A critical equation with Hardy potential

(jointly with N. Ghoussoub, A. Pistoia and G. Vaira)

Pierpaolo Esposito,
Department of Mathematics and Physics,
University of Roma Tre

P. Esposito April 4, 2018 Mean Field Systems of Liouville Type



The Hardy-Sobolev inequality
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The Hardy-Sobolev inequality

Let Ly = —A— oy, y < 852

operator. The Sobolev inequality involving L, reads as (N > 3):
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For v > 0 H-S extremals exist and satisfy
U

Ix1

, be the Hardy-Schrodinger

“AU — v = U2 in RV \ {0}
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The Hardy-Sobolev inequality

Let Ly = —A— oy, y < 852

operator. The Sobolev inequality involving L, reads as (N > 3):
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For v > 0 H-S extremals exist and satisfy
U

Ix1

, be the Hardy-Schrodinger

“AU — v = U2 in RV \ {0}

and have the form

UM(X)

=
QN[
N—2"

(T 4 xR

w>0
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The Hardy-Sobolev inequality

Let L, = —-A— # v < (N;2)2, be the Hardy-Schrodinger
operator. The Sobolev inequality involving L, reads as (N > 3):

N—2
N 2
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For v > 0 H-S extremals exist and satisfy

i
Ix[?

“AU — v = U2 in RV \ {0}

and have the form

.
QN[
Uu(X) = ———¢ oz H>0
|x|P (MN*2+|X|N*2) 2
with [ = /0525y g, = N2 4 [ and oy = [420]%
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The Hardy-Sobolev inequality

Let L, = —-A— # v < (NZ2)2, be the Hardy-Schrodinger

operator. The Sobolev inequality involving L, reads as (N > 3):

N—2
N 2
s@ ([ )" < [ wup—y [ L vueptwy
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For v > 0 H-S extremals exist and satisfy

i
Ix[?

“AU — v = U2 in RV \ {0}

and have the form

-
QN[
Uu(X) = ———¢ oz H>0
[x|? (MN*2 + [x|v=2) "2
with ' = (Nf)z —v, B =24l and ay = [4r2N] , see

@ F. Catrina, Z.Q. Wang, CPAM 53 (2000)
@ S. Terracini, Adv. Differential Equations 2 (1996)
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On bounded domains

On 2 bdd domain with 0 € Q set
2
u

5.(Q) = inf{/Q[qu ~ izl ue H@) st /Qyuyﬂ —1)

x|?
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On bounded domains

On 2 bdd domain with 0 € Q set
2
u

5.(Q) = inf{/Q[qu ~ izl ue H@) st /Qyuyﬂ —1)

x|?

4 :
Double criticality: ﬁ and |u| V=2 u have same homogeneity as A
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On bounded domains

On 2 bdd domain with 0 € Q set
2
u

5.(Q) = inf{/Q[qu ~ 1l ue K@) st /Qyuyﬁ”z —1)

x|?

4 :
Double criticality: ﬁ and |u| V=2 u have same homogeneity as A

Difficulty: S,(Q) = S,(R") is never attained
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On bounded domains

On 2 bdd domain with 0 € Q set

)
5.(9) = inf{/[VuF 1 we H@) st / s = 1
Q |x| Q
Double criticality: ﬁ and |u|ﬁu have same homogeneity as A

Difficulty: S,(Q) = S,(R") is never attained

Include a linear perturbation (A > 0):

i o 2 1 N
Sy () =inf{ | [[Vul —’}/W—)\U |: ue Hy(Q) s.t. |u|v=2 =1}
Q Q
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On bounded domains

On 2 bdd domain with 0 € Q set

)
5.(9) = inf{/[VuF 1 we H@) st / s = 1
Q |x| Q
Double criticality: ﬁ and |u|ﬁu have same homogeneity as A

Difficulty: S,(Q) = S,(R") is never attained
Include a linear perturbation (A > 0):
2
. 2 u 2 1 2N
SyA(Q) = |nf{/[|Vu| —’)/W—)\u |: ue Hy(Q) s.t. / |ulv—2 =1}
Q Q
with E-L equation

—Au—fy#:\u\ﬁu—k)\u in Q\ {0}, w=0o0n0Q
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On bounded domains

On 2 bdd domain with 0 € Q set
u? 2N
Q) = inf{/[w2 ) ue HY(®) st / % = 1)
Ja |x| Q

4 :
Double criticality: ﬁ and |u| V=2 u have same homogeneity as A

Difficulty: S,(Q) = S,(R") is never attained

Include a linear perturbation (A > 0):

S @)= Inf{/[|Vu|2 L‘z—)\u ]: ue H}(Q) st /Q|u|l\12—NQ =1}
with E-L equation

—Au— ’u‘2 \U\N 2u+Auin Q\ {0}, u=00n090

Remark: no soln’s in general for A < 0 and no positive soln’s for
A> A\
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Ground states

Let o(Ly) = { Ak }ken.
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Ground states

Let o(Ly) = {Ac}ken. For 0 < A < A; there is a ground state if
@ 7 <0 and either N = 3 and the “Robin” function R, >0

somewhere
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Ground states
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somewhere or N > 4 and \ > ng
radius™(Q)
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Ground states

Let o(Ly) = {Ac}ken. For 0 < A < A; there is a ground state if
@ 7 <0 and either N = 3 and the “Robin” function R, >0

somewhere or N > 4 and \ > ng
radius™(Q)
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Ground states

Let o(Ly) = {Ac}ken. For 0 < A < A; there is a ground state if
@ 7 <0 and either N = 3 and the “Robin” function R, >0

somewhere or N > 4 and \ > ng
radius™(Q)
2
00<y< % 1
(N—2)? “ "
o v > max{0, =7 — 1} and “mass” m, ) >0
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Ground states

Let o(Ly) = {Ac}ken. For 0 < A < A; there is a ground state if
@ 7 <0 and either N = 3 and the “Robin” function R, >0

somewhere or N > 4 and \ > ng
radius™(Q)

e 0<y< M -1
(N—2)? “ "
o v > max{0, =7 — 1} and “mass” m, ) >0
2

Rk: as A — 0" ground state exists for 0 < v < % -1
Completely settled in

@ N. Ghoussoub, F. Robert, Calc. Var., to appear

@ E. Jannelli, JDE 156 (1999)

@ D. Ruiz, M. Willem, JDE 190 (2003)
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Ground states

Let o(Ly) = {Ac}ken. For 0 < A < A; there is a ground state if
@ 7 <0 and either N = 3 and the “Robin” function R, >0

somewhere or N > 4 and \ > ng
radius™(Q)

0 0 <y < M -1

@ v > max{0, M — 1} and "mass” m, \ >0
Rk: as A — 0" ground state exists for 0 < v < M -1
Completely settled in

@ N. Ghoussoub, F. Robert, Calc. Var., to appear

@ E. Jannelli, JDE 156 (1999)

@ D. Ruiz, M. Willem, JDE 190 (2003)
See also the survey

@ N. Ghoussoub, F. Robert, Bull. Math. Sci. 6 (2016)
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Sign-changing solutions

(N=2) 2)

0 If0<~ < — 4 there exist oo soln’s for A > 0

P. Esposito April 4, 2018 Mean Field Systems of Liouville Type



Sign-changing solutions

0 If0 <~ < (N42) — 4 there exist oo soln’s for A > 0
o If max{O —4} <y< (N2 2) % there exists 1
sol. for A > /\1
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Sign-changing solutions

0 If0 <~ < (N42) — 4 there exist oo soln’s for A > 0

o If max{O —4} <y< (N=2)" 2) %
sol. for A > /\1

e If max{0, % — %722)2} <y < % — 1 there exists 1
sol. for A € (A1, +00) \ (L)

there exists 1
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Sign-changing solutions

0 If0 <~ < (N42) — 4 there exist oo soln’s for A > 0

o If max{O —4} <y< (N=2)" 2) %
sol. for A > /\1

e If max{0, % — %722)2} <y < % — 1 there exists 1
sol. for A € (A1, +00) \ (L)

o Ify>0and~vy > (N=2)° 2)
open neighborhood of Ak, k > 2, ni being multiplicity of Ay

there exists 1

— 1 there exist nj soln's for A in a left
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Sign-changing solutions

0 If0 <~ < (N42) — 4 there exist oo soln’s for A > 0

o If max{O —4} <y< (N=2)" 2) %
sol. for A > /\1

e If max{0, % - %722)2} <~< % — 1 there exists 1
sol. for A € (A1, +00) \ (L)

o Ify>0and vy > (N=2)° 2) — 1 there exist nk soln’s for A in a left

open neighborhood of Ak, k > 2, ni being multiplicity of Ay
=22 _,
P

there exists 1

Rk: as A — 0" oo soln’s exist for 0 < v <
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Sign-changing solutions

(l=2)e 2) — 4 there exist oo soln’s for A > 0

N—2)2 N+-2
2° 4} <y (22 (N2

0 If0 <~ <
there exists 1

sol. for A > \;

e If max{0, % - %722)2} <~< % — 1 there exists 1
sol. for A € (A1, +00) \ (L)

o Ify>0and vy > % — 1 there exist nk soln’s for A in a left

open neighborhood of Ay, kK > 2, nj, being multiplicity of A\

Rk: as A — 0" oo soln’s exist for 0 < v < M — 4. See

o D. Cao, P. Han, JDE 205 (2004)

o D. Cao, S. Peng, JDE 193 (2003)

@ D. Cao, S. Yan, Calc. Var. 38 (2010)

@ Z. Chen, W. Zou, JDE 252 (2012)

@ A. Ferrero, F. Gazzola, JDE 177 (2001)
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Some comments when A — 0F

For v =0
@ H. Brezis, L. Nirenberg, CPAM 36 (1983) (no ground states in Q

and no positive soln’s in B when N = 3)

@ Adimurthi, S.L. Yadava, Nonlinear Anal. 14 (1990) & F.V.
Atkinson, H. Brezis, L. Peletier, JDE 85 (1990) (no radial
sign-changing soln's in B when N = 3,4,5,6)
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Some comments when A — 0F

For v =0
@ H. Brezis, L. Nirenberg, CPAM 36 (1983) (no ground states in Q

and no positive soln’s in B when N = 3)

@ Adimurthi, S.L. Yadava, Nonlinear Anal. 14 (1990) & F.V.
Atkinson, H. Brezis, L. Peletier, JDE 85 (1990) (no radial
sign-changing soln's in B when N = 3,4,5,6)

When either v < 0 or v > (v— 2) !

@ N. Ghoussoub, F. Robert, Calc. Var. 56 (2017) (no ground states in

Q)
@ F. Catrina, R. Lavine, CCM 4 (2002) (no positive radial soln’s in B
(N=2)* 2)
when v > -1)
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@ N. Ghoussoub, F. Robert, Calc. Var. 56 (2017) (no ground states in

Q)
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when v > -1)

Q1: What about positive soln’s for v < 07
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Some comments when A — 0F

For v =0
@ H. Brezis, L. Nirenberg, CPAM 36 (1983) (no ground states in Q

and no positive soln’s in B when N = 3)

@ Adimurthi, S.L. Yadava, Nonlinear Anal. 14 (1990) & F.V.
Atkinson, H. Brezis, L. Peletier, JDE 85 (1990) (no radial
sign-changing soln's in B when N = 3,4,5,6)

When either v < 0 or v > (v— 2) !

@ N. Ghoussoub, F. Robert, Calc. Var. 56 (2017) (no ground states in

Q)
@ F. Catrina, R. Lavine, CCM 4 (2002) (no positive radial soln’s in B
(N=2)* 2)
when v > -1)

Q1: What about positive soln’s for v < 07
Q2: What about sign-changing soln’s for v < 0 or 7 > M —47
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Main results

Attack existence issues by a perturbative approach for A small:

2
= — 4 = sign-changing solution uy shaped as a tower

of k alternating bubbles centered at 0
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Main results
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= — 4 = sign-changing solution uy shaped as a tower

of k alternating bubbles centered at 0

Remarks: - for v < 0 solutions are not minimizers for S, \(£2)
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Main results

Attack existence issues by a perturbative approach for A small:

i)y < M — 1 = positive solution uy developing a bubble at 0
i) v < M — 4 = sign-changing solution uy shaped as a tower
of k alternating bubbles centered at 0

Remarks: - for v < 0 solutions are not minimizers for S, \(£2)
. N—2)2 j(N—2+j .
-Q=BifyeR = {21 _ iN2Zh)y . ;e N}, see
@ E.N. Dancer, F. Gladiali, M. Grossi, PROCA 147 (2017)

P. Esposito April 4, 2018 Mean Field Systems of Liouville Type



Main results

Attack existence issues by a perturbative approach for A small:

i)y < M — 1 = positive solution uy developing a bubble at 0
i) v < M — 4 = sign-changing solution uy shaped as a tower
of k alternating bubbles centered at 0

Remarks: - for v < 0 solutions are not minimizers for S, \(£2)
. N—2)2 j(N—2+j .
-Q=BifyeR = {21 _ iN2Zh)y . ;e N}, see
@ E.N. Dancer, F. Gladiali, M. Grossi, PROCA 147 (2017)

By a fine asymptotic analysis:

v > M — 4 = no radial sign-chang. soln’s in B for A > 0 small
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A more general result

Set 0 = 2@721)(%}1_1 - % with ' = M — 7. Let u, be
solutions in B with A\, — 0. Theorem 2 follows by

Theorem 3

lZ
N
N

i) up >0 then v < u — 1 and u, ~ U,z on the scale uf ~ A7
(N=2)" 2) _4
iii) u, have k — 1 shrinking nodes Mp <--- < M7 — 0 then

2r

U ~ Uy at scale pff ~ X/, M{' =1 and Mf ~ (p]_yuf) =27

ii) u, sign-changing, then v <
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A more general result

Set 0 = 2@721)(%}1_1 - % with ' = M — 7. Let u, be
solutions in B with A\, — 0. Theorem 2 follows by

Theorem 3

lZ
N
N

i) up >0 then v < u — 1 and u, ~ U,z on the scale uf ~ A7
ii) u, sign-changing, then v < (N=2) 2) —4

iii) u, have k — 1 shrinking nodes Mp <--- < M7 — 0 then
2r

U ~ Uy at scale pff ~ X/, M{' =1 and Mf ~ (p]_yuf) =27

. (N=2)5_ N—2 28 o
Change of variables: v(r) ~ r 2 u(r = ), a = =, satisfies

“Av = |v|"2y + Ajx|v in B\ {0}, v=00n 3B  (P)\
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A more general result

Set 0 = 2@721)(%}1_1 - % with ' = M — 7. Let u, be
solutions in B with A\, — 0. Theorem 2 follows by

Theorem 3

lZ
N
N

i) up >0 then v < u — 1 and u, ~ U,z on the scale uf ~ A7
(N=2)" 2) _4
iii) u, have k — 1 shrinking nodes Mp <--- < M7 — 0 then

2r

U ~ Uy at scale pff ~ X/, M{' =1 and Mf ~ (p]_yuf) =27

ii) u, sign-changing, then v <

. (N=2)5_ N—2 28 o
Change of variables: v(r) ~ r 2 u(r = ), a = =, satisfies

“Av = |v|"2y + Ajx|v in B\ {0}, v=00n 3B  (P)\
We recover the non-existence results for y =0, 3 < N <6 and
v > (N=2)7 ) — 1 & the asymptotics for vy =0, N > 7 due to

° A Iacopetti, Ann. Mat. Pura Appl. 194 (2015)
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Via the change of variables

. . u
(=1Yu; > 0in (Mj11, Mj) and R; = M,
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Via the change of variables

(=1Yu; > 0in (Mj41, M;) and R; = /wk2j+1 = (1)t >0
in (Rj-1, Rj)
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Via the change of variables

(=1Yu; > 0in (Mj41, /\//) and R; = /wk2j+1 = (- 1)k—f+1v >0

in (Rj—1, R;). Define (5ij2 =|v|(r) = [Rma>l<?] lv| and pj ~ 5,5:1 .
j-1:R;
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Via the change of variables

(=1Yu; > 0in (Mj41, /\//) and R; = /wk2j+1 = (- 1)k—f+1v > 0
in (Ri_1. R"). Define 672 — 3= d i~ 8,7
in (Rj—1, R;). Define ¢; [v](r) [Rjnjff%]}VI and 1 ~ 0,7
Need to show first
Vi = (“1)F I T () o V, V= ()
J — J J ) - 1 ‘X‘Z
+ mMin=2)
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Via the change of variables

(=1Yu; > 0in (Mj41, /\//) and R; = /wk2j+1 = (- 1)k—f+1v >0
in (Rj—1, Rj). Define 51-”*2 = |v|(r;) = . |v[ and pj ~ 5&1 —
Need to show first

1 N—2

N2
Vi= (1752 v(gx) 2 V, V=(——7—) 2
1+ N(‘;\(I‘ %)

Pb: When ~ # 0 or k > 3 several new difficulties arise
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Via the change of variables

(=1Yu; > 0in (Mj41, /\//) and R; = /wk2j+1 = (- 1)k—f+1v > 0
in (Ri_1. R"). Define 672 — 3= d i~ 8,7
in (Rj—1, R;). Define ¢; [v](r) [Rjnjff%]}VI and 1 ~ 0,7
Need to show first
Vi = (“1)F I T () o V, V= ()
J — J J ) - 1 ‘X‘Z
+ mMin=2)

Pb: When ~ # 0 or k > 3 several new difficulties arise

e Bubbles of same sign don't superimpose by Pohozaev identity:

/aA [’X\(V’)z (N =2 + N —
= (a+2))\/A|X|aV2 -0

2 2N
Ix[[v] 2 4 A[x|HLy2
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Bubbles of same sign

The presence of other bubbles in [R;_1, R;] can be detected by the

behavior of r'z [v|
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Bubbles of same sign

The presence of other bubbles in [R;_1, R;] can be detected by the

behavior of r'z [v|

Claim: <r'2" |v| < 0 in (M5}, R}), M >> 1
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Bubbles of same sign

The presence of other bubbles in [R;_1, R;] can be detected by the
behavior of r¥|v\

Claim: %r%\vl < 0in (Ms;,R;), M >>1

Ifnot, I Mst. [rz |v[]] < [r'z |v[]]/(M) =0 in (W5}, M).
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Bubbles of same sign

The presence of other bubbles in [R;_1, R;] can be detected by the
behavior of r¥|v\

Claim: %r%\vl < 0in (Ms;,R;), M >>1

Ifnot, 3 Mst. [rz |v[]]' < [r'z |v[]]/(M) =0 in (W5;, M). Then
Mv'(M) = —N>2v(M) and by Pohozaev identity in (0, M)
(N—-2)2 N-2

_ 2 T 2+a
Tl S MR (M) AR > 0
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Bubbles of same sign

The presence of other bubbles in [R;_1, R;] can be detected by the
behavior of r¥|v\

Claim: %r%\vl < 0in (Ms;,R;), M >>1

Ifnot, 3 Mst. [rz |v[]]' < [r'z |v[]]/(M) =0 in (W5;, M). Then
Mv'(M) = —N>2v(M) and by Pohozaev identity in (0, M)
(N =2y N N —2
4 N

A contradiction with I\/I%M( M) < (/\/15) 2 ]v|(/\/l<5 ) <<1

M2|v(M)|72 + AM?Te > 0
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Bubbles of same sign

The presence of other bubbles in [R;_1, R;] can be detected by the
behavior of r¥|v\
Claim: %r%\vl < 0in (Ms;,R;), M >>1
Ifnot, 3 Mst. [rz |v[]]' < [r'z |v[]]/(M) =0 in (W5;, M). Then
Mv'(M) = —N>2v(M) and by Pohozaev identity in (0, M)
N—-2)2 N-2
_{ ) - M2|v(M)|72 + AM?Te > 0
4 N

A contradiction with I\/I%M(M) < (I\?I(Sj)¥]v|(/\7l<5j) <<1

Crucial estimate: as a by-product |v| < CVj, in [Rj1, Rj]
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The limiting problem

e The limiting problem has positive radial solutions on annuli
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The limiting problem

e The limiting problem has positive radial solutions on annuli

Claim: none of them can be limit of V;
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The limiting problem

e The limiting problem has positive radial solutions on annuli

Claim: none of them can be limit of V;

Assume [v| < CVj, in [R;—1, Rj] and R;, Rjy1 ~ dj41.
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The limiting problem

e The limiting problem has positive radial solutions on annuli

Claim: none of them can be limit of V;
Assume [v| < CVj, in [R;—1, Rj] and R;, Rjy1 ~ d0j41. A matching
condition on v/(R;):

N-2 N-2

M) ~ B for r > Ry = W(R) ~ ((I‘%;,j_l (lefe)
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The limiting problem

e The limiting problem has positive radial solutions on annuli
Claim: none of them can be limit of V;

Assume [v| < CVj, in [R;—1, Rj] and R;, Rjy1 ~ d0j41. A matching
condition on v/(R;):

N-2 N-2

vi(r) ~ (‘ifA),_z for r>> Rt = |v[/(R}) ~ ((I%;Ai—l (left)
Vit1(5-) N
vI(r) ~ (JH )L in [Rj, Rita] = |v['(Rj) ~ (dj+1) "2 (right)
j+1) 2
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The limiting problem

e The limiting problem has positive radial solutions on annuli
Claim: none of them can be limit of V;

Assume [v| < CVj, in [R;—1, Rj] and R;, Rjy1 ~ d0j41. A matching
condition on v/(R;):

N-2 N-2

(6;) = (6) =
lv|(r) ~ rJN_2 forr >> Ri_1 = |[v[(R}) ~ (RJJ.)N—I (left)
Vin(55) | v
vi(r) ~ ﬁ in [Rj, Risa] = [vI'(Ry) ~ (dj+1)" 2 (right)
j+1) 2
S )
Ince ((5j+1) 2 ~ (R)N-T = 5j+1 N5j
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The limiting problem

e The limiting problem has positive radial solutions on annuli
Claim: none of them can be limit of V;

Assume [v| < CVj, in [R;—1, Rj] and R;, Rjy1 ~ d0j41. A matching
condition on v/(R;):

N-2 N-2

M) ~ B for 5> Ry = (R) ~ D (et
r (Rj)
Vin(55) | v
vi(r) ~ ﬁ in [Rj, Rix1] = [v[(R;) ~ (8j+1)" 2 (right)
j+1
. N @) -
Since (0j+1)" 2 ~ 55— = 0j4+1 ~ ¢ , a contradiction

(R)"™1
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The limiting problem

e The limiting problem has positive radial solutions on annuli

Claim: none of them can be limit of V;
Assume [v| < CVj, in [R;—1, Rj] and R;, Rjy1 ~ d0j41. A matching
condition on v/(R;):

N-2 N-2

dj) 2z dj) z
lv|(r) ~ ( J/\)/_z forr >> Ri_1 = |[v[(R}) ~ (RJ_)N_l (left)
r (Rj)
Vin(55) | v
vi(r) ~ ﬁ in [Rj, Rival = |v['(R;) ~ (9j+1)" = (right)
j+1) 2
: N G _—
Since (0j41)" 2 ~ (’R,),\H = 0j+1 ~ 0; , a contradiction
J

e §; = 0j() follows by Pohozaev identity if Rj ~ /00,41
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New estimate on R;

Follows by a compatibility condition between v/(R;) and v(rjy1)
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New estimate on R;

Follows by a compatibility condition between v/(R;) and v(rjy1)

Difficulty: few is known on v(r) for r € [R;, rj;1]
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New estimate on R;

Follows by a compatibility condition between v/(R;) and v(rjy1)
Difficulty: few is known on v(r) for r € [R;, rj11]

A simple trick as follows:

RN vI'(Ry) 1/ N2
N_ e
V) =~ = [ MR s s
i
N—2
5T . A
~ ,JN—1 4 O( 12 + Bro‘“) & rjy1 << dj41
2
TR
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New estimate on R;

Follows by a compatibility condition between v/(R;) and v(rjy1)
Difficulty: few is known on v(r) for r € [R;, rj11]

A simple trick as follows:

RN vI'(Ry) 1/ N2
N_ e
V) =~ = [ MR s s
J
6j¥ r A at1
N N_1+O<M+ T )&rj+1<<5j+1
! 6.2 6.7
JArL J+1
N2
1 1 02 1
— N—2:/ |V|,NRJN—2+O(M)
5J+21 ’ J 5j+21
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A perturbative approach

k
Ansatz: u = Z(—l)jPUw + ¢, where P : HY(Q) — H}(Q)
j=1
projection, ¢ € H3 () small, px << -+ << g
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A perturbative approach

k
Ansatz: u = Z(—l)jPUw + ¢, where P : HY(Q) — H}(Q)
j=1
projection, ¢ € H3 () small, px << -+ << g
k
Reduced energy: E = J, Z(—l)jPUM + ¢ | — kAn, where
j=1

u? N—2 ON_
e =5 IVl =y = xa) = 22 [ jul
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A perturbative approach

k
Ansatz: u = Z(—l)jPUw + ¢, where P : HY(Q) — H}(Q)
j=1
projection, ¢ € H3 () small, px << -+ << g
k
Reduced energy: E = J, Z(—l)jPUM + ¢ | — kAn, where
j=1

1 u? N—2 2N
e =5 IVl =y = xa) = 22 [ jul

Energy expansion: As A — 0

k
E = (Bw|my o(Q)]3" =i (11))+Y _[Cn( AT DyAg]+hoot

=2 P

where f(u1) = Iogi/l fr=1/>1
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The choice of the parameters

Need to require:

2r 2 Hj \r 2 rz1 ifk=1
~ M (1), ~ A =
py o~ Mf(pa), (=) ~ {r>2 if k> 2

Mj—1

9

e x iflfr=1

with = and pj = d;\%, j > 2
& { diA\%t if I >1 K ’ /
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The choice of the parameters

Need to require:

i r>1 ifk=1
P~ A (pn), ()~ A {

11 [>2 ifk>2
= gr=1
e | =
with 1 = and j; = d\%, j>2
s AN T > 1 Hi= G

Setting 0; = 20; + 1, there holds
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The choice of the parameters

Need to require:

i r>1 ifk=1
T~ Mdf (), ()~ A {

11 [>2 ifk>2
= gr=1
e | =
with 1 = and j; = d\%, j>2
s AN T > 1 Hi= G

Setting 0; = 20; + 1, there holds

d;
E = A% (By|m, o(Q)|d2F —d? +Z>\9 [Cn( 1) M Dyd?]+o(\)
Jj=2 9~
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The choice of the parameters

Need to require:

i r>1 ifk=1
~ MAF (), ()~ A {

11 [>2 ifk>2
= gr=1
e | =
with 1 = and j; = d\%, j>2
s AN T > 1 Hi= G

Setting 0; = 20; + 1, there holds

d;
E = \%(By|m, o(Q)|d2" —d? +Z>\9 [Cnu(=2-)"—Dnd?]+o(A™)
Jj=2 91
Problem: the error o(\%) is not sufficiently small
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The choice of the parameters

Need to require:

i r>1 ifk=1
T~ ME (), ()~ = {

11 [>2 ifk>2
= gr=1
e | =
with 1 = and j; = d\%, j>2
s AN T > 1 Hi= G

Setting 0; = 20; + 1, there holds

d;
E = \%(By|m, o(Q)|d2" —d? +Z>\9 [Cnu(=2-)"—Dnd?]+o(A™)
Jj=2 91
Problem: the error o(\%) is not sufficiently small

Key point: split the error as Ry + - - - + Ry where
R; = Ri(d1,...,d;) and R; = o(A\%)
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The choice of the parameters

Need to require:

i r>1 ifk=1
T~ ME (), ()~ = {

11 [>2 ifk>2
= gr=1
e | =
with 1 = and j; = d\%, j>2
s AN T > 1 Hi= G

Setting 0; = 20; + 1, there holds

d;
E = \%(By|m, o(Q)|d2" —d? +Z>\9 [Cnu(=2-)"—Dnd?]+o(A™)
Jj=2 91
Problem: the error o(\%) is not sufficiently small

Key point: split the error as Ry + - - - + Ry where
R; = Ri(d1,...,d;) and R; = o(\%), see

@ A. lacopetti, G. Vaira, CCM 18 (2016)
@ F. Morabito, A. Pistoia, G. Vaira, Potential Anal. (2016)
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Thanks for your attention
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