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N-electron Hamiltonian

Ĥ ≡ ĤN [v ] = −1

2

N∑
i=1

∇2
i︸ ︷︷ ︸

T̂

+
N∑

i ,j>i

1

|ri − rj |︸ ︷︷ ︸
V̂ee

+
N∑
i=1

v(ri )︸ ︷︷ ︸
V̂ext

(1)

I Minimize 〈 Ĥ 〉, only in the N-electron states represented by Slater
determinants, Φ(x1, ..., xN),

Φ(x1, ..., xN) =
∑
P

(−1)PψP(1)(x1) · · ·ψP(N)(xN), (2)

with ψn(x) ≡ ψn(rσ) = φn(r) sn(σ),

enforcing orthonormality of {ψi (x)} via Lagrange multipliers, εi , leads
to the HF equations
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HF equations and GS[
− 1

2∇
2 + v̂ + v̂H + v̂F

]
ψi (x) = εi ψi (x) (i = 1, ...,N) (3)

with
v̂H = vH(r) =

N∑
n=1

∫
dr′
|φn(r′)|2

|r − r′|
≡

∫
dr′

ρ(r′)

|r − r′|
(4)

and v̂F s.t.

v̂F ψm(x) = −
N∑

n=1

ψn(x)

∫
dr′
ψ∗n(r′)ψm(r′)

|r − r′|
δsm(σ′)sn(σ′) (5)

I |ΦHF〉 – built from the N {ψn} with lowest εn– is the GS of

ĤHF = T̂ + V̂ext + Ĵ + K̂ , (6)

with Ĵ =
∑N

i=1 v̂
H
i , and K̂ =

∑N
i=1 v̂

F
i
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HF energies
I The GS energy of ĤHF is the sum of the lowest N HF eigenvalues,

EHF
0 = 〈ΦHF| ĤHF |ΦHF〉 =

N∑
i=1

εi (7)

I However the HF approximation EHF to EN [v ] is

EHF = 〈ΦHF| Ĥ |ΦHF〉 = EHF
0 −

(
UHF + EHF

x

)
(8)

with
UHF =

1

2
〈ΦHF| Ĵ |ΦHF〉 = U

[
ρHF

]
(9)

EHF
x =

1

2
〈ΦHF| K̂ |ΦHF〉 = Ex

[
{ψ1, ..., ψN}

]
(10)

I The difference EN [v ] − EHF < 0 is called the HF correlation
energy, EHF

c .
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HF adiabatic connection

ĤHF
λ = T̂ + V̂ext + Ĵ + K̂ + λ(V̂ee − Ĵ − K̂ )


ĤHF
λ=0 = ĤHF,

ĤHF
λ=1 = Ĥ,

(11)

with |ΨHF
λ 〉 its GS and EHF

λ its GS energy

Defining

WHF
λ ≡ 〈ΨHF

λ |V̂ee − Ĵ − K̂ |ΨHF
λ 〉+ U[ρHF] + 2EHF

x . (12)

we find, via d
dλ E

HF
λ , the exact formula

EHF
x + EHF

c =

∫ 1

0
WHF
λ dλ = EHF

xc (13)

for the XC energy in terms of the HF adiabatic connection integrand,WHF
λ .
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Local analysis

I WHF
λ→0 = EHF

x +
∑∞

n=2 n E
MPn
c λn−1,

I Assume 〈ΨHF
λ |K̂ |ΨHF

λ 〉 = O(λ−1/2) (λ→∞),

⇒ ĤHF
∞ = V̂ee − Ĵ[ρHF], (14)

⇒ lim
λ→∞

ΨHF
λ = argmin

Ψ
〈Ψ|V̂ee − Ĵ|Ψ〉 = ΨHF

∞ [ρHF], (15)

⇒ lim
λ→∞

WHF
λ = min

{r1...rN}


N∑

i,j=1
j>i

1

|ri − rj |
−

N∑
i=1

vH(ri ; [ρ]) + U[ρ]

︸ ︷︷ ︸
Eel[ρHF]

+2EHF
x + O(λ−

1
2 ) (16)

Sara Giarrusso ACHF



HF theory
HF adiabatic connection

DFT vs HF ACs
Conclusive remarks

Subleading term: variational argument

Consider the simple trial wavefunction

ΨT
λ (r1, . . . , rN) =

N∏
i=1

Gα(λ)(ri − rmin
i ), (17)

where Rmin ≡ {rmin
i } is the global minimum of ĤHF

∞ and

Gα(r) = α3/4

π3/4 e
−α

2
|r|2 with α(λ) ∼ λq with q > 0, s.t.

lim
λ→∞

|ΨT
λ [ρHF]|2 = |ΨHF

∞ [ρHF]|2 (18)

I Evaluating 〈ΨT
λ |ĤHF

λ |ΨT
λ 〉 → ...
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Subleading term: variational argument

〈ΨT
λ |ĤHF

λ |ΨT
λ 〉



〈ΨT
λ |T̂ |ΨT

λ 〉 = t α,

〈ΨT
λ |λ(V̂ee − Ĵ)|ΨT

λ 〉 = λ(Eel − U) + λ
(
h
α + o(α−1)

)
〈ΨT

λ | − λ K̂ |ΨT
λ 〉 = λ

(
k
α + o(α−1)

)
〈ΨT

λ |V̂ext + Ĵ + K̂ |ΨT
λ 〉 ∼ O(α0),

〈ΨT
λ |ĤHF

λ |ΨT
λ 〉 = λ(Eel − U) + tλq + (h + k)λ1−q + o(λ1−q) (19)

I t, h, and k are all positive numbers

q = 1/2
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DFT vs HF ACs

ĤDFT
λ = T̂ + V̂ext + λV̂ee + V̂λ[ρ]

WDFT
λ ≡ 〈ΨDFT

λ |V̂ee |ΨDFT
λ 〉 − U[ρ]

EDFT
xc =

∫ 1
0 WDFT

λ dλ

λ� 1 WDFT
λ → EDFT

x + λ2EGL2
c + · · ·

λ� 1 WDFT
λ →WDFT

∞ +
W

′DFT
∞√
λ

+ · · ·

P. Gori-Giorgi et al. J. Chem. Theory Comput. 5,

743-753 (2009)

J. Grossi et al. J. Chem. Theory Comput. 13,

6089-6100 (2017)

ĤHF
λ = T̂ + V̂ext + Ĵ + K̂ + λ(V̂ee − Ĵ − K̂)

WHF
λ ≡ 〈ΨHF

λ |V̂ee − Ĵ − K̂ |ΨHF
λ 〉+U[ρHF

λ=0] + 2EHF
x

EHF
xc =

∫ 1
0 WHF

λ dλ

λ� 1 WHF
λ → EHF

x + λ2EMP2
c + · · ·

λ� 1 WHF
λ →WHF

∞ +
W

′HF
∞√
λ

+ · · ·

M. Seidl, S.G, S. Vuckovic, E. Fabiano, P. Gori-Giorgi J.

Chem. Phys. 149, 241101 (2018)
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DFT vs HF ACs
|ΨSCE (1, ...,N)|2 = ρ(r)

N
δ(r2 − f2(r))...δ(rN − fN(r)) + · · ·

|ΨHF
∞ (1, ...,N)|2 =

∏N
i=1

∫
δ(rmin

i − s) ds

I He:
WDFT

∞ ' −1.50Eh
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ĤHF
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WHF
∞ ' −4.34Eh
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DFT vs HF ACs

|ΨSCE (1, ...,N)|2 = ρ(r)
N
δ(r2 − f2(r))...δ(rN − fN(r)) + · · ·

|ΨHF
∞ (1, ...,N)|2 =

∏N
i=1

∫
δ(rmin

i − s) ds

I Ne:
WDFT

∞ ' −20.04Eh; WHF
∞ ' −49.90Eh

Upper panel: HF crystal (strong interaction HF
“density”) compared to one SCE configurations
(the superposition of all infinite configurations
delivers the physical density)

Lower panel: 2D projection of the HF crystal and
the SCE configuration on the Ne probability density.
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Conclusive remarks

Initial motivation
I DFAs that model WDFT

λ consistently give much more accurate results for
binding/interaction energies (energy differences) – usually better than MPn, with
n = 2, 3, 4 methods – when ρHF and {ψHF

i } are used

E. Fabiano, P. Gori-Giorgi, M. Seidl, F. Della Sala, J. Chem. Theory Comput. 12, 4885 (2016)

S. Vuckovic, P.Gori-Giorgi, F. Della Sala, E. Fabiano,J. Phys. Chem. Lett. 9, 3137 (2018)

S.G., P. Gori-Giorgi, F. Della Sala, E. Fabiano, J. Chem. Phys. 148, 134106 (2018)

Outcomes
I an all orders resummation of the MP series might be constructed from an interpolation

along the HF adiabatic connection

I the leading term of the strong interaction limit of the HF adiabatic connection can be
fully determined from a functional of ρHF and {ψHF

i }, which are known exactly.
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Some outlooks

I Study the rather novel term W ′HF
K ,∞ in the expansion large λ of WHF

λ ,

W ′HF
∞ =

1

2

3N∑
α=1

ωα[ρHF]

2︸ ︷︷ ︸
〈T̂+λ(V̂ee+Ĵ)〉min, O(λ

1
2 )

+W ′HF
K ,∞ (20)

I Sistematic numerical exploration of the HF adiabatic connection

I Study the related adiabatic connection that connects HF and KS system (missing link)

ĤHFKS
λ = T̂ + V̂ext + Ĵ + K̂ + λ(V̂R − Ĵ − K̂) (21)

where V̂R = V̂s − V̂ext and V̂s is the N-electron equivalent of the (augmented) KS
potential operator

I ...
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