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Comfort 1968

Comfort used the notion of maximal ideal to define classical topological compactness.

He wanted to avoid the use of the axiom choice in the construction of the Stone-Cech
compactification and the proof of the Tychonoff theorem.

It is my feeling, however, that the definition of compactness relative to which
the theorems of Stone-Cech and Tychonoff are unprovable without the axiom
of choice is, from the point of view of topological analysis and the theory of
rings of continuous functions, unnatural and unsuitable.

losif Petrakis Constructive Comfort-compactness



What Comfort did

1. He defined a topological space to be compact, if it is a completely regular
Hausdorff space for which each maximal ideal in C*(X) is fixed.

2. Using classical logic, but avoiding the axiom of choice, he showed many expected
properties for his notion of compactness.

3. Based on a theorem of Stone-Cech type he proved the corresponding Tychonoff
theorem.
For this proof of Tychonoff theorem he writes:

My own attempts to prove this result “directly” have been unsuccessful, and
this lends some interest to the proof of (the Tychonoff) Theorem ... and the
theorem of Stone-Cech type upon which it depends.
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Bishop spaces

A Bishop space (function space) is a function-theoretic constructive alternative to the
notion of topological space.

Bishop 1967, Bridges 2012, Ishihara 2013, P. 2015
It is a theory within BISH*.

Formal counterpart to BISH*: Myhill's CST*, or CZF + REA + DC.
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Continuity as a primitive notion

A Bishop space is a pair F = (X, F), where X is an inhabited set and F C F(X), a
Bishop topology, or simply a topology, satisfies the following conditions:

(BS1) aeR—3€F.

(BS2) feF—>geF—f+ge€cF.
(BS3) fe F—+¢€B(R) —» pof €F,
(BSs) f € F(X) — U(F,f) > f €F,

If f,g € F(X), € >0, and & C F(X), we define U(g, f,€) and U(P, ) by
U(g7 f,E) = VXEX(‘g(X) - f(X)l < E):
U(®,f) :=Veso0Tgeo(U(g, f, ).
fg, \f,—f,fvg fAg|fleF
Const(X) C F C F(X)
A morphism from F = (X, F) to G = (Y, G) is a function h: X — Y such that
Vgec(goheF).

It captures uniform continuity!
We denote Mor(F,G) the set of the morphisms from F to G.
F = Mor(F,R), where R = (R, B(R)) is the Bishop space of reals.
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The least topology \/ Fo generated by a given subbase Fy C F(X)

fo € Fo aeR f,eeV
heVF ac\VVFR f+geVF’
feVF, 9 €BR) (g€VFo, Ulg,f,e))e>o
¢Of€VFg fE\/FO ’
g €VF A Ug,f,3), 2€VF A Ug,f %), s€VFo A U, f %),
feVFko

Ver(P(f)) =

Vaer(P(3)) —

V¢ gev R (P(f) = P(g) — P(f + g)) —

Vrev R Veenm)(P(f) = P(¢of)) —

Veev R (Ve>03gey R (P(8) A Ulg, f,€)) = P(f)) —

ey /(P(F))-
Lifting of morphisms: If G = (Y, F(Gp)), then h: X — Y € Mor(F,G) if and only if
VeoeGo(go o h € F).

A base ®g of a topology F on X is an inhabited subset of F such that
U(do) = {f € F(X) | U(®o, )} = F.
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New Bishop spaces from old

Definition

Let F = (X,F),G = (Y, G) be Bishop spaces, A C X is inhabited, and ¢ : X — Y
is onto Y. The product Bishop space F X G = (X X Y, F x G) of F and G, relative
Bishop space F|4 = (A, F|4) on A, and the quotient topology Gy on Y are defined,
respectively, by

geG

FxG:=\/[{fom,|feFtU{gom|ge G}|=\/ fom,gom,
feF

F|A:\/{f|A|fEF}: \/f\A

feEF
Fy:={g €F(Y)|gogeF}.
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F is separating, if V, ,ex(Vrcr(f(x) = f(y)) — x

Theorem (Stone-Cech theorem for Bishop spaces)

If F = (X, F) is a Bishop space, there exists a Bishop space pF = (pX, pF) and a
mapping 7x : X — pX € Mor(F, pF) such that:

(i) The topology pF is separating.

(ii) The induced mapping Tx : pF — F of 7x is an algebra and lattice isomorphism.

(iii) For every f € F there exists a unique pf € pF such that the following diagram
commutes

=
X*X>pX
f pf

R

Theorem (Tychonoff embedding theorem for Bishop spaces)

If F = (X, F) is a Bishop space, F is separating if and only if F is topologically
embedded into the Euclidean Bishop space RF.
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Theorem (The first base theorem)

If Fo CF*(X), then then \/, Fo is a base of \/ Fo.

If ®: On — V is defined by
P = Fo,

¢a+1 = \/ d)ou
0

oy = J ®a, Xisa limit ordinal.
a<<

then, classically,
\/ Fo = %o,

where wy is the first uncountable limit ordinal.
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Theorem (The second base theorem)

If F = (X, Fo) is a Bishop space such that every element of Fy is bounded and ® C F
such that

(i) Fo C @,

(if) Const(X) C &,

(iii) @ is closed under addition and multiplication,
then & is a base for \/ Fy.

By the first base theorem one shows ® = Vo Fo = F (use of the Weierstrass approxi-
mation theorem). |
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FoG={) (fiomx)gony)|neN,ficF.geG1l<i<n}
i=1

m
PFr={ ¢ |ImeNg¢€so1<j<m}

neN Jj=1

n
Yo = {H(fkom) |n€N,f € Fr,1< k < n}.
k=1

Corollary

If (X, F) and (Y, G) are pseudo-compact Bishop spaces, F & G is a base for F X G.

Corollary

If Fn = (Xa, Fn) is a sequence of pseudo-compact Bishop spaces and F = (X, F),
where X =[], cn Xn and F = [],.cy Fn, then @, cy Fn is a base for F.
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M(F) = {IF()] | x € X3,
N(F):={a> 0] |f| <3}.

Definition

If F is a topology on X and f € F*, we call f normable, if sup M(f) exists and its norm
is defined by
[1£]] = sup M(F).

We call f weakly normable, if lubM(f) exists and its weak norm is defined by

1f]lw = lubM(F).

If £ is normable, then f is weakly normable and ||f||w = ||f||. Moreover,
[If]|lw = inf N(f).
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Definition

If F = (X,F) and G = (Y, G) are Bishop spaces, a function T : F — G is called a
ring homomorphism, or simply a homomorphism, if

T(A+hH)=T(H)+ T(h),

T(fifz) = T(A)T (),

for every fi,f» € F. We denote the set of homomorphisms between F and G by
Hom(F, G). A homomorphism T is called non-zero, if T(1)(y) > 0, for some y € Y.
We denote the set of non-zero homomorphisms between F and G by Hom*(F, G). If
7:Y — X is in Mor(G, F), the induced homomorphism T : F — G from 7 is defined
by T(f):=for, forevery f € F.
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T(0) =0and T(—f) = —T(f).

If f >0, then T(f) > 0.

T(If) = IT(F)].

T(R\V ) = T(A)V T(f) and T(f A f) = T(A) A T(%).
T(1)(y) € 2.

T(n) <7, for every n € N.

T(F*) C G*.

T(af) = aT(f) (non-trivial).

IT(3) < [a].

If T is non-zero, then T(3) is normable and || T(3)|| = |a|.

If a>0, then T(3) < a.
If T(f) <3, then T(f) < T(3).
If T(f) >3, then T(f) > T(3).
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Definition

If G = Const({x}) = R, a homomorphism between F and R is called a character of
F. We denote their set by Char(F) and the set of the non-zero characters of F by
Char*(F).
A non-zero character m of F is called fixed, if there exists x € X such that m = 7y,
where

mx(f) = f(x),
for every f € F. In this case x is a fixing point for 7, or x fixes . We denote the set
of fixed characters of F by Char**(F).
The kernel ker(7) of a non-zero character 7 of F is defined by

ker(m) := {f € F | () = 0}.

Clearly, if F separates the points of X, there is a unique fixing point for a fixed
character of F.
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Corollary

Let F = (X,F),G = (Y, G) be Bishop spaces.

(i) If G is 2-connected, and T € Hom*(F, G), then T(1) = 1.

(ii) If = € Char*(F), then 7 is onto R; in fact w(a) = a, for every a € R.

(iii) If 7 : R — R is a non-zero ring homomorphism i.e., w(1) > 0, then 7 is the identity.

(i) One shows that if G is 2-connected, T(1) is constant, and since T(1)(y) = 1 for
somey €Y, T(1)=1.

(ii) Since R is isomorphic to Const({y}), which is a 2-connected topology, by (i) we
get that (1) = 1 and 7(3) = an(1) = al = 3, which corresponds to a.

(iii) We consider F = Const({x}) and we use (ii). O

If X is an inhabited set, x € X, Fg C F*(X), and = € Char*(\/ Fo) such that w(fy) =
fo(x), for every fy € Fo, then ™ = my.
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Proposition

Let T € Hom(F, G) be an injection, m € Char*(F*), and f € F*.
(i) If £, T(f) are weakly normable, then || T(f)||w = ||f]|w-

(ii) If £, T(f) are normable, then || T(f)|| = ||f]|-

(iii) If f is normable, then sup{|n(f)| | # € Char*(F*)} exists and

|If]| = sup{|=(f)| | = € Char™(F")}.
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Theorem (The character extension-theorem (CET))

Let (X, F),(Y,G) be Bishop spaces, F = F*, and ® a base for F which includes
Const(X) and it is closed under addition and multiplication. If T : ® — G is a ring
homomorphism, there exists a unique homomorphism N : F — G which extends .

Corollary

Let (X, F) be a Bishop space such that F = F*, and ® a base for F which includes
Const(X) and it is closed under addition and multiplication. If = : ® — R is a ring
homomorphism, there exists a unique character Il : F — R of F which extends .
Moreover, if there exists some x € X such that w(0) = 6(x), for every 0 € &, then
= my.

If Y is an inhabited set, then Const(X) is ring-isomorphic to R, and we use the CET.
Since 7y also extends m, by the uniqueness of the character extension we get that
M= my. O

Corollary

Let (X,\/ Fo) be a Bishop space such that Fy C F*(X), and ® C \/ Fy such that ®
includes the sets Const(X) and Fo, and it is closed under addition and multiplication.
If (Y, G) is a Bishop space and = : & — G is a ring homomorphism, there exists a
unique homomorphism I : \/ Fy — G which extends .
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n
Fo&G={) (fomx)gomy)|neN,fic F.geGl<i<n})
i=1

Proposition

Let F = (X,F),G = (Y, G) be Bishop spaces, m € Char*(F), and @w € Char*(G).
The function m @ w : F & G — R defined by

n n

(r ® w)(D_(fiomx)(gi o my)) := Y _ n(f)wlei),

i=1 i=1

is a non-zero ring homomorphism.
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Corollary

(i) There exists a unique element of Char*(F x G) which extends m & .
(ii) If © = 7y, for some x € X, and w = w,, for some y € Y, their unique character
extension on F X G is fixed and (x,y) is a fixing point for it.

Proof.

(i) Since F®G is a base for Fx G, and since 7®w : F®G — R is a ring homomorphism,
there is a unique character extension of T @ w on F X G.
(i) If My ) is the fixed character on F x G fixed by (x,y), then

(7 ® 2y (O (F 0 mx)(&i 0 7)) = D me(£)emy (&7)
=1 i=1
=3 f(eEly)
i=1
=3 (f o mx)(x.¥) (& 0 7v)(x. )

i=1

= [>_(fiomx)(gi o my)(x, ¥)
i=1

n
=Ny O _(fi o mx)(gi 0 7y)).
=



Proposition

Suppose that (X, F), (Y, G) are Bishop spaces, Il € Char(F X G), and that mr : F — R
and wp : G — R are defined, for every f € F and g € G, respectively, by

mn(f) = N(f owx), wn(g)="T(gomy).

(i) mn € Char(F) and wp € Char(G).
(i) If N1 € Char*(F x G), then mn € Char*(F) and wp € Char*(G).

(iii) If M € Char**(F x G) and (x,y) € X X Y fixes N, then mn € Char**(F),
wn € Char**(G) such that x fixes wn and y fixes wp.

(iv) If F, G are pseudo-compact and I € Char*(F X G), then N = m @ wn, and if
m € Char*(F), w € Char*(G) such that I = 7 & w, then # = 7y and w = wn.

All results on the characters of the finite product of Bishop topologies extend to the
case of the countable product of pseudo-compact Bishop topologies.
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D C X is F-dense in X, if for all f, g € F, such that fjp = g|p, then f = g.
A C X is inhabited, we C X inhabited is embedded in X, if Vgep‘AElfep(g = f\A) ie.,
if Fla={flalfeF}

If F = (X, F) is a pseudo-compact space and A C X is inhabited, the following are
equivalent.

(i) A is F-dense and embedded in X.

(ii) For every m € Char*(F), the mapping | : Fja — R, defined by m|a(fja) = 7(f),
for every f € F, is in Char™(F,).

Let F = (X, F) be a pseudo-compact space and A C X inhabited. If w € Char*(Fj,4),

the map w* : F — R, where w*(f) = w(f|a), for every f € F, is in Char*(F).
Moreover, if a € A fixes w, then a fixes w™.

Let F = (X,F) be a pseudo-compact space and A C X inhabited. If w1, €
Char*(F|A) such that wl(ﬁA) = ng(ﬁA), for every f € F, then w; = top.
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U(f) := {x € X | f(x) > 0}
Ais F-closed <> Vyex(Vrep(f(x) >0 — J,ea(f(a) > 0) —» x € A),
A= {X e X | er,:(f(x) >0— HaeA(f(a) > 0)}

Definition

Let F be a pseudo-compact topology on some X that separates the points of X, and
A C X inhabited. The notions A is c-closed and the c-closure of A are defined
respectively by

Ais c-closed <> Vyex(wxja € Charg(Fja) — x € A),
c(A) = {x € X | wx|4 € Charg(Fja)},

where
Charg (Fja) = {m|rya) | @ € Char*(F‘A)},

Fo(A) :=={fia | f € F},
and wx|4 : Fo(A) — R is defined by
@x|a(fla) = @x(f) = f(x),

for every f € F.
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Let F be a pseudo-compact topology on X that separates its points and A,B C X
inhabited.

(i) A C c(A).

(ii) A is c-closed if and only if c(A) = A.

(i) If A, B C X are c-closed and AN B is inhabited, then AN B is c-closed.

(iv) AC B — ¢(A) C ¢(B).

If F is a pseudo-compact topology on X that separates its points and A C X is inhabited,
then A is embedded in c(A) and A is F|c(a)-dense in c(A).

Corollary

If F is a pseudo-compact topology on X that separates its points and A C X is inhabited,
then c(A) is the least c-closed set including A.
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Corollary (CLASS)

Let F be a pseudo-compact topology on X that separates its points and A C X inhab-
ited.

(i) c(A) C A

(i) If A is F-closed, then A is c-closed.

Corollary

c(0,1) =[0,1].

It is immediate that (0,1) is C,([0,1])-dense in [0,1] and embedded in [0, 1], hence
T1)(0,1) € Char*(B(0,1)). Hence m1|(0,1)(fio,1)) = mi(f) = f(1), for every f €
Cu([0,1]) i.e., 1 € ¢(0,1). Similarly we show that 0 € ¢(0, 1). O
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A deficiency of Comfort-compactness is that one needs the axiom of choice to show
that such a Comfort-compact space is pseudo-compact (Feferman 1965: it is
consistent with ZFC that every ultrafilter on N is fixed, and N is not pseudo-compact.).

There is a bijection between maximal ideals of C*(X) and its characters.

We suppose that our space is already pseudo-compact.

Definition

If F is a Bishop topology on some inhabited set X that separates the points of X, we
call F c-compact, or Comfort-compact, if it pseudo-compact and

VreChar* (F) Fxex (T = mx).
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Proposition

If F = (X,F) is a c-compact Bishop space and A C X is inhabited, then Fia is
c-compact if and only if A is c-closed.

Proof.

Suppose that A is c-compact, x € X and w € Char*(F|4) such that V¢cr(w(fia) =
f(x)). If a € Alis a fixing point for @, then Vecp(w(fia) = fia(a) = f(a)), therefore
Vrer(f(a) = f(x)). Since F separates the points of X, we have that a = x, hence
x € A. If Ais cclosed, then if w € Char*(F|A), the map @ : F — R, where
m(f) = w(fja), for every f € F, is in Char*(F). Since F is c-compact, there exists
some x € X that fixes 7, therefore Ve (7(f) = @w(fia) = f(x)). Since A is c-closed,
x € A, hence Vrcr(w(fia) = fla(x)). Since x € A fixes w on every element of the
subbase of F‘A, x fixes w. O
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Theorem (countable Tychonoff theorem for c-compact Bishop spaces)

If Fn = (Xn, Fn) is a c-compact Bishop space, for every n € N, the product HneN Iy =
(TT,en Xn; [1,en Fn) is c-compact.

Proof

The countable product of pseudo-compact topologies that separate the points of the
corresponding spaces is pseudo-compact and separates the points of the product space.
If w, € Char*(F,), for every n € N, the function @neN wp HnEN Fn — R defined by

m _/ m nj
EBw” ZH frjomi) | = ZHwk(fk,j),
j=1 k=1

neN j=1 k=1

and then uniquely extended to the product topology according to the extension theorem,
is in Char™(T],cy Fn). Every element of Char*([],cy Fn) is generated by a function
defined on the base @,y Fn as above. Since the space F is c-compact, for every
n € N, we get that HnEN Fn is c-compact. O
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Let F = (X, F) be a c-compact Bishop space, G = (Y, G) a Bishop space and T : F —
G a non-zero ring homomorphism. There exists a mapping 7 : Y — X € Mor(G, F)
such that T(f)=1f o, for every f € F.

Theorem (Banach-Stone theorem for c-compact spaces)

Let F = (X,F) and G = (Y, G) be c-compact Bishop spaces. If the rings F,G are
isomorphic, then the Bishop spaces F,G are isomorphic.

Suppose that F = (X, F) is a c-compact space and D C X is F-dense and embedded
in X. IfG = (Y, G) is c-compact and h: D — Y € Mor(F|p, G), there exists a unique

mapping h: X — Y € Mor(F, G) such that FI‘D = h.
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Bishop proved in a highly technical way the c-compactness of a compact metric space,
based on the theory of normed spaces.

Proposition (Bishop)

Let K be a compact metric space, and I the set of all non-zero bounded multiplicative
linear functionals on Cy(K,F), where F = R, or C. Then every element of I' is of the
form my for some x € K.

If (X, d) is a compact metric space, then ker(7) is a located subset of C,(X), for every
7w € Char*(Cu(X)). Moreover, there is at most one x € X such that dx € ker(w), and
if there is x € X such that dy € ker(7), then ™ = my.
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Theorem

Let a,b € R such that a < b, and let id[, ;) be the identity on [a, b].

(i) Cu([a, b]) = Vidysp-

(ii) Cu([a, b]) is c-compact.

Proof.

(i) Let ¢ : [a, b] — R € Cu([a, b]). Since ¢([a, b]) C I, where I is some compact interval
of R, by Bishop's version of the Tietze extension theorem there is some ¢ € B(R) which
extends ¢. Hence ¢ = ¢ oidp, p) € Vid[, -

(ii) If m € Char*(Cy([a, b])), let 7(id, ) = w. Since 3@ < id[, ;) < b, we have that
a=7(3) < w < w(b) = b, therefore

ﬂ'(id[a,b]) =w= id[a,b](w).

By (i) we get that m = m. O
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S
The Hilbert cube Z°° is the Bishop space
% = (I, BR)Y /),

1

19 := {(xn)721 € PP(N) | Vaen(lxal < b

P(N) := {(xn)521 €RV | Y x2 < o0}

n=1

Corollary

(i) The Hilbert cube is isomorphic to I(Nil) where Z(_1y; = ([-1,1], Cu([-1,1]).

i1
(ii) The Hilbert cube is a c-compact Bishop space.
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Proposition

If (X, d) is a compact metric space, then U(X) = (X, Cy(X)) is topologically embedded
into the Hilbert cube.

Remark

The topological embedding e of a compact metric space X into the Hilbert cube is in
Lip(X, [0, 1]", 1).

Consequently, e is uniformly continuous. This follows also directly from Bridges's
backward uniform continuity theorem.

Next we show that a compact space with the uniform topology is a c-compact space
i.e., c-compactness generalizes metric compactness.

Comfort didn't show this result.
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If (X,d),(Y,p) are metric spaces, a mapping f : X — Y is called hyperinjective, or a
hyperinjection, if for any two compact subsets A, B of X with inf{d(a,b) | a € A,b €
B} > 0, there exists r > 0 such that p(f(a),f(b)) > r, for every a € A and b € B.

Proposition (Bishop-Bridges)

Let (X,d),(Y,p) be metric spaces and let f : X — Y be uniformly continuous and
hyperinjective. If X is compact, then the inverse map g : f(X) — X is uniformly
continuous and hyperinjective on f(X), and f(X) is compact.

The topological embedding e of a compact metric space X into the Hilbert cube is
hyperinjective.

If (X, d) is a compact metric space, the Bishop space (X, Cy(X)) is c-compact.
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Proposition

Let F = (X, F) be a a Bishop space such that F separates the points of X.

(i) F is pseudo-compact space if and only if it is topologically embedded in the prod-
uct space of closed intervals [[¢.p My, where M¢ = ([—Ms, M¢], Cu([—Ms, M¢]) and
M¢ > 0 is a fixed bound for f € F.

(i) If F = \/ Fo, then F is pseudo-compact space if and only if it is topologi-
cally embedded in the product space of closed intervals Hfoe F, Mty where My =
([=Mg,, Mg ], Cu([—Mg,, Mg1)) and Mg, > 0 is a fixed bound for fy € Fo.
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Definition
Let F = (X, F) be a pseudo-compact Bishop space such that F separates the points
of X and let e be the topological embedding of F in [],cp M.
The Stone-Cech c-compactification of F is the Bishop space S.F = (8X, BF), where
BX = c(e(X)), the c-closure of e(X), and

BF = (\/ pre)jce(x)):

feF

If Fo = (X,V Fo) is a pseudo-compact Bishop space such that \/ Fp separates the
points of X and ey is the topological embedding of Fj in HfoeFo M, , the Stone-Cech c-
compactification of Fj is the Bishop space 8Fy = (8X, 8 Fo), where X = c(eg(X))

and
BN Fo=(\ prg)ic(ex):

fo€Fo
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(i) The Stone-Cech c-compactification BF = (8X, BF) of of a pseudo-compact Bishop
space F = (X, F) with separating topology F is c-compact.

(i) The Stone-Cech c-compactification BFy = (8X, B\ Fo) of of a pseudo-compact
Bishop space Fo = (X, \/ Fo) with separating topology \/ Foy is c-compact.

Suppose that F = (X, F) is a pseudo-compact space and F is separating.

() If G = (Y,G) is a c-compact space and h € Mor(F,G), there exists a unique
h? . BX — Y € Mor(BF,G) such that (hﬂ)|x = h, where the expression (hﬂ)‘x =h
is short for h® o e = h and e is the topological embedding of F in B.F.

(i) For every f € F there exists a unique f® € BF such that (fﬂ)‘x = f, where the

expression (f5)|X = f is short for fP o e = f.
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Definition

Let F = (X, F) be a pseudo-compact Bishop space such that F separates the points of
X. A c-compactification of F is a pair (G,e), where G = (Y, G) is a c-compact space
and € : X — Y is a topological embedding of F into G such that (X) is G-dense in
Y.

Proposition (Uniqueness of Stone-Cech c-compactification)

Let F = (X, F) be a pseudo-compact Bishop space such that F separates the points
of X. If (G,e) is a c-compactification of F such that for every c-compact Bishop
space H = (H,Z) and 0 : X — Z € Mor(F,#H), there exists a unique mapping
0¢ : Y — Z € Mor(G,H) such that (96)|X =0 ie, 6% oc = 0, then there exists
i: BX — Y an isomorphism between BF and G such that ioe =e.
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