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Conformal changes of metric, Gauss equation

Let (S, g) = surface, K;=Gauss curvature

Conformal change g, := e?g
= —Agu+ Ky = Kg,e®"  Gauss equation.

Similar with Q-curvature in (M, g) of dimension 2m: g, := e®'g

P;’"u + Qg = queQ’”“.
If M =Q c R?>™m,
(1) & (-A)"u= que2m”, gy = ez”\dx\2.

Remark Similar to a mean-field equation, but no boundary condition.



Compactness
Theorem (H. Brézis - F. Merle 1991) Q C R?, (uy)ken solutions to

— Aug = Vie®™  in Q, / e?Ukdx < A
Q

with Vi >0, || Vi||.= < K. Then up to a subsequence either
(i) (compactness) ux — uoo in GL (), or

(ii) (blow-up) S := {x € Q1 lim, o liminfioe [ Vie™dx > 27r},

N
U — —oo in Q\ S,  Kie?uk & Zajdaj, aj > 2m.
=1

Theorem (YY. Li - . Shafrir) If Vix — Vi, > 0in C°, then o; € 47N.



Dimension 4

NPy = Ve in Q C R, / e*dx < C (2)
Q

Theorem 1 (Adimurthi, F. Robert, M. Struwe '06)
(uk)ken solutions to (2) with Vi > 0, || Vi|l < K. Set

S = {X € Q: lim liminf Vie*dx > 3|54|},

r—0t k—oo B (x)

Then up to a subsequence either
(i) (compactness) ux — ux in G2 () (= S1 =10), or
(i1) (blow-up) Jp € C>*(Q2\ 51) and Bk — o s.t.

A’p=0, ¢<0, p#0, %ﬁ@inCic(Q\Sl)

(= uk = —00in Q\ 51 US,, S, = {p=0})




Dimension 2m

(—A)"up = V™ in Q C R*™, / e?Midx < C (3)
Q

Theorem 2 (Adimurthi, F. Robert, M. Struwe '06, M. '09, A.Hyder'18)
(uk)ken solutions to (3) with Vi >0, || Vi|l < K. Set
A
S = {x € Q: lim lim inf/ Viee2Muk dx > —1}, A = (2m— 1)|52m|.
r—0t k—oo B,(x) 2
Then up to a subsequence either
(i) (compactness) ugx — s in C27H(Q) (= S; = 0), or

loc
(i) (blow-up) Jp € C>°() and Sk — oo s.t.
ATp=0, <0, p#0, % —@in C27HQ\ S)
k

loc

(= u— —o00inQ\5US,, S, :={p=0})




Problem: Can 51, S, C Q C R?*" be prescribed?
K(Q):={peC(Q): A"p =0, <0, ¢#0}, S,:={p=0}
Problem Given ¢ € £(Q) and S; C Q finite, find (uk) sol. to

(—=A)"up = Vke®™  in Q CR?™, A, ::/ Vie?™ikdx < C - (4)
Q

blowing up as in Theorem 2 on 5; U S,,.

Theorem 3 (A.Hyder, S.lula, M.'17) S; = () = Y € K(Q), Ak € (0, 4)
there exists uy sol. to (4) with ux — oo on S, (polyharmonic blow up).

Idea Look for solutions of the form

C
ug = cxp + k — ag log(l+ |X‘2)7 |X\2+ Vi, ?k — 00, ax — 0, v — 0.

Based on a previous work of A. Hyder on prescribed fractional Q-curv.,
Schauder fixed point and a Brézis-Merle estimate.
Open problems Try with A, > % Can we have S; # (7



Example of point concentration Let u solve

(—A)"u = (2m — 1)1e®™, / 2™ dx < +oo.
Rzm

= uk(x) := u(kx) + log k also solves (5).
uy blows up at 0 (51 = {0}, concentration blow up).

Well-known solutions to (5) are the spherical solutions:

2\

= A>0,x € R
Og1+)\2|X_XO|2, X0

Ux x(x) =1

Liouville, Chen-Li '91: m = 1 = all solutions are spherical.

A.Chang-W.Chen '01: m > 1 = there exists other solutions.

(see also A.Chang-P.Yang '97, J-C.Wei-X.Xu '99, X. Xu '96)
C-S.Lin '98, M. '09, A.Hyder '17 u non-spherical

(5)

= u(x) ~ P(x) + alog|x|, P polynomial, 2 < degP <2m—2, P < C.




Can we glue polynomial and concentration blow up?
Model case: Bg C R®, V4 — Vo € C°,(Bgr), Vo > 0, u radial sol. to

(—A)3Uk = Vke6uk, / Vke6ukdX S C.
Br

Theorem 4 (A.Hyder-M."18) In case of blow up, S = 5; U S, is (up to
scaling) either:
|

(a) s=1{0} (b) S={lxI=1} () S={0}u{lx=1}

In case (c), for Bk — 00, ry :=2e~ %0 — 0

ug(x)

B

Nk(x) = uk(rex) + log re — log

= o(x) = —(1—=|x*)?* in G(Br\{0}) (Bk — )

2 .
TP =:n(x) in Cpo(R%)
/ Vie®dx — Ay for 0 <8 < 1.

Bs

The proof uses ideas from previous works of Robert and Robert-Struwe.



Proof 0 is local max of ux = Auk(0) < 0.
Green repr. on B, =

A2 2
Ang(x) + r,f (U;(;)T — Auk(T))
=Bk(Cr+o(1))
JDPu ()X,

frk/ Vk(z)e6”k(z)/ G(rgx,z)G(y, z)dydz
B, B

-

= [ |Ane+ r2Bk(Cr + o(1))| < CriBkR® + CR*
Bgr T’
<

One proves r23x = O(1)

= |Ang| < C(R) = nk = Moo
Br

Classification result = An., <0 at oo = r23x = o(1) and Ane = o(1)
at oo.
= 7)oo Spherical, by classification result. g

Problem Does case (c) actually occur?



Existence and the total curvature problem
Theorem 5 (A.Hyder-M. '18) V, — V. in CL(R%), V. <O0.
For every A > A there are (ux) rad. symm. sol. to

(=)’ u = Vie®™, / Viee® dx = A
R6

as in case (c) of Theorem 4.
Remark 1 Case R* studied by F. Robert '06: only S = {0} possible.
Remark 2 Take Vi = 120 = 5! and compare with
(=A)"u = (2m — 1)1e®™  A:=(2m — 1)!/ e®Mdx < +oo. (6)
R2m

Theorem (C-S.Lin'98) In 4-d (m = 2) A < A; = 6|S*|, with “=" iff u is
spherical. Based on Pohozaev identity.

Theorem (A.Chang-W.Chen'01) m > 2, A € (0,A;) = 3 sol. to (6).

Theorem (J-C.Wei-D.Ye '08, A.Hyder-M.'14) m > 2, A € (0,A;) = 3
non-radial sol. to (6).

Theorem (M. '12) m = 3 = J sol. to (6) with A arbitrarily large.



Proof Look for radially symmetric solutions.

(—=A)3u = 1205 in R®
U(O) — ul(o) — u///(o) — ul////(o) — 0
W(0)=a< —1, u"(0)=1,

Claim lim,_, _o A = +00. Compare with ¢(r) := 2r2 4+ L r*.

Au<0=23%, u90)=¢Y0),0<j<5=u<o.

Figure : The functions u(r) < ¢(r).

Strategy: Show that in a neighborhood of ¢(r) =0, [ r®e®“(Ndr — co.

Theorem (X.Huang, D.Ye '15) m > 3 odd (in dim. 6,10,14,...) = 3
sol. to (6) with A arbitrarily large.

Problem What about dimensions 8,12,16, ..., or even odd dimension?



Theorem (A.Hyder '17) For n > 5, V € Cf)ad NL>®(R"), V>0 A>0,
du sol. to

(—A)2u=Ve™, NA:= /R Ve™ dx. (7)

Idea of proof For )\ € (0, ] write u(x) = v(x) — |x|* + ¢ where v must solve

? 4n

_ 1 1 ) s 2
v(x) = %/Rn log (m> V(y)e" dy + AAv(0)(|x|" — 2[x|") +c.

A€ (0, 2] = Av(0) < 0 = compactness = Schauder fixed point. O

Proof of Theorem 5 Take A\, — 07, uk(x) = vi(x) — |x|* + ck. Prove:
1) supg_ ux — 00, 2) AAvk(0) = —o0, 3) ux(1) — oo.

Proof of 1) supg_ ux < C = [Av(0)] < C = MAv(0) =0

=+ X b, tse(x) = 2 i fog (257) Vaoly) e (Mdly + cac.
Pohozaev = A = [ps Vioe® < A;. Contradiction.

Proof of 2) |)\kAVk(O)| <C= ”vukHLl(BR) < C(R)

= fBR Ve®4 — A; (quantization by F. Robert '06, M. '11). Contrad.
Proof of 3) fBa Viebdx — Ay for 0 < 6 <1, A > A; = uk(1l) = +o0



A finer analysis

Remember Case (c) of Theorem 5:

Mk(x) = uk(rex) + log ri — log %llz =:n(x) in CE,C(]Rﬁ), re = 2e" "0 0
X

0D o) =~ WY in Co(Br\ {0)) (B > o)

/ VieP%dx — Ay for0< 4§ < 1.
Bs

Theorem (A.Hyder-M.) In case (c) of Theorem 5, B3¢ = ux(0)(1 + o(1))
uk(x) = n(x) + uk(0)(¢(x) +1+0(1)), o(1) = 0loc. on By (8)

M) = 00 + o) + o(@)(1+ ). Ix < (9)
Uk 0
to(x) = 8|x|> + O(log|x|) as |x| = 00, &= 627((0))
1
/B Vke6ukdX =N + 24N\ + O(Ek)> A1, 0 < 5 (10)
S5

Remark (8)-(9) might be used to glue metrics via Lyapunov-Schmidt.



Comparison with the Moser-Trudinger equation
ux € C5%,q4(B1 C R?) positive sol. to

- Auk = )\kuke"f (11)
1

= pk(ue(nex) = ), = uk(0), e = ———-
\/ A2 et

Extending a work with A.Malchiodi:

Theorem (G.Mancini, M.'16) For ux(0) —
ﬁk:ﬂ+£3+7+ O(log é' D), for |x| < et (12)
ko Hi Hg

where wy(x), zo(x) ~ —2log |x| at co. This implies
4T 1 5 om 1
4+ — +o(p, ) < |Vul"dx < 4m + — +o(p, ™). (13)
Fk B H

Remark (12)-(13) used to compute the Leray-Schauder degree of (11):
AWork in progress with O.Druet, A.Malchiodi, P-D.Thizy.



Open problems in the non-radial case

How arbitrarily can we prescribe S,, 5,7
Problem 1 Should S; € {V¢ =0}7
Problem 2 If 51, S,, # (), should blow-ups at S; be spherical?

Problem/Example o(x) = x; — % — 2 in Q := (~2,2) x R3 C R,
S, ={1} xR3>and Vo =0on {£1} x R3

Remark Q =R* = o =37 —aix? = Vp(x) =0 = x € S,.
Consistent with A < A; of C-S. Lin'98.
Remark In the case of mean field (with boundary conditions), there are

results. S, =0, 51 € {V® =0}, ® ="reduced functional” (F.Robert,
JC. Wei, M.-Petrache, Baracket-Packard, Del Pino, Musso, Clapp, ...)



What about odd dimension?
Theorem (Da Lio-M.-Riviere '15-'16) Let vy : R — R solve

(—A)%uk = Vje', /e“kdx < L
R

with || Vi|[i <&, Vi = V. Then 3S; = {x,...,xn} C R s.t. either
(i) uk = tso in R\ Sy and Vjes = Vet 4 > aes, Tais

(i) uk > —0 in R\ &, Vke”kéz 100y, aj > T

A 3-d: work in progress with A. de la Torre, A. Hyder, M. Gonzalez.



