ´ Jpt, xq ď 0
BtJpt, xq ` v ¨∇Jpt, xq ´ Lpt, x , vq ď 0.

Thm”: Optimal Jψ satisfies the Hamilton-Jacobi-Bellman inequality:

max
"

ψpt, xq ´ Jψpt, xq,
BtJψpt, xq ` H

`

t, x ,∇Jψpt, xq
˘

*

“ 0.

Hpt, x , pq “ sup
v
tp ¨ v ´ Lpt, x , vqu (proof by Perron’s method)

Dynamic programming shows equivalence:

φpyq “ sup
z
tψpzq ´ cLpy , zqu “ sup

γ,τ

!

ψ
`

γpτq
˘

´

ż τ

0
Lpt, γ, 9γqdt

)

.
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Monotonicity by Viscosity Solution Methods

Proposition
A. t ÞÑ L increasing ñ t ÞÑ Jψ decreasing.
B. t ÞÑ L decreasing ñ t ÞÑ Jψ increasing.

Let spxq “ inftt; Jψpt, xq “ ψpxqu (for A., for B. use sup);
We have the transversality condition:

H
`

spxq, x ,∇ψpxq
˘

“ 0.

A. B.

Aaron Zeff Palmer with N. Ghoussoub and Y.H. Kim (University of British Columbia)From Monge Transport to Skorokhod Embeddings April 9, 2018 8 / 16



Hitting-Time
With A. or B., and good H, µ, ν:

Theorem
Unique optimal π˚ P Πpµ, νq given by T pxq :“ γx pτ x q.
Pontryagin transversality

Hpτ x ,T pxq,∇ψpT pxqq “ 0, so τ x “ spT pxqq.

Hamiltonian flow for t ă τ x , ppτ x q “ ∇ψpT pxqq:

9γptq “ DpH
`

t, γptq, pptq
˘

, 9pptq “ ´Dx H
`

t, γptq, pptq
˘

Optimal attainment of Eulerian problem with supp ρ P tpspxq, xqu.
If J P C 1 then η̂ “

ş

TxRn dη is determined by (for A.)

Bt η̂ `∇x ¨ DpHp∇Jqη̂ “ 0, t ă spxq

Unresolved: Is η uniquely determined with J Lipschitz?
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Relationship to Classical Problems
Suppose

Lpt, x , vq :“
"

g 1ptq, |v | ď 1
8, |v | ą 1

*

with gp0q “ 0 and g 1ptq ě 0.

If g is convex or concave, characteris-
tics are straight lines, cost is

cLpy , zq “ gp|z ´ y |q.

Gangbo-McCann for Monge Map

A. ô g convex

B. ô g concave

A.

B.
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Part 2: Skorokhod Embeddings
Uncontrolled diffusion
W0 „ µ

Stopping-time to transport
Wτ „ ν.

28 constructions in 1-D
Azéma-Yor, Perkins, Root, Rost ...

Our problem is (multi-D):

V pµ, νq :“ inf
τ

E
„
ż τ

0
Lpt,Wtqdt; W0 „ µ, Wτ „ ν



.

(Real applications in mathematical finance; options pricing)

Hobson, Ob lój, Henry-Labordere ...
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Eulerian Formulation and Duality
No optimal transportation cost!

Eulerian Formulation:

E pµ, νq :“ inf
pη,ρqPΓpµ,νq

ż 8

0

ż

Rn
Lpt, xqηpt, xqdxdt,

pη, ρq P Γpµ, νq if η ě 0, ρ ě 0, and (weakly)

ρ` Btη “
1
2∆η, ηp0, ¨q “ µ,

ż 8

0
ρpdt, ¨q “ ν.

Dual Problem (via Eulerian Formulation):

Thm : V pµ, νq “ E pµ, νq “ Dpµ, νq :“ sup
pJ,ψqPΥpLq

ż

ψdν´
ż

Jp0, ¨qdµ,

pJ , ψq P ΥpLq if
ψpxq ´ Jpt, xq ď 0

BtJpt, xq ` 1
2∆Jpt, xq ď Lpt, xq
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Eulerian Formulation and Duality
No optimal transportation cost!

Eulerian Formulation:

E pµ, νq :“ inf
pη,ρqPΓpµ,νq

ż 8

0

ż

Rn
Lpt, xqηpt, xqdxdt,

pη, ρq P Γpµ, νq if η ě 0, ρ ě 0, and (weakly)
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1
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Dual Attainment

Maximize:
ż

ψdν ´
ż

Jψp0, ¨qdµ; max
"

ψ ´ Jψ,
BtJψ ` 1

2 ∆Jψ ´ L

*

“ 0.

Remaining degrees of freedom for (ψ, Jψ)
Subtract a positive function from ψ. (Let ψ “ inftě0 Jψ.)
Subtract a subharmonic function from ψ and Jψ. (Harder to handle.
This shows that Dpµ, νq “ 8 unless µ ďSH ν.)

ż

h dµ ď
ż

h dν @ h s.t. ∆h ě 0

Theorem (in progress)
Under suitable assumptions the dual problem is attained at regular pψ, Jψq.
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Complementary Slackness

To verify optimality:
pη, ρq P Γpµ, νq and pψ, Jψq P ΥpLq are optimal if and only if

ż 8

0

ż

Rn
Lpt, xqηpt, xqdxdt “

ż

Rn
ψdν ´

ż

Rn
Jp0, ¨qdµ.

If pψ, Jψq and (η, ρ) are optimal and regular then:

ψpxq “ Jψpt, xq, ρ a.e. pt, xq,

and
BtJψpt, xq `

1
2∆Jψpt, xq “ Lpt, xq, η a.e. pt, xq.
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Root/Rost Embeddings

Proposition
A. t ÞÑ L is increasing ñ t ÞÑ Jψ is decreasing.
B. t ÞÑ L is decreasing ñ t ÞÑ Jψ is increasing.
spxq “ inftt; Jψpt, xq “ ψpxqu (For B. use sup). We can choose ψ to solve

1
2∆ψpxq “ L

`

spxq, x
˘

.

By complementary slackness, ηpt, ¨q P H1
0 ptx ; t ă spxquq,

is unique given s and A. If s P C 1, νpxq “ ∇spxq ¨∇ηpspxq, xq.
Rigidity Theorem: If s is optimal for increasing L,
s is optimal for any increasing L̃ (For B. t ą spxq and ´ν).
Martingale Duality of Beigleböck-Cox-Huesmann:
Maximize

ş

ψdν ´ E rM0s, W0 „ µ, Mt martingale,

ψpWtq ´Mt ď 0 a.s. Mt “ Jψpt,Wtq ` E
„
ż τ

t
Lps,Wsqds


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Stochastic Transportation
General stochastic control with free end-time:

V pµ, νq :“ inf
τ,Ap¨q

E
„
ż τ

0
Lpt,Xt ,Atqdt



with dXt “ f pXt ,Atqdt ` σpXt ,AtqdWt , X0 „ µ, Xτ „ ν. Eulerian form:

ρ` Bt

ż

A
dη `∇ ¨

ż

A
f dη “ 1

2∇2 ¨

ż

A
σ2dη.

Dual problem is

W pµ, νq :“ sup
ψ,J

"
ż

ψdν ´
ż

Jp0, ¨qdµ
*

subject to

ψpxq ´ Jpt, xq ď 0

BtJ ` f p¨,Aq ¨∇J ` 1
2σ

2p¨,Aq ¨∇2J ď Lp¨, ¨,Aq.

Many interesting questions!
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