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TWO PARTS

Estimation of a multivariate normal mean
» X ~ Ny(0,3) heteroscedasticity

Y = diag(o?,...,07), with 07 > 05 >

» X ~ Ny(0,I) homoscedasticity

SUMMARY
00

...>O'§

» Ensemble minimaxity of some James-Stein variants

d
under loss L(8,0) = |6 — 0> =) (&

1=1

— 6;)?
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PROBLEM SETTING
> Let X ~ Ny(0,3) where

0= 0,....00)", X =diag(o?,...

> assumea% >0§> >O'§
» estimation of @ w.r.t.

L(6,0)=6-0|*= Zil
» The risk of §(X)
R(6,0) = E[L(8,0)]

SUMMARY
00

o4)

(0; — 0;)°
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Loss 1

Whyz (6; — 6;)?

» \Whether or not an estimator is minimax is tied to the
particular loss function chosen

(0; — 6:)°

D)
g;

reduces the effect of components with larger variances
1} See Casella (1980,1985)

d
» For example, the scale invariant loss g .
i
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LLoss 11

d
> [y(6,0) = Z'—1(5i —0;)%is a kind of least favorable
among the class

{Lj(a,e) - Z;% 0<j< 2}

» If an estimator among the class, which we will consider

in this talk, is minimax under Lg, then minimaxity of
the estimator under L; for 0 < j < 2 still holds

f See Maruyama & Strawderman (2005)
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ORIGINAL JAMES-STEIN

> The MLE X {the constant risk tr¥ = 3 o2

minimax for any p and any X

James and Stein (1961)

» In the homoscedastic case, ¥ = o021, or equivalently

2 _ 22
oy =-=0,=0",

(1—;??})X=(1—m>x

for ¢ € (0,2(d — 2)) dominates X for d > 3
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REVIEW 1
d some literature discussing the minimax properties
of shrinkage estimators under heteroscedasticity

a%>a%>--->0§
Brown (1975)
c

» the James-Stein estimator <1 -
N XT¥-1X
always minimax under heteroscedasticity

>X is not

» Specifically, it is not minimax for any ¢ € (0,2(d — 2))
d
2 2
when 207 > g O
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REVIEW 11
Berger (1976)

» For d > 3 and any ¥, minimaxity of

1 C
(recall & = diag(o?,...,03) with 07 > 03 > --- > 03)

Casella (1980)

c
» the estimator <I —y»!

oo XTE2X
able even if it is minimax

)X is not desir-

» Ordinary minimax estimators, typically shrink more on

the coordinates with smaller variances
10/55
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ReEvIiEW 111
» From Casella’s viewpoint, one of the most natural

variant of the James-Stein estimator is

(I—2L>Xforc>o,

1 X2
(recall 3 = diag(o?,...,03) with 0? > g3 > --- > 03)
which shrink most on the coordinates with larger vari-
ances

1} not typically ordinary minimax

» We are going to save the shrinkage estimators above,
by providing ensemble minimaxity
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ENSEMBLE RISK I

» the Bayes risk with respect to the prior ™

R(n,8) = E.(R(8,8)) = / R(0,8)7(d8)

Rd

» Efron and Morris (1971, 1972a, 1972b, 1973) ad-
dressed this problem from both the Bayes and em-
pirical Bayes perspective

12/55
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ENSEMBLE RISK II
» Especially, they considered a prior distribution
0 ~ N4(0,71;) with 7 € (0, 0)

» They used the term “ensemble risk” for R(7, )
» A set of ensemble risks {R(5,7) : 7 € (0,00)}

_ 1 [l
R(d,7) = /Rd R(4, 0)(27r7)d/2 exp ( 5 de,

13/55
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ENSEMBLE RISK II1

Definition of ensemble minimaxity

the estimator 0 is ensemble minimax w.r.t. P,

& sup R(6,7)=inf sup R(d,7)
7€(0,00) o’ 7€(0,00)

c.f. 9 is said to be ordinary minimax

& sup R(0,0) = inf sup R(6, §)
9<O 9" 9eco
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ENSEMBLE RISK IV

In our problem, X is still ensemble minimax
with the constant risk >~ o2

ensemble minimaxity if sup R(d,7) = Zaf
T7€(0,00)

ordinary minimaxity = ensemble minimaxity

ya
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ENSEMBLE RISK V

» As a matter of fact, Larry, in his unpublished manuscript,

has already introduced the concept of ensemble min-
imaxity

» Here, we follow their spirit but propose a simpler and
clearer approach for establishing ensemble minimaxity

16/55
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ENSEMBLE MINIMAXITY 1

(Our unpublished) paper
» A class of shrinkage estimators with general G

2
9iZ;

— -1, __
5¢:<I—GM)$, z=x"'GX w—zaiz
& G = diag(g1,...,94),0< g; < 1Vi

This talk G = X /o7
» a special class of shrinkage estimators

5¢:< _§M>m

of |=|*/o

(recall 3 = diag(o?,...,03) with 0? > 03 > --- > 03)
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ENSEMBLE MINIMAXITY 11
Berger and Srinivasan (1978)

Given positive-definite C' and non-singular B, a
necessary condition for an estimator of the form

o(x"Cx)
I-B—~——~
( zCz )”
to be admissible is B o« XC'
1} which is satisfied by

(I_GM> 2. ( _§2¢<nw||2/a%>>w

z of |lz|?/of
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ENSEMBLE MINIMAXITY III
Baranchik-type sufficient condition for minimaxity
For given G which satisfies

h(z,G)_2<M—2> >0,

max(g;0?)

P(x"GX " 'x) L o
(I G O x, is ordinary minimax if
¢ is non-decreasing and 0 < ¢(-) < h(Z, G)

- Stein's identity
t
echniques Z aiy? S max a; Z y?
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ENSEMBLE MINIMAXITY IV
Berger (1976)

For any given 33,

max h(E,G)=2(d—2), argmaxh(%,G)=o;2"
G

2
g . .
Is G = o327 = diag (—‘;, e 1) the right choice?
91
(recall 3 = diag(o?,...,03) with 0% > 03 > --- > 02)

Casella (1980)

More shrinkage on higher variance corresponds to
the descending order g1 > --- > g4

20/55



TABLE OF CONTENTS HETEROSCEDASTICITY HOMOSCEDASTICITY SUMMARY
000 00000800000 000000000000 00

ENSEMBLE MINIMAXITY V
Our choice G = X /07 = the descending order!

(recall 3 = diag(o?,...,03) with 0? > 03 > --- > 03)
4
> (Z,G) =2 (Zf - 2)
g1
» For 02>>03 >,...,, h(X,G) is typically negative,

which implies that a sufficient condition for ordinary
minimaxity by Baranchik is empty

1 We are going to save the shrinkage estimators
5 — ( ~ T o(|=*/o1)
5= Z AN A7)

x under this situation
of |lx|]?/of )
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THEOREM OF ENSEMBLE MINIMAXITY
>0, /', concave

¢(2)/2:

1 Baranchik, extra

5¢:< _§M>w

ot llz|?/of

Assumption

Then

is ensemble minimax if

2 2
o o]+ 71

2 2
& <d0d+7> <2d =22 T yr e (0, 00)

1 Upperbound of ¢ like Baranchik's condition, but including 7
22/55
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SKETCH OF THE PROOF 1

T To? 9
» Note 0;|x; ~ N 7__1_02%,7__1_02 and z; ~ N(0,7 + 07),
-l ? .
f 601]z1,...,04|xq are independent and 1, ..., x4 are independent

» Then the Bayes risk

R(8g,7) ZEeEww

I
d 4,2 d 4.2 42
3 3 oiry  d(z) Do 0iTi ¢°(2)
R(S _ :Em _9 17 % [t
(36,7) 7 Pt o?(t+0?) =z ot 22




SUMMARY

TABLE OF CONTENTS HE'I‘HROSCEDAS'I‘]C]'I'Y HOMOSCEDASTICITY
000 00000008000 000000000000 [e]e]
SKETCH OF THE PROOF 11
3712 d w; .
> Let w; = — w=yy ¢ jwiandt;=—fori=1,...,d.
o; + 7 w

» Then w and t = (t1,...,tq)" are mutually independent

d
w=> w;~xg t~ Dirichlet(1/2,...,1/2)

=1

» With the notation, we have
d d

1 w
a:?:wti(cf?—l-T) and Z:PZQJ%ZFZU (‘71'2"'7-)
1 1 =1

=1
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SKETCH OF THE PROOF III

» Then, after some inequalities including Jensen’s inequality, the cor-
relation inequality

E[f(X)g(X)] = E[f (X)E[g(X)]if f 7, g/
and
Z(O’E + 7)tiof < (0 +7) Ztﬂ?,

we have the result

» No Stein's identity is used!

25/55
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EXAMPLE MOTIVATED BY STEIN (1956) I

Let ¢(2) = as ci;>0and ¢, >0
C2
1
Th I—X >0and ¢ >0
en ( CQO'% T ||mH2> r C ana ¢y ~

Stein (1956)

Under ¥ = I, Stein (1956) suggested that there
exist estimators dominating & among a class of
1

—2> ax for small ¢; and
¢+ |||

estimators <1 —

large co
26/55
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EXAMPLE MOTIVATED BY STEIN (1956) II

> H(z) = cchz ci>0andcy >0

» Note ¢(z) > 0, 7, concave and ¢(z)/z N\,

d(o2 2 P
adlog 17)/01 g _ %7y e (0,00)
co +d(o;+7)/07 o1+ T

which is equivalent to

d7{2(d—2)—cl}+2(d—2)0f{02—d(2(0[01_2) —‘7—2)} >0



SUMMARY

HOMOSCEDASTICITY
[e]e]

HETEROSCEDASTICITY
000000000000

TABLE OF CONTENTS
00000000800

000

EXAMPLE MOTIVATED BY STEIN (1956) III
: €1
the estimator | I — ¥— 5 | @
c207 + |||

1. ensemble minimax if

C 0'2
0<c¢ <2(d—2) and ¢y > max <0,d<2(d—12)_0_§))

2. ordinary minimax if

0'4 O'%l
ZU—;—2>0andc1§2<ZJ—;—z)
1 1
——

<0 if 02>>02
28/55
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EXAMPLE MOTIVATED BY STEIN (1956) IV
An interesting case: ¢c; = co =d — 2

-2
the James-Stein variant (I > d 5 ) €T
(d—2)o7 + ||z||?

the i-th shrinkage factor
(d —2)o7

(d—2)of + ||/

+ Ascending order of the shrinkage factor

1 —

>0 for any  and X

(d - 2)of
(d—2)oF + [lao]|?

(d—2)o3
(d—2)o? + [|z[?

1-— < e <1

(recall 3 = diag(o?,...,03) with 02 > 03 > --- > 03)

29/55
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EXAMPLE OF BAYES I

A Bayes satisfier

» the prior, an extension of ||0]|*>~¢

O\ ~ Ng(0, A 'oI; — X)), ©(A) ~ A o1y (N)
» for ¥ = I,;, the prior density is exactly ||@]]* 7 since

1 A\ A6\ s
<27r>d/2/0 (1—A> ‘”‘p<‘2<1—x>>A °

1 (d/2 —1)24/2—1

> I
_ d/2—2 —allol2/2) dg —
g, 9 e (alol/2)dg = SO

lo]*~

30/55
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EXAMPLE OF BAYES II
» the generalized Bayes estimator w.r.t. the prior is

1 _
5, = _[__EEL)A¢” texp(—[l®[*A/{207})dA N
o [ 22 exp(—||z||2A/ {202} )dA

1} by the way of Strawderman (1971)

» ensemble minimax
» ordinary minimax if 2 (Z ol /o) — 2) >d—2
» admissible

1} we omit the proofs

31/55
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NUMERICAL EXPERIMENT I
» d =10
> 3 = diag(a’,d®, ..., a,1)
» o =1.01,1.05,1.25,1.5
Approximately a” is 1.09, 1.55, 7.45, 38.4, respectively

» the James-Stein variant and Bayes
d—2
5J5 = (I > ) xr
(d—2)of + [z
s _ (1 = Jo A exp(ll|*A/ {201}
x — _ X
Tt Jy X2 exp(— ]|/ {20%})dA

32/55
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NUMERICAL EXPERIMENT 11

» A sufficient condition for both estimators to be ordi-
nary minimax is given by

d d
2 (Z ot/ot — 2) =2 (Z a2(=10) 2) >d — 2,
=1 =1

where the equality is attained by a ~ 1.066
_ _ is satisfied by a = 1.01,1.05
» the inequality above _
is not satisfied by a = 1.25,1.5

33/55
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NUMERICAL EXPERIMENT III
Relative ordinary risk improvement given by

R(0,6 1
1-— R(9,95) at 6 = m{tr2}1/2—10
tr3 v 10
— sign means R(6,d,) > tr3, non-minimaxity
Table:
a\m‘ 0 2 20 40 60 80 100

S« 1.01]0.79 0.14 1.7x1073 4.8x10~% 2.5x10~% 1.7x107% 1.3x10°*
1.05[0.75 0.14 1.7x1073 4.3x10~* 2.0x10~* 1.2x10~* 80x10~5
1.25(0.63 0.19 1.9%x1073 2.5x107% —5.6x107° —1.7x10"* —2.2x10~*
1.5 10.63 0.27 2.7x1073 1.6x10~% —3.0x10~* —4.6x10~* —5.4x10~*

d7s 1.01]0.80 0.14 1.7x1073 4.8x10~% 2.5x10~* 1.7x10~* 1.3x10~*
1.05(0.79 0.14 1.7x1073 4.3x10~%* 2.0x10~% 1.2x10~% 8.0x10°°
1.25[0.72 0.19 1.9x1073 2.5x10~% —5.6x107° —1.7x10~% —2.2x10~*
1.5 [0.71 0.25 2.7x1073 1.6x10~% —3.0x10"* —4.6x10"% —5.4x10~*
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NUMERICAL EXPERIMENT IV
Relative Bayes risk improvement given by
R(8,7)
trx

Non-negativeness means R(d,,7) < trX, ensemble minimaxity

1 for 7 = 1, 5,20, 40, 60, 80, 100

Table: Bayes Risk Difference
CL\T‘ 1 5 20 40 60 80 100

8. 1.01]0.429 0.139 0.039 0.020 0.013 0.010 0.008
1.05/0.374 0.144 0.042 0.021 0.015 0.011 0.008
1.25(0.105 0.082 0.038 0.021 0.014 0.011 0.009
1.5 0.023 0.022 0.019 0.014 0.012 0.010 0.008
875 1.01|0.406 0.137 0.039 0.020 0.014 0.010 0.008
1.05(0.393 0.143 0.042 0.022 0.015 0.011 0.009
1.25(0.122 0.079 0.034 0.020 0.014 0.011 0.009
1.5 |0.028 0.025 0.018 0.013 0.010 0.008 0.007 35 /55
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PROBLEM SETTING

Estimation of a multivariate normal mean 6

» Under homoscedasticity

X ~ Ny(0,1)

d
> loss L(8,0) = [0 - 0]* =" (5 —6:)?

=1
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JAMES-STEIN ESTIMATOR

» the James-Stein estimator <1 — L) X

| X |2
» the risk

i+ 20428

» minimaxity under ¢ € [0,2(d — 2)]

SUMMARY
00
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JAMES-STEIN VARIANTS 1
Unfamiliar James-Stein variants

» Manhattan distance based JS
c
1 — ———— | X, minimax under ¢ € [0,2(d — 2)]
( {>2 !Xi\}Q)

» max based JS

d—2
(1 — {mTjX,}Q) X, minimax under ¢ € [O’QT]

1) the £, norm James-Stein estimator
(1 ey ) X where 2], = ()
X115

38/55
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JAMES-STEIN VARIANTS II
» the risk (by Stein's identity and an inequality)

e {nﬁguz <H§H ~24-2))]

X7 (cmax(l, 42y —o(d — 2))]

<d+E|5m

» minimaxity under ¢ € [0, 2min(1, d?>?~1)(d — 2)]

» Mathematically interesting, but,, ,,
» Why and how did | arrive at these variants?

39/55
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ZHOU & HwANG (2005) 1

> éZH: the i-th component

~

c
Oipe = | 1 — : - | x; foraa >0
" ( 5, |xj2a|xz-|u>

» Risk (by Stein's identity and an inequality)

X o NPT
d+E[ {2 1X[27e ) ( M=o X 22 2 2)”
RGP o~ a)d— 2 -
§(1+E[C{E:LX3PQ}2( 2(1 — a)d — 2 2»]
L d—1
» minimaxity under ¢ € [O, 2(d—2) (1 — am)}
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ZHOU & HwanG (2005) 11

» (, norm representation (recall ||z, = {3 |=:["}'/?)

A c
b (1)
. 2| 5=8& 2|

» My finding ém = <1 — ’;) x; Vp >0

 minimaxity under

d—1
cE [o, 2(d — 2) min(1, d-P=)/P) {1 - am}]
» o = (0 < the James-Stein variants in the previous page
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SPARSIFICATION

» Zhou & Hwang (2005) introduced the case o > 0
» Why interesting?
» Sparsification! minimaxity and sparsity simultaneously
» the positive-part estimator dominates the original one
0 :maX(O 1—;>xi
o =l e

1 minimaxity of the positive-part estimator
» the i-th component, 0 = 0 if

1LP

2 —« log ¢

1 log ||, +

_ <0 eloglnl < -
[elE el ol <=5

42/55
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A PROBLEM OF 0, I

» the larger ¢, the more desirable for sparsity

» Ordinary minimaxity is a very conservative criterion
and the upper bound, 2(d — 2)you(d, p, ),

d—1
You(d, p, @) = min(1, d?P=/P) {1 — a—}

is relatively small!

43/55
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A PROBLEM OF 0, II

Relationship

ordinary minimaxity = ensemble minimaxity

v
J

» Ensemble minimaxity must be established for larger c

» ensemble minimaxity and sparsification simultaneously

44/55
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ENSEMBLE MINIMAXITY
Ensemble Bayes risk under 6 ~ N4(0,71;)

(147 { BB ) - d}

_ (E 1703 = 3@])
T d=2 1—a/2
I3

1115
where T' = (T, ...,T;)" ~ Dirichlet(1/2,...,1/2)
» Ensemble minimaxity under ¢ € [0,2(d — 2)yem(d, p, )]

—2(d —2)Ey

p/2

1—a/2 1—a/2
By (171,231

1—a/2 p/2

'YEM(dapa Oé) =

Er [IT11=2/ 17125
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COMPARISON 7Yon WITH Ypy
Upperbound for
» minimaxity 2(d — 2)vou(d, p, @),

-1
tonld,pra) = min(1,a+-) {1 - a2

» ensemble minimaxity 2(d — 2)vyem(d, p, )]

1—a/2 1—a/2
Br (T 2/ 1T 7

'YEM(dapa O‘) = L
Er [ITI=8/1T125
Recall

d the dimension of ¢, p from ¢, « for sparsification
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Yom AND Ygy FOR SOME d, p AND «

d p Y\a 0.1A 0.2A 0.3A 04A 0.5A 0.6A 0.7A 0.8A 0.9A

10 1 ~vom 0.900 0.800 0.700 0.600 0.500 0.400 0.300 0.200 0.100
Yem 5.499 4.691 3.975 3.342 2.787 2.301 1.878 1.513 1.200

2 vom 0.812 0.652 0.515 0.398 0.300 0.216 0.147 0.088 0.040
Yen 0.926 0.854 0.782 0.713 0.644 0.577 0.512 0.449 0.388

00 Yom 0.090 0.080 0.070 0.060 0.050 0.040 0.030 0.020 0.010
Yen 0.313 0.304 0.293 0.281 0.268 0.254 0.238 0.220 0.201

25 1 7om 0.900 0.800 0.700 0.600 0.500 0.400 0.300 0.200 0.100
Yeu 12.349 9.512 7.268 5.502 4.123 3.052 2.227 1.598 1.123

2 Yom 0.771 0.588 0.441 0.324 0.231 0.159 0.102 0.058 0.025
Yen 0.883 0.775 0.675 0.583 0.498 0.421 0.351 0.288 0.231

00 Yom 0.036 0.032 0.028 0.024 0.020 0.016 0.012 0.008 0.004
Yen 0.174 0.166 0.157 0.148 0.138 0.127 0.115 0.103 0.090

where A = (d—2)/(d—1)
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» Initially, | guessed the case p — oo is better
R c
0} . = max (0,1— ):UZ

{max; ||}~z |*

» Larry said no. Smaller p should be better for sparsity
Too sensitive to max ||
0 =0if

—« log ¢
10g(HHD9|$jD-+-j§—

log |z;| < —

Sparsification is hopeless if max |x;| is relatively

large
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» At that time | just suggested the case p — 0 to him

» Actually, | got some theoretical properties of the esti-
mator with p — 0 several months ago

» | really wanted to explain them to Larry,,,,,
» Today | would like to share the results with you
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» the relationship among ||z||,, the generalized mean of
|z1], ..., |z4| and the geometric mean (p — 0)

d 1/p
1
(5300) =t > Tt 00
1=1

» geometric-mean-based James-Stein estimator
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GEOMETRIC-MEAN-BASED JAMES-STEIN I
» geometric-mean-based James-Stein estimator

o+

1GM

- (0’ SRy \xj!}lc/@wxm)

» not ordinary minimax for any ¢ > 0

— ~

» ensemble minimax, sup, R(Ocy, 7) < d, if d > 4 and
3 a a-—2 1 a-—2 -1
F<§—§+ 2d ) F(§+ 2 )

3 a—2 1 a—2

ce 0,4
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GEOMETRIC-MEAN-BASED JAMES-STEIN III
» (p — 0) the region of sparsification, 6, = 0 if

1 —

AT el ="

d 2 —«
=S i< —1 - | -
0g |l doz—I—Q—oaOgc da+2—a§og|x‘7|
jZ

not sensitive to max; |z;| 1

» (p — o) the region of sparsification, 8, = 0 if

1 2 —
- ogc Q@

log |4 log(max; |z;])
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GEOMETRIC-MEAN-BASED JAMES-STEIN 1V
» Our recommendation

é;“M = max (O, 1— cal@) ) T
© ({IT s )=l

with c4(a) the upper bound for ensemble minimaxity,
3 a a-2 1 a-2\)""
4F<§—§+ 2d ) F(§+ 2 )
P2 asr®22) |r(lyo?
2“4 2" T d

» The better choice of « is still an open problem

ca(a) =
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SUMMARY
Estimation of a mean vector X ~ N;(0,3)
1. ¥ = diag(o?,...,02), with 0% > 03 > .- > o3
2. X =1,

» Ensemble minimaxity of some James-Stein variants

d
under loss L(8,0) = ||6 — 0|*> = Z'—1<6i — 6;)?

d—2
I-X
( (d—2)o? + [|=|?
i+ ca(@)

o = max | 0,1 —
o ( (LT [ )=

) x for case 1

) x; for case 2
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