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billiards modular symbols

heights

nonarithmetic groups

I.  Triangle groups

Curves on a Hilbert modular surface

K = real quadratic field

XK = (H⇥H)/ SL(O�O
_)
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V = H/� # XK
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geodesic curve

Theorem Q

Either V is a Shimura curve, or the cusps of  V
coincide with            and satisfy quadratic
height bounds.

P1(K)
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cf. M, Möller-Viehweg

proof by descent



Triangle groups

Δ(p,q,∞)  ⊂ SL2(R)            lattice

H/Δ
cuspπ/p

π/q

=  Q(cos(2π/p),  cos(2π/q),  cos(π/p) cos(π/q))

Kpq  =  Q( Tr(g2) :  g ∈ Δ(p,q,∞))

invariant trace field

Δ(p,q,∞)  is arithmetic  ⇔  Kpq = Q

  Δ(2,3,∞)  = SL2(Z) =               Arithmetic case

0 1 21/2

matrix entries = Z

columns (a,b), gcd=1

cusp = Q ∪ {∞}
z  → z+1
z  → -1/z

-1 0 1

2 3

* 
1 1

0 1

!
,

 
0 1

�1 0

!+

<latexit sha1_base64="l6hlFAKlprP+wMFjmOE2yCx1HLk="></latexit>

  Δ(p,q,∞)             Non-arithmetic case

matrix entries = ?
columns (a,b) ?

cusps = ? ∪ {∞}

Cor of Thm Q

The cross-ratios of the cusps of Δ(p,q,∞) coincide 

with P1(Kpq) - {0,1,∞},  whenever deg(Kpq/Q) = 2. 

Proof:  Every Δ comes from a geodesic 
curve V in a Hilbert modular variety XK.

is more mysterious!

The golden Hecke group

0 γ/2-γ/2

z →z+γ

2
5

γ = (1+√5)/2

↺

z →-1/z

* 
1 �

0 1

!
,

 
0 1

�1 0

!+
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Γ = Δ(2,5,∞) =



γ0 11/γ 2γ

Cor
The cusps of Γ coincide with K = Q(√5) ∪ {∞}.

Leutbecher, 1970s

5 packing

Golden Continued Fractions

with ai in Z.

Cor
Every x in Q(√5) can be expressed as a finite golden 
continued fraction:

x = [a1, a2, a3, …, aN] =

a1 γ + 
1

a2 γ + 
1

a3 γ + . . . + 1
aN γ  

,

Quadratic height bounds:  N, max ai = O(1+h(x)) .

Golden Fractions

Cor
Every x in K= Q(√5) can be written uniquely 

as a `golden fraction’  x = a/c, up to sign.

a,c in O = Z[γ] ⊂ K   relatively prime

(a,c) column of a matrix in Γ

Quadratic height bounds:  h(a)+h(c) = O(1+h(x)2) .

h(n) = log n

II.  Billiards



A dense set of slopes are periodic.

Billiards in a regular pentagon

How do the periodic trajectories behave?

Slopes and lengths

s
L(s) = 5

4s
L(s) = 469

20s
L(s) = 2338

6765s
L(6765s) = 1.734 x 1025

Slopes, lengths and heights

s

Cor
The periodic slopes coincide with Q(√5)s, 

and log L(xs) = O(h(x)2).

exponent 2 is sharp

Example

L(10ns) = O(10Cn2

)

III.  Teichmüller curves



How to describe X in Mg ? 

g>1:   X = ? Uniformization Theorem

Every X in Mg can be built  from a polygon in C

g=1:   X = C/Λ

P

X = P / gluing
       by translations

How to describe X in Mg ? 

g>1:   X = ? Uniformization Theorem
Every (X,ω) in ΩMg can be built  from a polygon 

in C

g=1:   X = C/Λ

P

(X,ω) = (P,dz) / gluing
       by translations

Mg

Action of g in SL2(R) on ΩMg 

(X,ω) = (P,dz) / gluing

g ·(X,ω) = (g(P),dz) / gluing

Teichmüller curves

SL(X,ω) = stabilizer of (X,ω) in SL2(R)

f :  V = H / SL(X,ω) → Mg 

SL(X,ω) lattice ⇒ SL2(R) orbit of (X,ω) generates

an isometrically immersed Teichmüller curve:



Billiards and Riemann surfaces

X has genus 2
ω has just one zero!

(X,ω) = (P,dz) / gluing

P

octagon

billiards ⟹ geodesics on (X,|ω|)

Theorem
 (Veech, Masur):

If SL(X,ω) is a lattice, then 
billiards in P has optimal dynamics.

(Every trajectory is periodic or uniformly distributed.)

The golden table

Theorem
SL(X,ω) = Δ(2,5,∞). γ

γ

1

1
Cor

Optimal dyamics.

P

SL(X,ω) = (P,dz)/~

proof: 

γ

γ

1

1

γ

SL(X,ω) contains:
 
1 �

0 1

!
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QED



Hilbert modular surfaces

 V = H / SL(X,ω)  →  XK  →  Mg . 

Theorem
For the golden table, we have

K = Q(√5) g = 2

Cor:  Theorem Q applies.

Jacobians have real multiplication

Holomorphic pentagon-to-star map

Holomorphic pentagon-to-star map

F

Γ = Δ(2,5,∞) Γ′

V ⟶ XK  covered by H ⟶ HxH 
via   x ⟶ (x,F(x)).

Pentagon revisited

Theorem

Since SL(X,ω) = Δ(2,5,∞):

golden fractions a/c describe unfolded
vectors (a,c) of periodic billiards paths.

Cor:  Results on billiards also follow from 
Theorem Q.

1

1�
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Figure 3. Long periodic billiard paths, each with over 200 segments, with
initial slopes 5 and 8

p
3 respectively.

Computer experimental quickly reveal that even small, rational slopes
lead to very long trajectories in P ; for example, L(5) ⇡ 479, while L(6765)
is on the order of 1025. This suggest that the exponent 2 in (1.2) is sharp,
and indeed this is the case.

The 1–form associated to this polygon satisfies SL(X, !) = �(2, 5,1).
Using this connection, we will give a simple dynamical proof that

a + b� 2 M =) ab � 0

and hence
���2

 m0/m  1 (1.3)

for all matrix entries m 6= 0 in �(2, 5,1). Equality arises is when m = 1
and m = �.

Example 2. The golden arrow. A second lattice polygon, also based on
the golden ratio, is shown at the right in Figure 3; its internal angles are
⇡(1, 1, 2, 8)/6, and its periodic slopes are given by S(P ) =

p
3 ·Q(�)[ {1}.

Both examples belong to infinite families, discussed in [Mc1, §9] and
[EMMO, §8] respectively, and their side lengths can be varied to produce
infinitely many di↵erent quadratic trace fields.

6

Similarly for 
all families of optimal billiards

…since these are quadratic:     Eskin - Filip - Wright



IV.  Modular symbols

Billiards in a regular pentagon

How are the periodic trajectories distributed?

Every trajectory is
periodic or uniformly distributed.

(optimal dynamics)

Every trajectory is
periodic or uniformly distributed.

Billiards in a regular pentagon

Davis-Lelievre:  Not always uniformly!
Cantor set of measures?

How are the periodic trajectories distributed?

Theorem
For each periodic slope s, the limit measures 
Ms form a countable set, homeomorphic to 
ωω + 1. describes scarring

Complement
We have uniform distribution iff the lengths of the 
golden continued fractions of the slopes tend to infinity.

Limit Measures

& closure of ergodic measures



Limit Measures M0 in golden L
uniform measure

Where does ωω come from?

Space of Modular symbols  S(V) 

V = H/Γ hyperbolic surface

modular symbol of degree d:  formal product

σ = γ1 * γ2 *  ….    * γd

a0, a1, …, ad  = cusps of  V

γi geodesic from ai-1 to ai

a0               a1              a2                          ad

γ1 γ2 γi

a

b

c

γn

Modular symbols:  topology

 a                c               b                        

δ1 δ2

γn  ⟶  δ1 * δ2

 a                              b                        

γn

symbols of degree
one are dense



Algebraically:

Topologically:

S(V)  ≃ ωω

S(V)    =   

 morphisms in a graded category
   whose objects are the cusps of V

Se(V)    =    ∪ Sd(V)
d ≥ e

Modular symbols for V = H/SL2(Z)

S1(V) = { [a1, …, an] } = { 1/a1 + 1/a2 + … + 1/an }

 ∞                p/q in [0,1]                        
γ ∞

2

3

S(V) =  { [a1, …, an] : some ai  =  ∞ }

 [a1, …, an] * [b1, …, bm] = [a1, …, an, ∞, b1, …, bm]

{ [a1, …, an] : n ≤ N } is compact

Aside:  Classical Modular symbols

Q ∪ ∞  = cusps of Γ(N) in SL2(Z)
X(N) = completion of H / Γ(N)

Theorem (Manin-Drinfeld)

The difference of any 2 cusps of X(N) is
torsion in Jac(X(N)).

{p,q} : Q×Q ⟶ Ω(X)*  ≃ H1(X(N), R)
abelian

Twists and limit measures

τAn(B1) τAn(B2)

Measures predicted by i(A,B)

B1

A2

A1

B2

A1

A2



Modular symbols to measures

We have a continuous functor I : S(V)  ⟶ L(V)

category of matrices
up to scale

given by I(γ) = [mod(Ai) i(Ai,Bj)].

Decouples as γ ⟶∞.      ~ [h(Ai) c(Bj)]

⇒ closure of image is ωω union a finite set

⇒ limit measures form a copy of ωω + 1.

QED Theorem IIhidden multiplicative structure

Independent of γ!     

IV.  Non-arithmetic groups

What about matrix entries in Δ(2,5,∞)? 

M = all nonzero matrix entries

δM = {m’/m : m is in M}

Theorem
The closure of R is a countable semigroup in [-1,1], 
homeomorphic to ωω + 1.

R  = -γ-2 · δM.

(Whereas  δ Z[γ] is dense in R.)
cf. Hilbert theorem 90.

Image of M under (m’/m, H(m))

0 γ-4



Compare to ωω in 

Pisot numbers,
Weyl spectrum, 
3D hyperbolic volumes, …

V.  The heptagon

Open problems

Open problem

Regular 7-gon

K = Q(cos(2π/7))
(cubic)

(ii) How long do we have to wait to test periodicity?!

(i) Which slopes are periodic?

Shown:  L(s)=7,  L(2 s) = 2190.

Davis-Lelievre



Bold Conjecture

Every x in K is the fixed point of a 
parabolic or hyperbolic element g in Δ(2,7,∞).

K = Q(cos(2π/7))

Due independently to Hanson-Merberg-Towse-Yudovina, and Boulanger;
further investigations by K. Winsor.
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Short Appendix

Proof of Theorem Q

Heights and Hilbert
modular surfaces

Curves on a Hilbert modular surface

K = real quadratic field

XK = (H⇥H)/ SL(O�O
_)
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V = H/� # XK
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geodesic curve

Theorem

Either V is a Shimura curve, or the cusps of  V
coincide with            and satisfy quadratic
height bounds.

P1(K)
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Heights on  

For example, if v is an real place of K, and ⇢ : K ! Kv = R is the associated
completion, then

|x|v = |⇢(x)|1/g.

Heights on projective space. The absolute multiplicative height on
P
n(K) is given by

H(x) = H(x0 : x1 : · · · : xn) =
Y

v

max
i

|xi|v.

It is well–defined by the product formula, which also implies that H(x) � 1.
Our normalizations were chosen so that H(x) remains constant under finite
extensions.

A closely related height can be defined by

eH(x) = inf
a

Y

v|1

max
i

|ai|v, (2.1)

where the infimum is taken over vectors of integers a 2 O
n+1 such that

[a0 : · · · : an] = [x]. This height is comparable to the standard one; indeed,
using finiteness of the class number, one can show that

H(x)  eH(x)  C(K, n)H(x)

for all x, and equality holds when O is a UFD.

Abelian varieties. Let A be a polarized Abelian variety of dimension g.
We can naturally identify A with the quotient space

A = ⌦(A)⇤/H1(A,Z),

where ⌦(A) ⇠= C
g is the space of holomorphic 1–forms on A, and its paring

with H1(A,Z) ⇠= Z
2g is given by hC, !i =

R
C !.

The polarization of A is recorded by a positive–definite Hermitian inner
product on ⌦(A)⇤, with the property that the symplectic form

[C, D] = � ImhC, Di (2.2)

takes integral values on H1(A,Z). We denote the associated Hodge norm on
H1(A,R) by kCkA = hC, Ci

1/2. The polarization also determines a norm
and inner product on ⌦(A), via duality.
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For example, if v is an real place of K, and ⇢ : K ! Kv = R is the associated
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|x|v = |⇢(x)|1/g.
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n(K) is given by

H(x) = H(x0 : x1 : · · · : xn) =
Y

v

max
i

|xi|v.

It is well–defined by the product formula, which also implies that H(x) � 1.
Our normalizations were chosen so that H(x) remains constant under finite
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(ai are integers)

comparable to

only requires knowledge of integers and
infinite places

Pn(K)

<latexit sha1_base64="zt6IURiJ6sDPTlPqeE3YU2shvuM="></latexit>

Real multiplication

End(A) = ring of endomorphisms of A
              as a complex Lie group

K totally real field of degree g = dim(A).

A has real multiplication by K if we are given a map

K ! End(A)⌦Q

<latexit sha1_base64="pGSOa7qfe0XX8A7gw9IMGvsQFOE="></latexit>

such that Tk is self-adjoint for all k in K.

Hodge norm at a place v

Diagonalize K on Ω(A) and H1(A)

Tk ωv  = ρv(k) ωv                orthonormal eigenforms

H1(A,R) = �vSv

<latexit sha1_base64="CQLQ/Agcg7f8OxNdGg54E5DvocQ="></latexit>

Sv

<latexit sha1_base64="deQ30Wf41OanZS/Vc77FyUtUbcE=">AAACHHicbVDLSgMxFM20Pur4anXpJlgEV2VGFF0W3bis1D6gLSWTpm1oHkOSKR2GfoJb3fk17sSt4N+YaUfQ1gOBwzn3cG9OEDKqjed9Obn8xubWdmHH3d3bPzgslo6aWkYKkwaWTKp2gDRhVJCGoYaRdqgI4gEjrWByl/qtKVGaSvFo4pD0OBoJOqQYGSvV6/1pv1j2Kt4CcJ34GSmDDLV+ycl3BxJHnAiDGdK643uh6SVIGYoZmbvdSJMQ4QkakY6lAnGie8ni1jk8s8oADqWyTxi4UH8nEsS1jnlgJzkyY73qpeJ/Xicyw5teQkUYGSLwctEwYtBImH4cDqgi2LDYEoQVtbdCPEYKYWPrcbuLYMKtJXUFS86lmP+os9jSWSzDtLMEMTZ3XVubv1rSOmleVPzLytXDZbl6mxVYACfgFJwDH1yDKrgHNdAAGIzAE3gGL86r8+a8Ox/L0ZyTZY7BHzif37mJoWk=</latexit>

⇡v

<latexit sha1_base64="njGHBb2Fa/ToGDvMinBW+H+znYY=">AAACHnicbVDLSsNAFJ20Pmp8tbp0EyyCq5CIosuiG5cV7APaUibTSTt0HmFmUhpCvsGt7vwad+JW/8ZpGkFbDwwczrmHe+cEESVKe96XVSpvbG5tV3bs3b39g8Nq7aitRCwRbiFBhewGUGFKOG5poinuRhJDFlDcCaZ3C78zw1IRwR91EuEBg2NOQoKgNlKrH5HhbFite66Xw1knfkHqoEBzWLPK/ZFAMcNcIwqV6vlepAcplJogijO7HyscQTSFY9wzlEOG1SDNr82cM6OMnFBI87h2cvV3IoVMqYQFZpJBPVGr3kL8z+vFOrwZpIRHscYcLReFMXW0cBZfd0ZEYqRpYghEkphbHTSBEiJtCrL7eTBlxhLKRYIxwbMfdZ4YOk9EtGgthZRmtm1q81dLWiftC9e/dK8eLuuN26LACjgBp+Ac+OAaNMA9aIIWQICAJ/AMXqxX6816tz6WoyWryByDP7A+vwGJdaJf</latexit>

kCkv = k⇡v(C)kA

<latexit sha1_base64="cPnGXYLHRyTlHyf16YlujQsYx3o="></latexit>

=

����
Z

C
!v

����

<latexit sha1_base64="34mpc0o6Lae8lCgiOLFaYYjtOVk="></latexit>

`Hodge valuation’|C|v = kCk1/gv

<latexit sha1_base64="YOW4zl0yTnYZwtWBko8/jf4sehk="></latexit>

H1(A,Q) ⇠= K
2

K ⇢ End(A)⌦Q

The projective lineHeight HA(x) on P1
A(K)

<latexit sha1_base64="HUQzPwwCiFOluMoG5bqH1g+WjhA="></latexit>

Height HA(x) on P1
A(K)

<latexit sha1_base64="HUQzPwwCiFOluMoG5bqH1g+WjhA="></latexit>

= space of K-lines in

H1(A,Q) ⇠= Q2g



Height HA(x) on P1
A(K)

<latexit sha1_base64="HUQzPwwCiFOluMoG5bqH1g+WjhA="></latexit>

H(x) = inf
C

Y

v|1

|C|v

<latexit sha1_base64="lVKHQHKV656JTXcba//MGRkp+Yo="></latexit>

A

<latexit sha1_base64="F7eoiDocQEvANtySk2UjPAeoqJk=">AAACHHicbVDLSgMxFM20Pur4anXpJlgEV8OMVHRZdeOyoq2FtpRMmmlD8xiSjHQY6h+41Z1f407cCv6N6UPQ1gOBwzn3cG9OGDOqje9/Obn8yuraemHD3dza3tktlvYaWiYKkzqWTKpmiDRhVJC6oYaRZqwI4iEj9+HwauLfPxClqRR3Jo1Jh6O+oBHFyFjp9rF70S2Wfc+fAi6TYE7KYI5at+Tk2z2JE06EwQxp3Qr82HQypAzFjIzddqJJjPAQ9UnLUoE40Z1seusYHlmlByOp7BMGTtXfiQxxrVMe2kmOzEAvehPxP6+VmOi8k1ERJ4YIPFsUJQwaCScfhz2qCDYstQRhRe2tEA+QQtjYetz2NJhxa0ntYcm5FOMfdZRaOkplPOksQ4yNXdfWFiyWtEwaJ15Q8U5vKuXq5bzAAjgAh+AYBOAMVME1qIE6wKAPnsAzeHFenTfn3fmYjeaceWYf/IHz+Q2ow6Ff</latexit>

x 2 P1
A(K)

<latexit sha1_base64="oFCP1ijM+aEVhY3h5S0b10r6HQs="></latexit>

[x] = [C]

<latexit sha1_base64="AsKX0c2lRH9HqbUDURFc5dGz2lc=">AAACInicbVDLSgMxFM20Pur4anXpJlgEV2VGFN0IxW5cVrAPmQ4lk6ZtaB5DkpEOQ7/Cre78GnfiSvBjTB+Cth4IHM65h3tzophRbTzv08nl19Y3Ngtb7vbO7t5+sXTQ1DJRmDSwZFK1I6QJo4I0DDWMtGNFEI8YaUWj2tRvPRKlqRT3Jo1JyNFA0D7FyFjpIRiH8BoGtbBbLHsVbwa4SvwFKYMF6t2Sk+/0JE44EQYzpHXge7EJM6QMxYxM3E6iSYzwCA1IYKlAnOgwm108gSdW6cG+VPYJA2fq70SGuNYpj+wkR2aol72p+J8XJKZ/FWZUxIkhAs8X9RMGjYTT78MeVQQbllqCsKL2VoiHSCFsbEluZxbMuLWkrmDJuRSTH3WcWjpOZTxtLkOMTVzX1uYvl7RKmmcV/7xycXdert4sCiyAI3AMToEPLkEV3II6aAAMOHgCz+DFeXXenHfnYz6acxaZQ/AHztc3M7WjJQ==</latexit>

C 2 H1(A,Z)

<latexit sha1_base64="nJKs0CwlrVL1uT/J859qfEFj6vI="></latexit>

(same K line)

Why a height?

eH(x) = inf
a

Y

v|1

max
i

|ai|v

<latexit sha1_base64="C58TjfnIuHdxwH3GjqN8l98tis8="></latexit>

Theorem.  Given a linear isomorphism 

◆ : P1
A(K) ! P1(K)

<latexit sha1_base64="csZLLm/BwJMx1nQJ/h9xG7xeYZI="></latexit>

H(◆(x)) ⇣ HA(x)

<latexit sha1_base64="T1cdcrHE/toAln+X+OpK2Z3m9fc="></latexit>

we have .

H(x) = inf
C

Y

v|1

|C|v

<latexit sha1_base64="lVKHQHKV656JTXcba//MGRkp+Yo="></latexit>

A

<latexit sha1_base64="F7eoiDocQEvANtySk2UjPAeoqJk=">AAACHHicbVDLSgMxFM20Pur4anXpJlgEV8OMVHRZdeOyoq2FtpRMmmlD8xiSjHQY6h+41Z1f407cCv6N6UPQ1gOBwzn3cG9OGDOqje9/Obn8yuraemHD3dza3tktlvYaWiYKkzqWTKpmiDRhVJC6oYaRZqwI4iEj9+HwauLfPxClqRR3Jo1Jh6O+oBHFyFjp9rF70S2Wfc+fAi6TYE7KYI5at+Tk2z2JE06EwQxp3Qr82HQypAzFjIzddqJJjPAQ9UnLUoE40Z1seusYHlmlByOp7BMGTtXfiQxxrVMe2kmOzEAvehPxP6+VmOi8k1ERJ4YIPFsUJQwaCScfhz2qCDYstQRhRe2tEA+QQtjYetz2NJhxa0ntYcm5FOMfdZRaOkplPOksQ4yNXdfWFiyWtEwaJ15Q8U5vKuXq5bzAAjgAh+AYBOAMVME1qIE6wKAPnsAzeHFenTfn3fmYjeaceWYf/IHz+Q2ow6Ff</latexit>

Proof of Theorem Q

When t lies over Vthick :

Hτ(a/b) ≥ 1
|F´(t)| < δ < 1

So γ spends only a finite 
amount of time over Vthick

Hτ(a/b) ~ (t term) x (F(t) term)

≤ exp(-s) exp(|F´| s)

⇒
a/b is a cusp

QED Theorem Q

To show a/b in K is a cusp:


