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INTRODUCTION

q : Rn ! R
q(x) := 1

2x
TAx+ bTx+ c

A = AT 2 Rn�n, b 2 Rn, c 2 R

F convex set in Rn

F is an FW -set if every quadratic function q which is

bounded below on F attains its in�mum on F:

Every compact convex set is an FW -set.

Every convex polyhedron P is an FW -set.

(M. Frank, P. Wolfe, 1956).

F is a qFW -set if the property holds for every quadratic

function q which is in addition quasiconvex on F .

F is a cFW -set if the property holds for every quadratic

function q which is in addition convex on F .



PROPOSITION.

A�ne images of cFW-sets are cFW-sets.

A�ne images of qFW-sets are qFW-sets.

A�ne images of FW-sets are FW-sets.

PROPOSITION.

If the union of two FW-sets is convex, then it is FW,

too.

The analogous statement holds for qFW-sets.



f-ASYMPTOTES

M a�ne manifold in Rn

F closed convex set in Rn

M is called an f-asymptote (Klee, 1960) of F if

F \M = ; and dist(F;M) = 0.

THEOREM.

Let F be a convex set in Rn.
Then the following statements are equivalent:

(i) F is qFW.

(ii) F is cFW.

(iii) F has no f-asymptotes.

(iv) P (F ) is closed for every orthogonal projection P:

THEOREM. (Z.-Q. Luo, S. Zhang, 1999).

Under any linear (or a�ne) map, the image of a con-

vex region in Rn de�ned by convex quadratic con-
straints is always a closed set.



COROLLARY (Z.-Q. Luo, S. Zhang, 1999).

A convex region in Rn de�ned by convex quadratic
constraints is always qFW.

COROLLARY.

FW sets have no f-asymptotes.

COROLLARY.

Any �nite intersection of qFW-sets is again qFW.

COROLLARY.

If F1; :::; Fm are qFW-sets,

then the Cartesian product F := F1�:::�Fm is qFW.

PROOF.

Suppose Fi � Rdi:
Then

F =
�
F1 � Rd2 � � � � � Rdm

�
\
�
Rd1 � F2 � Rd3 � � � � � Rdm

�
\ � � �
\
�
Rd1 � � � � � Rdm�1 � Fm

�
:



EXAMPLE (Z.-Q. Luo, S. Zhang, 1999).
minimize q(x) := x21 � 2x1x2 + x3x4
subject to c1(x) := x

2
1 � x3 � 0

c2(x) := x
2
2 � x4 � 0

x := (x1; x2; x3; x4) 2 R4

F := fx 2 R4 : c1(x) � 0; c2(x) � 0g is a qFW-set.

inf
x2F

q (x) = inf
n
x21 � 2x1x2 + x21x22

o
= inf

n
x21 + (1� x1x2)2

o
� 1 = �1

q (x) > �1 for every x 2 F



EXAMPLE.

F := f(x; y) 2 R2 : x2 + exp(�x2)� y � 0g
is convex and closed.

F does not have f-asymptotes.

q (x; y) := y � x2

q (x; y) � exp(�x2) > 0 for every (x; y) 2 F

0 � inf
(x;y)2F

q (x; y) � inf
x2R

q
�
x; x2 + exp(�x2)

�
= inf

x2R
exp(�x2) = 0

PROPOSITION.

Let F be a qFW-set in Rn and q be a quadratic func-
tion bounded below on F such that its restriction to

F has a nonempty convex sublevel set.

Then q attains its in�mum on F .



MOTZKIN DECOMPOSABLE SETS

F nonempty closed convex set in Rn

F is called Motzkin decomposable if there exists a

compact convex set C and a closed convex cone D

such that F = C +D.

EXAMPLE.

D := f(x; y; z) 2 R3 : x � 0; y � 0; xy � z2 � 0g
is a closed convex cone.

q(x; y; z) := x2 + (z � 1)2

q

�
1
k;
(k+1)2

k ; 1 + 1
k

�
= 2
k2
! 0

infx2D q (x; y; z) = 0
q (x; y; z) > 0 for every (x; y; z) 2 D



EXAMPLE.

F :=

(
(x; y; z) 2 R3 : z �

�
x2 + y2

�1
2

)
is convex and closed.

q (x; y; z) := (x� 1)2 � y + z

q

 
1; k;

�
1 + k2

�1
2

!
=
�
1 + k2

�1
2 � k �! 0

(x; y; z) 2 F

=) z �
�
x2 + y2

�1
2 � y

=) q (x; y; z) � 0

(x; y; z) 2 F

=) either x 6= 1 or z �
�
1 + y2

�1
2 > y

=) q (x; y; z) > 0



THEOREM.

Let F be a Motzkin decomposable closed convex set.

Then the following statements are equivalent:

(i) F is FW.

(ii) F is qFW.

(iii) 0+F is polyhedral.

PROOF (sketch):

(i) =) (ii) is obvious.

(ii) =) (iii) uses Mirkil's Theorem:

THEOREM (H. Mirkil, 1957).

If a closed convex cone has all its 2-dimensional pro-

jections closed, then it is polyhedral.



(iii) =) (i) is based in the following facts:

1) If F = C+0+F; with C compact and convex, and

q(x) :=
1

2
xTAx+ bTx;

then

inf
x2F

q(x) = inf
y2C

(
q(y) + inf

z20+F

n
yTAz + q(z)

o)
:

2) Let D be a polyhedral convex cone and de�ne

f(c) := inf
x2D

�
cTx+

1

2
xTGx

�
:

We assume that xTGx � 0 for every x 2 D:
Then one has:

dom(f) =
n
c : cTx � 0 8x 2 D s.t. xTGx = 0

o
:

The right hand side of this equality is a polyhedral

convex cone.

Consequently, f is continuous relative to dom(f):

F := f(x; y) 2 R2 : x > 0; y > 0; xy � 1g



COROLLARY.

A Motzkin decomposable set without f-asymptotes is

FW.

THEOREM.

Any nonempty intersection of �nitely many Motzkin

decomposable FW-sets is again a Motzkin decompos-

able FW-set.

PROPOSITION.

If the preimage T�1 (F ) of a Motzkin decomposable
FW-set F under a linear mapping T is nonempty, it

is a Motzkin decomposable FW-set too.

PROOF.

T�1 (F ) =
�
T
(KerT )?

��1
(F \R (T )) +KerT



q-ASYMPTOTES

A nonempty closed set in Rn

F nonempty closed convex set in Rn

A is said to be asymptotic to F if

A \ F = ; and dist(F;A) = 0.

Q := fx 2 Rn : q(x) := 1
2x
TAx+ 2bTx+ c = 0g

is a q-asymptote of F if

F\Q = ; and dist(Q�f0g; f(x; q(x)) : x 2 Fg) = 0.

Q is a q-asymptote of F

()

Q� f0g is asymptotic to graph
�
qjF

�
Q is a q-asymptote of F ) Q is asymptotic to F



EXAMPLE.

F := f(x; y) 2 R2 : x � 0; y � 0g
Q := f(x; y) 2 R2 : q(x; y) := xy + 1 = 0g

Q is asymptotic to F:

q (x; y) � 1 for every (x; y) 2 F

dist(Q� f0g; f((x; y) ; q (x; y)) : (x; y) 2 Fg) � 1

Q is not a q-asymptote of F:

THEOREM.

A convex set F is FW

if and only if

it has no q-asymptotes.

F;Q be closed sets, F \Q = ; and dist(F;Q) = 0
Q0 closed set.

Q0 is squeezed in between F and Q if:

F \Q0 = ; = Q \Q0
and for every x 2 F and y 2 Q one has [x; y]\Q0 6= ;.



Q� := fx 2 Rn : q(x)� � = 0g

PROPOSITION.

Let F be a closed convex set.

Then Q0 is a q-asymptote of F

if and only if

Q0 is asymptotic to F and no Q� can be squeezed in

between F and Q.

PROPOSITION.

Let F be a closed convex set in Rn.
Let Q := fx 2 Rn : q(x) = 0g be a quadric.
Suppose Q degenerates to an a�ne subspace.

Then Q is a q-asymptote of F

if and only if

it is an f-asymptote of F:

Moreover, for any f-asymptote M of F there exists a

quadric representation

M := fx 2 Rn : q(x) = 0g;

and then M is also a q-asymptote of F .



PROOF.

M := fx 2 Rn : Ax� b = 0g f-asymptote of F

Q� := fx : kAx� bk2 � � = 0g
Q0 =M

Suppose Q� can be squeezed in between Q0 and F .

� > 0

F � fx : kAx� bk2 > �g

For x 2 F and y 2M one has

�
1
2 < kAx� bk = kAx�Ayk = kA (x� y) k
� kAkkx� yk

kx� yk > �
1
2

kAk

dist(M;F ) � �
1
2

kAk > 0; contradiction


