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Convex Optimization - A typical form :

(X, Cyas | llx), (s (e, || - lc) - Real Hilbert Spaces
fely(X), geTlp(K), A: X - K: Bdd linear

(P) mlgg)rélze f(z)+ g(Az)

has been playing a central role in Inverse Problems
because

felo(X), gi € To(K;), A; X%/C Bdd linear
(Q) m1n1m1ze f(x) + Z gi(A;x)

2=—=1

can be handled as a]\r} instance of (P) by

K =Kix--xKp, g:= C)gZ and Ax := (Ax,..., Apyx)
i=1




But

Almost all existing algorithms achieve convergence to
only one unspecial solution :

1" €5, = ag mi)r(l f(r)+g(Az) £ @.
IE
Other solutions in S, | {2*} remain mistery !

® 0 \
Emagine, e.g., convex feasibility problemsﬂ




Results are
VERY
DIFFERENT
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Allin S, \ {7}

remain a mistery !
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Look same, but

actually
VERY DIFFERENT



Challenges for strategic convergence

are found, e.g,
Better limit

(O

®

Superiorization:
[Censor-Davidi-Herman '10], [Herman-Garduno-Davidi-Censor '12]

An idea to incorporate a faborable attribute into
a given iterative algorithm, without changing

the inherent desired properties of the algorithm.

We are trying to find Best limit :

)

o

Hierarchical convex optimization :

[Yamada-Ogura-Shirakawa '02], [Yamada-Yukawa-Yamagishi '11],

[Ono-Yamada '15], [Yamagishi-Yamada '17]




Best limit in what sense ?
Hierarchical Convex Optimization

Suppose S, :=argmin f(x) +g(Ar) 2 &
U €To(X) is desired to be minimized additionally, i.e.,
Minimize Sp(x*) <: 2nd stage optimization
Subjectto 2* € S, <: he set of all solutions o

1st stage optimization

For this challenging mission impossible,
we need at least

TExploiting Full information on S, (usually infinite set in E
2. Mathematically sound algorithmic ideas to minimize ¥ over 6,.

SN——




Hierarchical convex optimization casts a question:
Can we choose a best one without crunching all cookies *?
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Convex Optimization Problem
defined on a Real Hilbert Space Y

Minimize ¢: X — (-00,00

where ¢ € I'g(X)

Proper domp:={r e X |p(r) <o} £

Lower (Vo € R) levey(p) ={z € X | p(z) < a}

Semi- | |
continuous IS Closed in X

(Vz,y € domep, VA € (0,1))

Convex oz + (1= Ny) < Ao(z) + (1= No(y)




The solution sets of
convex optimization problems
can often be expressed as

arg min p(x) = Z (Fix(T))
rEX -
(G

where @ &/

T:H—H: anonexpansive operator
defined on a certain Hilbert space ‘H

e |T@)-TI<Jo-y|  (oyeH)

————

=:H = 2% a certain set-valued operator



Computable Nonexpansive Operators for Convex Optimization

. Primal-Dual splitting Operator . - __

ADMM Operator (Dual Variant of @@
Douglas-Rachford splitting operator

/ Augmented Lagrangian Operator (Great |

/ Forward-Backward splitting operato\
@ Proximity operator N
prox; := (Id+ 0f) " (f € To(H))

| 1 2
X arg}rfrélﬁ [f(y) -+ §HX -yl 1
Metric projection %

& Nonexpansive Operator /
(vx,y e H)|T(x) = T(y)| < lx—yll




Proximity Operator (J.J.Moreau '62)

feTod)

(

proxy : X — &X' : 2 — arg min «
YyeX

\

1 N
f)+ 5l - ylI” ?

/

is 1/2- averaged nonexpansive operator, i.e.,

to ¢

Irprox ; := 2prox; — ld

1S nonexpansive.

2z € argmin f(x Subdifferential of f at z

rEX

0€0f(z) ={peX|f(2)+(px—2) < f(x) (Ve X)}c2t

2X

2 €24+ 0f(2) = (Id+0f) (2) €
2= (Id+9f)" () = proxﬂz)/

Proximity operator of f

2 € Fix (me f) ~|Resolvent of O f




Proximity Operator of Conjugate function

V€ FO(X)v f*‘)( J Y Sgg(@a@ —f(CL’)) C (—O0,00]

is called | Fenchel-Rockafellar Conjugate of f

and satisfies / €lo(X) &
Inverse Resolvent Identity

Id = prox; + prox .

= u

If f € T'o(X) is prox-friendly (i.e., prox; is easily computable),
f* eTp(X) is also prox-friendly.




Most splitting algorithms

more or less rely on ...
Fact (Krasnosel’skii-Mann, e.g.[Mann'53,Dotson'70,Groetsch'72])

Suppose T :H —= H is Nonexpansive
Fix(T) # 0
Then VZCO c

for any (Ozn)n 1 C(0.1) st Z%l 0ty) =

Loir = (1-ay) @y + 0,1 (x,) = H:L‘Ele(T)




In fact, after careful observations, we can interpret

Proximal Splitting Algorithms

(Forward backward splitting/Primal-dual splitting/
Douglus -Rachford splitting / ADMM etc)

as applications of K-M Alg
to

arg min f(z) + g(Az) = Z(Fix(T)) @

TEX

where
T:H —H: acomputable nonexpansive operator

defined on a certain Hilbert space ‘H

=:H =2 a certain set-valued operator



Example (ADMM e.g. [Gabay '83]))
(X Cood 115 O G s Il - llic) + Real Hilbert Spaces
felogX), gelnK), A: X - K: Bdd linear

(P) migiex)rgize f(z) + g(Az)

. 1 2
ri2 €rgmin((0) + 4z - i - )

. 1 2
Ui1 € argmin (g(y) tg Az -y - Vkch)

Vg1 = Vg — ATpa1 + Ypo



A Fixed Point Theoretic View of ADMM [Eckstein-Bertsekas'92]
(X, ol - 1la), (I, ¢, || - [lc) : Real Hilbert Spaces
fely(X), gelylK), A: X - K: Bdd linear

(P) mirmlimize f(x) + g(Ax)

cX

(D) migiér}rclize [ (A%u) + ¢" (—u)

bh =0 A", by :=¢" o(-Id)
§q = arg Hél}fcl [ (Av) + ¢*(-v) = proxg, (Fix (rproxy, rprox; ))
Sy =g Hél)I(l fla) 4 glAz) = 0f (A )N A~ 0" (—)) (W' e §y)

ADMM = K-M alg for a point in Fix(rprox, rprox, )
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We have seen the solution sets of
convex optimization problems
can often be expressed as

arg min f(z) + g(Az) = Z(Fix(T))
TEX //@7@\

where )

I':H—H: acomputable nonexpansive operator
defined on a certain Hilbert space H

=:H — 2% a certain set-valued operator



K-M alg allows us to access
only one unspecial 7 € Fix(T

]
i

Look same, but
actually
VERY DIFFERENT




Can we choose best one without




ﬂs mission B

can not be accomplishd by K-M alg
but could be accomplished by
Hybrid steepest descent method!

K-M algorithm

Lt = (102 + 0T () = 32 € Fix(T)

Hybrid Steepest Descent Method

Ipt1 = T(%) — )\n+1vw (T(fEn))ﬁBest Point € FIX(T)




A Key for Hierarchical Convex Optimization

Hybrid Steepest Descent Method

[Yamada et al '96, Deutsch-Yamada'98, Yamada'01, Yamada-Ogura'04 etc]
Tni1 = 1(x,) — Ayt VY (1'(2,))

can minimize / over
Fix(T):={x e H | T(x) ==}

where
v H — R, Smooth Convex Function
VU : H — H, Lipschitz Continuous
1T :H — H, Nonexpansive operator

(An)n—q1 C [0,00) : Slowly decreasing

1. This is extension of [Halpern'67/Reich'74/Lions'77/Wittmann'92/...].
2. This can select a very best solution among all fixed points !




Theorem (Convergence of HSDM, see, e.g. [Yamada'01])

T :H — H Nonexpansive with Fix(7T) # @
U :H = R Gateaux differentiable s.t.
(3K, > 0,Yz,y € T(H)) |[V¥(z) - VI(y)|| <klz -y
(VU(z) - VI(y),z - y) > ple -yl
(i) lim,, soo Ay, =0

()\n)n21 C [O, OO) satisfies { (11) ZnZl )\n — 0O
(i)  Dops1 [An = Anga| < o0

on cH) rpar =T (2g) = Ayt VO (T(zy,)

satisfies  lim ||z, —2™|| =0
Nn—x
where 2 € (0:=arg min ¥(z)  (Note: | =1)
reFix(T)




Theorem (nonstrictly convex, dim(#) < oo [Ogura-Yamada'03])

Suppose
T:H—H Nonexpansive with bounded Fix(T) + ()

vV:-H—>R Smooth Convex function, s.t.

(36> 0¥,y € T(H)) V() - V(y)| <lr -y

(/\n)nZO C ﬁi— \E}l—

Then

(Wro €H) oy =T (x,) = Mt VO (T(2y))

satisfies li_)m d(z,,) =0

() = n ¥ 0.
where al'g mEIPI’Iig(lT) (z) #




How can we combine Nonexpansive Operators with
Hybrid Steepest Descent Method for
Hierarchical Convex Optimization ?

——
(@ We have found many ways ! See for example

&

[Yamada-Ogura-Shirakawa '02],[Yamada-Yukawa-Yamagishi '11],
[Ono-Yamada '15], [Yamagishi-Yamada '17] o

/ O@\
Y

Next we demonstrate a simple strategy
in an application to statistical estimation problem !
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Consider the estimation of b™™ € R? in the standard linear model:

7z — Xb'"" + ge

where

Response , .

vector Z:<217Z27'°°7Z’n> ER

Design X € R"*?  (p > n for High-dimensional case)
matrix . assumed to have no zero column vector !
Noise e=(c1,...,6n) ER"

vector

g; . realization of normalized random variable
with mean 0 and variance 1

Standard
Deviation of g > ()
Entire noise




Lasso [Robert Tibshirani '96]

~ . 1
Braao (V) € arg i { 512 — X[ + N[ |

A Prediction Bound for Lasso

[Koltchinskii, Lounici, and Tsybakov'11], [Rigollet and Tsybakov'11]
2[|X*(z — Xb™)||o
> ,
n

it holds

If A

| XL asso (V) — Xt

2
H2 S 2)‘Hbth1'
n

V A powerful enhancement of Lasso
TREX [Lederer, Miiller '15]: Nonconvex Optimization

Xb — z||?
IXH(XDb — 2|

brrex € arg min { + OéHbH1} ,default choice o =

beRP



TREX: an enhancement of Lasso [Lederer Muller

19

|Xb —z3
brrex € arg &lﬁ}o {ozHXt(Xb 2 + ||bl|y ¢, default choice a =
where IX (Xb — 2)||oc = max X! (Xb —z)|
P 1<7<p
[ 19(9) ‘,
Great News 1 @@‘:{/
Bien, Gaynanova, Lederer, and Miiller ’16]
Find best one among solutions of 2p subproblems:
| " |Xb — 2|2 \
b e argmin 4 | 2+ ||bll1 ¢
o b € RP | ax;(Xb — z) ,

x5 (Xb —z) >0

where x;,==xX; (U=12,...,p)



j th convex subproblem of TREX [Bien, Gaynanova, Lederer, and Miller '16]

(s . Xb — z||2 ]
b’(IJ‘P){EX e argmin { I - 2_ |bll1 ¢
(Xb — z)

b € RP x; (

x5(Xb —z) > 0

/

— L
A Reformulation for Proximal Splitting [Combettes, Miiller *17]

b rex € Sj = argmin {g;(M;b) + [|b]|1},

beRP
- Great News 2 2
( —a”(f?_xui), if 7 > X}z
n J
gj : RxR" = (—00,00] : (n,y) = { 0, if y =z and n = x’z;
| Foo, otherwise.

M, :RPF - RxR": b+ (X?Xb, Xb) : Bounded Linear




|Combettes, Miiller 17

miélé%}?ize gi(M;b) 4 ||b||1  Convex Optimization over R?

minimize F; (x)+ G ] (x)  Convex Optimization over RFT"t!
x=(b,c)ERP xR7+1

Fy < (b,c) o bl +g5(c),  G;(bic) = {

0 if Mjb — C,
oo  otherwise
ProXg, b,c)= proX . 1(b),pI‘Ong c ) prox (b, ¢) = projection onto

soft thr/e;holder M; = {(b,c) €RP x R | M;b = c}

A Fixed Point Characterization with Douglas-Rachford Operator

X* = Prox, g (y) = PMj (y)
Yy - FIX(TJ)

2prox,p —1d) o 2Py, —1d) RPHTL 5 RPFEL . Nonexpansive

x* minimizes F; + G; & {




in terms of computable operators !

ﬂ The solution set S of TREX can be expressed completely ﬁ]

Solution set of TREX /

S = allrogrlélin {95+ (Mj«b) + |[b||1} = Qp 0 Py, (Fix(T}+))
cRP

where Q, : RP x R"*!' - R? : (b,c) b

RP y B

Rp

argmin [« (x) + G ()] = Pup,e (Fix(T5+))
x=(b,c)eH:=RP xRn+1

We have shown
The nonexpansive operator T)j» := (2p]f0x7 P, Id) 0 (ZPM L= Id) has

BOUNDED Fix (T;+) = {y € Rp-+nt | Tix(y) =y} !




Consider Hierarchical Enhancement of TREX for

z = Xb'"™ + e
TREX: Reformulation of convex subproblems |Combettes, Muller "17]_

Find vectors in §; := argmin{g;(M;b) + ||b|:} (1 =1,2,,2p),
beR?
( l”(“;;:—ﬂgz), if n > x}z;
where ¢; : RXR" = (—o0,00] : (,y) — 4 0, ’ ify:zandn:xz-z;
| +0o0, otherwise,
l Further enhancement of TREX with prior knowledge ?
Example

Suppose that we know the target b'™" is fairly ﬂat!\

> ||Dbi|? is expected to be small,
where D : RP? — RP~! returns differences of all neighboring p@/




A Hierarchical Convex Optimization for Enhancement of TREX
For y =1,2,...,2p,
—Problem (Hierarchical enhancement of Lasso for promoting Flatness)—

. . * 2
Minimize ||Db*|
subject to b* €S, :=argmin{g;(M;b)+ |bl:} (*)

beRp .
= Qp o P, (Fix(T3)), A
where (L9 00 0
0o 0 —1 1
\ 0 0 0 0 -1 1)

(Equivalent Problem for Hybrld Steepest Descent Method)

Minimize ¥ (x*) := HD O Qp o Py, ( H (**)

subject to x* € Fix(7})
where T = (Qprox7 = Id) 0 (ZPM]. - Id) RPL S RPTTL Nonexpansive



Numerical Test (Underdetermined case)

z = Xb" +c0e (n=20,p=30)
X € R?9%30: generated by zero-mean Gaussian
HX’LH =V 20 (Z = ]_, 2, cee 30) and X:Q = X;g — X;4
1

b*™" = —(0,0,0,1,1,1,0,0,...,0)" € R
\/@77777777 Y

T; = (2proij — Id) 0 (ZPMj — Id) RPTHL L RPTHL . Nonexpansive

K-M algorithm with Douglas-Rachford Operator
(bk+1,Ck+1) = (1 — Oék) (bk,Ck) + Oéij<bk,Ck) (cvk = 1.95/2)

Hierarchical TREX for Promoting Flatness
(bk+1,Ckt1) = Tj(bg, ck) — Ae1 V¥ (T(bg, ck)) (A = 1/k)




Numerical Performance HthruHZ

2, BOBHRE T N

[b—Db"|

= 0(dB)

e




Conclusion

1. We introduced a simple strategy for Hierarchical Convex
Optimization which can enhance further existing
proximal splitting algorithms without losing their optimality.

2. The proposed strategies are based on destined mariage:
Proximal splitting operators + Hybrid steepest descent method.

3. We have demonstrated an application to
Hierarchical Enhancement of Lasso estimator.

References (Hierarchical convex optimization)

[Yamada, Yukawa, Yamagishi 2011]

|. Yamada, M. Yukawa, M. Yamagishi, “Minimizing the Moreau envelope of nonsmooth
convex functions over the fixed point set of certain quasi-nonexpansive mappings,”

In: Fixed-point algorithms for inverse problems in science and engineering,
pp.343-388, Springer, 2011.

[Yamagishi, Yamada 2017]

M. Yamagishi, |. Yamada, “Nonexpansiveness of Linearlized Augmented Lagrangian
operator for hierarchical convex optimization," Inverse Problems, 2017.



	ページ 1
	ページ 2
	ページ 3
	ページ 4
	ページ 5
	ページ 6
	ページ 7
	ページ 8
	ページ 9
	ページ 10
	ページ 11
	ページ 12
	ページ 13
	ページ 14
	ページ 15
	ページ 16
	ページ 17
	ページ 18
	ページ 19
	ページ 20
	ページ 21
	ページ 22
	ページ 23
	ページ 24
	ページ 25
	ページ 26
	ページ 27
	ページ 28
	ページ 29
	ページ 30
	ページ 31
	ページ 32
	ページ 33
	ページ 34
	ページ 35
	ページ 36
	ページ 37
	ページ 38
	ページ 39

