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Outline
» HF theory: operators and energy
» HF adiabatic connection: definitions and local analysis
» DFT vs HF adiabatic connections (initial motivation)
» Conclusive remarks
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N-electron Hamiltonian

N N N
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A== 53 Vi Y oo+ > v
i=1 ij>i i=1

A %ﬁ ~
T Vee Vext
» Minimize ( H), only in the N-electron states represented by Slater

determinants, ®(xi, ..., xn),

O(x1,xn) = > (=1)Pvpay(xa) ey (), (2)
P
with ¥p(x) = Ya(ro) = én(r) sp(o),
enforcing orthonormality of {1;(x)} via Lagrange multipliers, ¢;, leads
to the HF equations
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HF equations and GS

ol ) oa(P)? s A)
o= va(r) Z/d r" = /d r— v (4)

and Vg s.t.
VF'QZJm X) = _Zd}n(x /d/wn(r I’,’ )55,"(0’)5"(0’) (5)

> |OHFY — built from the N {1} with lowest e, is the GS of
AT = T 4+ Vo + J + K, (6)
with J = ¥ oM and K = SN, 0F
AL
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HF energies
» The GS energy of H1F is the sum of the lowest N HF eigenvalues,
N
BN = (0 AT o) = 3 7
i=1
» However the HF approximation E'F to Ey[v] is
with 1 R
1 .
BN = SOWKOM) = Ef{vr,..yn}]  (10)

» The difference  En[v] — EMY < 0 s called the HF correlation
energy, ENF.
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QHF  _ [HF
N A .. N .. A=0 — J
A =T+ Vo + J+ K+ M Vee — J = K) (11)
AT = A,
with [WIF) its GS and EI™Y its GS energy
Defining
W = (WD, — J = RIWET) + UM 4260, (12)
we find, via % EIF, the exact formula
1
EN + EN = /O WA dA = EY (13)

for the XC energy in terms of the HF adiabatic connection integrand,W)fIF.
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Local analysis

HF _ pHF o] MPn yn—1
> WA—)O - Ex + Zn:2 n Ec A )

» Assume (WHF|RIWIFY — O(A1/2) (X — o0),

= ﬁgoF = Vee - j‘[pHF]’ (14)
= lim V¥ — argmin(V|V,. — Jj¥) = WIF[,HF], (15)
A—00 [
N 1 N
. HF _ . _ . HF -1
i>i
Eel[pHF]
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Subleading term: variational argument

Consider the simple trial wavefunction

W;’\—(I’]_, ey rN) = H Ga()\)(l’,' — I‘fnin), (17)
i=1

where R™IM = {rmin} is the global minimum of HF and
Gu(r) = 0‘3;4e 21 with a(A) ~ A9 with ¢ > 0, s.t.

Jim U2 = (Wil [0 (18)

» Evaluating (W] |HIF W) —
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Subleading term: variational argument
[ (W]|TV]) = ta,
(WIA(Vee = D) = A(Eet = U) + A (2 + 0(a™))

(W] ) ) k
(W= AKIV]) =X (£ +0o(a?))

| (U] Vet + T+ KIW]) ~ 0(a),
WA WY = N(Ee — U) + tAT+ (h+ KA+ oM7) (19)

» t, h, and k are all positive numbers
g=1/2
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HDFT T + Vexr, + >\Vee + V)‘[p]

WDFT = (WDFT| U, [WDFT) — U]

EDFT f WDFT di

A1 W/{)FT — EPFT 4 \2EGL2 ¢ ...
DFT DFT WZX]?FT

A>1 Wy — W2HH + -5 +

P. Gori-Giorgi et al. J. Chem. Theory Comput. 5,

743-753 (2009)

J. Grossi et al. J. Chem. Theory Comput. 13,
6089-6100 (2017)
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FIEF:?‘F Vext“rj"‘k‘i‘)\(\?ee_j_k)

WHF = (WIIF |7 — J — K|WIF) + U[plIF | + 2E0F

EHF f WHF dx

A<l WHF _ EHF | hopMP2 | .

'HF
WHF 4 Woo o | .

A>1 ey

WHEF

M. Seidl, S.G, S. Vuckovic, E. Fabiano, P. Gori-Giorgi J.
Chem. Phys. 149, 241101 (2018)
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DFT vs HF ACs
[Wsce(L, ooy N2 = 20 5(ry — F3(r))...0(rw — Fu(r)) + - --

[WIF (L, ..., )2 =TIV, [o(r™i» —s)ds

> He:
WRFT ~ _150E,, WIHF ~ —4.34E,
2.592 1.848
2.112 2.178
H1.632 H-2.508
Eo.sn -3.168
;0492 H-3.498
0.288 3.828
-0.768 ~4.158
0.2 0.4 0.6 0.8 1.0 1.2
QODOFT(I‘;[,I’Q,W) ﬁgF(rl,rg,’]T)
Sara Giarrusso ACHF
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DFT vs HF ACs

[Wsce (1, ooy N)2 = 28 5(ry — 5(1))...0(rn — Fu(r) + - - - SELPRE
[WHE(1, . N)? =TIV, [o(emim —s)ds . B
> Ne:

WDFT ~ _20.04E,; WIHF ~ —49.90F,;,

-0.780

-0.702

Upper panel: HF crystal (strong interaction HF
“density” ) compared to one SCE configurations
(the superposition of all infinite configurations
delivers the physical density)

~0.624
0.546
0.468
0.390
0.312

0.234

Lower panel: 2D projection of the HF crystal and
the SCE configuration on the Ne probability density.

0.156

0.078
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Initial motivation

» DFAs that model W)]?FT consistently give much more accurate results for
binding/interaction energies (energy differences) — usually better than MPn, with
n=2,3,4 methods — when p'F and {¢FIF'} are used

@ E. Fabiano, P. Gori-Giorgi, M. Seidl, F. Della Sala, J. Chem. Theory Comput. 12, 4885 (2016)
@ S. Vuckovic, P.Gori-Giorgi, F. Della Sala, E. Fabiano,J. Phys. Chem. Lett. 9, 3137 (2018)

@ S.G., P. Gori-Giorgi, F. Della Sala, E. Fabiano, J. Chem. Phys. 148, 134106 (2018)

Outcomes

» an all orders resummation of the MP series might be constructed from an interpolation
along the HF adiabatic connection

» the leading term of the strong interaction limit of the HF adiabatic connection can be
fully determined from a functional of p"¥ and {1/)[HF}, which are known exactly.
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Some outlooks

» Study the rather novel term W/(Hol“; in the expansion large A of W}\{F

3N

1 w, HF
wae — 25 el (20)

a=1

(FEA Vet ) mins OA)

» Sistematic numerical exploration of the HF adiabatic connection

> Study the related adiabatic connection that connects HF and KS system (missing link)
FILFKS = F 4 Ve + 74 K+ A(Vg — J— K) (1)
where VR = V. — Vo and Vs is the N-electron equivalent of the (augmented) KS

potential operator
>
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