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Vendor	Managed	Inventory	(I)

Advantages:
1. Save	on	distribution	cost	through	

coordination
2. Save	efforts	to	inventory	control

(central	decision	maker)
Supplier

Retailers:

**	monitor	inventory	levels
**	place	orders	(when,	how	much)

Supplier:

**	makes	delivery	decision
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Vendor	Managed	Inventory	(II)

Supplier	(central	decision	maker)

When	to	
deliver? How	much	

to	deliver?

On	which	
routes?

Inventory	management +				vehicle	routing				=
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Inventory	Routing	Problem	(I)
Applications:
maritime	logistics,	transportation	of	gas	and	oil,	groceries,	perishable	
products,	blood,	bicycle	sharing

Table 1: Applications of inventory routing problem (Andersson et al. 2010)
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Inventory	Routing	Problem	(II)

Table 2: Variation of inventory routing problems ( Coelho et al. 2014)
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Stochastic Inventory Routing Problem

• Dynamic Programming
– Campbell	et	al.	(1998);	Kleywegt et	al.	(2002,	2004);	Hvattum	et	al.(2009);	

Hvattum	and	Lkketangen (2009)

• Stochastic Programming
– Adulyasak et	al.	(2015)

• Robust Optimization
– Aghezzaf (2008);	Solyali et	al.	(2012);	Bertsimas et al. (2016)
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Problem	Setting	(I)

**	One	supplier:	

**	Initial	inventory:

Decisions:
**	Retailer visit:

**	Order	quantity:

**	Routing:

**	A	set	of	retailers:
**	Planning	horizon:	

**	Uncertain	demand

Parameters:

**	Inventory	level:

**	Travel	cost:
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Problem	Setting	(II)
Inventory	level	(backlogging):
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Challenges
• Objective	function:	
– Minimize	total	expected	cost
– Cost	parameters
– Expectation	of	a	piecewise	linear	function
– Risk	neutral	criterion

Inventory	cost Transportation	cost
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Challenges
• Objective	function:	
– Minimize	total	expected	cost
– Cost	parameters
– Expectation	of	a	piecewise	linear	function
– Risk	neutral	criterion

Dollars 1 2 4 … 2N

Probability 1/2 1/4 1/8 … 1/2N+1

St.	Petersburg	paradox
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Challenges
• Objective	function:	
– Minimize	total	expected	cost
– Cost	parameters
– Expectation	of	a	piecewise	linear	function
– Risk	neutral	criterion

• Demand	uncertainty:
– Probability	distribution
– Classical	robust	setting

• Adaptive	decisions
• Computational	complexity
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Contribution
• Objective	function:	
– Minimize	total	expected	cost
– Cost	parameters
– Expectation	of	a	piecewise	linear	function
– Risk	neutral	criterion

• Demand	uncertainty:
– Probability	distribution
– Classical	robust	setting

• Adaptive	decisions
• Computational	complexity

Challenges Our	contribution

Distributionally	robust
optimization

Service	level	&
Service	

violation	index

Decision	rule

Mixed	integer	linear	programming
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Objective	Function

too	conservative Non-convex
ignores	the	magnitude	of	violation

Risk	measure?

Inventory Transportation

Inventory	level																							must	be	
within	a	requirement	window	pre-
specified	as
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Transportation	cost														

must	be	bounded	by



Monetary	Risk	Measure

Definition 1:	Monetary	Risk	Measure

Ø Example
• Value	at	Risk	(VaR)
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Coherent	Risk	Measure

Definition 2:	Coherent	Risk	Measure*

Ø Example
• Conditional/Average	Value	at	Risk	(CVaR)
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* Arzner et	al.,	1999



Theorem 1:	representation	from risk	measure

Service	Violation	Index	(I)

Definition 3:	Service	Violation	Index											(𝑥"	𝑣𝑠.	[𝜏, 𝜏̅])
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Service	Violation	Index	(II)
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Definition	4:	Utility-based	SVI

Theorem 1:	representation	from risk	measure



Service	Violation	Index	(II)
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For	example:

We	guarantee

Definition	4:	Utility-based	SVI



Service	Violation	Index	(III)
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Definition	4:	Utility-based	SVI



Adaptive	Decisions
• Linear	decision	rule

– Order	quantity:

– Inventory	level:

– Routing	decision:	

• Extended decision rule*

Period 1 Period 2 Period T…

Routing decisions

Order quantities Order quantities 

Actual demand Actual demand 

Decision
making:

Uncertainty
realization:

Order quantities 

Actual demand 
*Bertsimas	et	al.,	2017
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Model	(I)

SVI

Inventory

Routing
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Examples:

Uncertainty Description	(I)

• Distributional uncertainty set (moment)
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Uncertainty Description	(I)

• Distributional uncertainty set (moment)

Proposition 1
With	the	above distributional uncertainty set, the constraint

can be formulated as a set of linear constraints.
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Uncertainty Description	(II)

• Distributional uncertainty set (Kantorovich Metric)

Proposition 2
With	the	above uncertainty set, the constraint

can be formulated as a set of linear constraints.
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Model	(II)

Linear!

Linear!

Linear!

The	overall	problem	can	be	
formulated	as	a	

mixed-integer	linear	
programming	problem.
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Computational	Study
• T=4;	N=8
• Demand:	10 + 30 * Beta(2, 4)
• Budget:	0.7TSP;	0.8TSP	
• Inventory	lower	bound							:	0
• Inventory	upper	bound						:	25,	30,	35,	40,	45

SVI

Benchmarks

Simulation

Solution

Solution

Demand
information

Violation

Violation
Performance	
Evaluation
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Benchmarks:
Minimize Violation Probability (MVP):

Performance	of	SVI-AR

SVI-sampling	(SVI-S):

Cost	Budget Inventory
upper

Violation
Prob.

Expected
violation

Standard
Deviation

Conditional
Expected Violation

VaR
@99%

Run	
time

TSP|0.7|0.7|0.7

25 16.7% 22.19 3.40 4.21 12.04 112
30 12.8% 16.77 3.21 4.03 12.04 188
35 7.2% 8.78 2.77 3.33 8.56 164
40 2.3% 2.83 2.26 2.10 3.56 68
45 0.7% 0.67 1.84 0.61 0 138

TSP|0.8|0.8|0.8

25 14.7% 19.11 3.18 4.13 11.37 195
30 10.6% 14.35 2.95 4.08 11.41 203
35 6.3% 7.51 2.55 3.09 7.89 76
40 1.9% 2.42 2.07 1.88 2.94 167
45 0.6% 0.57 1.69 0.52 0 141
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Performance	Comparison

Introduction                             Objective function Model                           Computational Study                     Conclusion                          



Conclusion

• Conclusions
– Propose	Service	Violation	Index	to	measure	service	level.
– Describe	uncertain	demand	with	distributionally	robust	approach.
– Formulate	a	mixed-integer	linear	programming	problem	to	solve	
the	stochastic	IRP.

• Extensions
– Lost-sale	case
– Algorithms
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Thank you very much !
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