Kantorovich formulation

of Optimal Transport

Augusto Gerolin G

(University of Jyvaskyld)

Optimal Transport Methods in Density Functional Theory

Banff International Research Station




Kantorovich Duality

Let X = RY (or (X, d) be a Polish space) and V..: XV — RU {+o0}.

Given p € A C P(X), consider the following problem:

N
Veelp] = sup {N/X v(s)dp(s) : Vee(x, - - Z v(x) > 0}

veF Al
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Kantorovich Duality

Let X = RY (or (X, d) be a Polish space) and V..: XV — RU {+o0}.
Given p € A C P(X), consider the following problem:

Veelp] = sup {/\//X v($)dp(s) : Vee(xa, .- oxw) = > v(x) > o} :

veF =
Goal: Understand if there is a wide class of densities A and potentials
F C L}(X) such that a maximizer exists. Moreover
e What is the regularity maximizer v, (e.g. Lipschitz)?
e Asymptotic behavoir of vop(x1) when |x1| = +00?
e Is Vee: A — RU {400} continuous?

e Ry = {/):R3%R:p20,fR3/):1,\ﬁ€Hl(R3)}CA?
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Kantorovich dual problem

The Kantorovich theory for multi-marginal optimal Transport for repulsive costs
has been explored in the recent years.
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Kantorovich Duality (idea)

Let X = R? (or (X, d) be a Polish space) and p € P(X).

Vee[p] = inf Vee(x1, ...y xn)dy(xi, ... xn).

vENN(P) S xN

N
= inf / Veedy +  sup N/vd/)f/ v(xi)dr
yeM(XN) Jxn vECH(X) X XN;
N
= sup N/ vdp+ inf / Vee(x1, .. -, v(x;
vely(x) Jx yeM(XN) Jxn “ Z

i=1

= sup {N/vdp:vecb( ), Vee(x1, ..y xn)— Zv
) X

veCy(X i—1
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Kantorovich Duality (idea)

Let X = R? (or (X, d) be a Polish space) and p € P(X).

Vee[p] = inf Vee(x1, ...y xn)dy(xi, ... xn).
N
— »e/i\g{X’V)/xN Veedy + veSCU:()X)N/x vdp — /X’V ; v(xi)dr
N
an oo g i i)

i=1

= sup {N/vdp:vecb( ), Vee(x1, ..y xn)— Zv }
) X

veCy(X i—1

® Riesz-Markov-Kakutani representation theorem:
duality between M(X") and Cy(X).

® Fenchel-Rockafellar Theorem.
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Monge-Kantorovich formulation

Let (X, d) be a Polish space and p € P(X).

Vee[p] = min / Vee(x1, ...y xn)dy(x1, ..., xn)-
YEMN(P) J XN
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Monge-Kantorovich formulation

Let (X, d) be a Polish space and p € P(X).

Vee[p] = min / Vee(x1, ...y xn)dy(x1, ..., xn)-
YEMN(P) J XN

o v eNn(p): v € P(XN) having all marginals equal to p.

o Vee: XN — RU{+c0} is a lower semi-continuous cost function.

Veelxa, o) = Y w(d(xi, %)), w: [0,+00[— RU {+o0}
1<i<j<N

Wljo,400[ 1S @ continuous, decreasing

and  lim w(z) =400
z—0*
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1

lim sup p(B(x,r)) < ———  and
r—0x N(N — 1)2
A={peP(X) X S
Jo€ X, np > 0sit. / w (2d(x, 0)) dp(x) > —o0
X\B(o,rg)
THEOREM?

Let (X, d) be a Polish space. Suppose p € A and V.. as before. Then the
following holds:

min Veedy = max v(x)d * Vee(x1, ..oy xn) — v(xi) >0
<eﬂN(w)/XN % /X (x)dp(x) (xa N) Z (xi)

14, G Keeerer (Vee < 2N ap), 8 € LY(p) (1984)

G. Burtazzo, T. CHAMPION, L. DE PASCALE (BOUNDED FROM BELOW CASE)
AG, A. KausaMoO, T. RAJALA (UNBOUNDED CASE)

M. CoLoMBO, S. DI MARINO, F. STRA (SHARP RESULTS)



1

lim sup p(B(x,r)) < ———  and
r—0x N(N — 1)2
A={peP(X) X S
Jo€ X, np > 0sit. / w (2d(x, 0)) dp(x) > —o0
X\B(o,rg)
THEOREM?

Let (X, d) be a Polish space. Suppose p € A and V.. as before. Then the
following holds:

min /x~ Veedy = max /Xv(x)d/)(x) Vee(xi, ..oy xn) — Zv(x,—) >0

~en 1
yEMn(p) VELp(X) i=1

Moreover,

Vee(x1,...,xn) — Z v(x)) =0, ~ — almost every (xi,...,xn) € X"
j=1

14, @ Keeerer (Vee < N1 ap), 8 € LY(p) (1984)

G. BurTazzo, T. CHAMPION, L. DE PASCALE (BOUNDED FROM BELOW CASE)
AG, A. KausaMO, T. RAJALA (UNBOUNDED CASE)

M. CoLoMBO, S. DI MARINO, F. STRA (SHARP RESULTS)



PAOLA GORI-GIORGI’S REMARK:
For simplicity consider X = RY and Vie(xi,...,xn) be the Coulomb cost

Vee(Xl,...,XN) = Z

1<i<j<N

1

Ix — x|’

By applying V,;, we have

Vee(X1, ..., xn) — Z v(xj) =0, ~ — almost every (xi,...,xn) € (R*)"

=1
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For simplicity consider X = RY and Vie(xi,...,xn) be the Coulomb cost

1
Vee(X1,...,XN)= Z m7
1<i<j<n 'Y !

By applying V,;, we have

N
Vee(x1, ..., xn) — Z v(xj) =0, ~ — almost every (xi,...,xn) € (R*)"
=1

then

Z |XJ — X' v — almost every (xi,...,xn) € (R)".
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PAOLA GORI-GIORGI’S REMARK:
For simplicity consider X = RY and Vie(xi,...,xn) be the Coulomb cost

Vee(Xlw'wXN) = Z !

't — Y ?
1<i<j<N I — xil

By applying V,;, we have

N
Vee(x1, ..., xn) — Z v(xj) =0, ~ — almost every (xi,...,xn) € (R*)"
=1

then

Z |;J 7;'|3, v — almost every (x1,...,xy) € (RY)".
i —

Now assume there is a SCE/Monge type minimizer for Ve[p]? then

2%7 X1€X:Rd.

2Which is the case at least when (d > 1and N =2)and (N > 2and d = 1)



Regularity of Kantorovich potentials

1ST INGREDIENT:
Let v € argminﬁEnN(/)) fo Veed~. Then there exists a o > 0 such that

spt(7) C XN\Da, D, = {X = (x1,...,%xn) € XN Ixi — x| < a}.
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Regularity of Kantorovich potentials

1ST INGREDIENT:
Let v € argminﬁEnN(/)) fo Veed~. Then there exists a o > 0 such that

spt(7) C XN\Da, D, = {X = (x1,...,%xn) € XN Ixi — x| < a}.

2ND INGREDIENT:

AN

v(xi) = im‘{Vee(Xl7 Cee XN) — Z v(x;j) ‘ (x2,...,xn) € X’V1}  pmae xmEX

j=

PROPOSITION: Assume additionally that V. is Lipschitz outside the singular
set Do. Then, there exists a Kantorovich potential v in the dual problem that
is bounded, Lipschitz and semi-concave (V2u > Md, A > 0 p-a.e.).
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Continuity results

THEOREM®: Assume p € A. Then

(i) If Vee is lower semi-continuous and bounded then Vee[s] is
[*-Lipschitz in A with respect to the strong topology on P(X).

[Veelp1] = Veelp2]| < Cllp1 — p2l1-

If Vee is Lipschitz outside D, then Ve is Wi— Lipschitz with respect to
the weak*-topology.

(i) Vee is Lipschitz outside the singular set Do, then Vee[/]
is continuous with respect to the weak*-topology on P(X).

3G. Buttazzo, T. Champion, L. De Pascale, AG, A. Kausamo, T. Rajala, M. Colombo, S. Di Marino, F. Stra
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Quantum analog*

X =R3. For simplicity, let consider the Coulomb case.

Enlpl = min Tr —hQZA + Z x| r
R — %

r=r*>0,Tr(N=1,pr=
2 () pr=p 1<’<J<N

e p>0is a density such that [; pdx =1 and \/p € H}(R3?).

o [ is an operator acting on the fermionic space AN, L*(R3).

e &[p] was introduced by Levy (1979) with the additional constraint
that ' = |¢) (¢| (pure state).

4
E.H. Lieb, DENSITY FUNCTIONALS FOR COULOMB SYSTEMS. Int. J. Quant. Chem., 24 (1983)
M. Lewin, SEMI-CLASSICAL LIMIT OF THE LEVY-LIEB FUNCTIONAL. Comptes Rendus Mathematique (2018).
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Quantum analog®

Elpl = i T | =12Y A,
] F=F*ZO,rTr:(IP)=1,pr=/) ' Z

= sup N/vh(x)p(x)dx: JLZEN:AXI*

5

E.H. Lieb, DENSITY FUNCTIONALS FOR COULOMB SYSTEMS. Int. J.

M. Lewin, SEMI-CLASSICAL LIMIT OF THE LEVY-LIEB FUNCTIONAL.
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T+ Z ,—x,\r

1</<j<N

v, € B2®,R) + LR, R),

N
> +> i) =0
i—1

1<i<j<N

[xi — x;l

Quant. Chem., 24 (1983)
Comptes Rendus Mathematique (2018).

11

1



X = R?

THEOREM (S. DI MARINO, AG): Let p € A be an absolutely continuous
measure such that spt(p) = R?. Consider V.. as before and v a bounded
optimal potential for p. Then,

(i) 3 B, <0 such that u(x) > B, and ‘ I‘im u(x) = Bu.

(i) We have
fim W)= B)

|x|—o0 W(X)

(ii) Assume that d = 3, w(|x|) = |x|*. There exist a non-negative locally
finite measure € M(R?) such that u(R*) = N — 1 and

—Au=p



X =R

THEOREM (S. D1 MARINO, AG): Let p € A be an absolutely continuous

measure such that spt(p) = RY. Consider V.. as before and v a bounded
optimal potential for p. Then,

(i) 3 Bu <0 such that u(x) > 5, and ‘ I‘im u(x) = Bu.
(i) We have
im W)= Ba) g

|x|—o0 W(X)

(iii) Assume that d = 3, w(|x|) = |x|*. There exist a non-negative locally
finite measure u € M(R®) such that u(R*) = N — 1 and

) = B+ [ wlx = )duty).



