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Why Solvers & Preconditioning?

PDE on Q@ — PDE Discretizations — Au=f
@ Ais large, sparse, positive definite, ill-conditioned (x(A) = O(h~?2))
@ Solve Algebraic Linear Systems Au = f:

> Direct Methods: CAUTION!! Cost=O(N®) N —
> lterative Methods v

Goal: Develop Uniformly Convergent Iterative methods for Au = f
> Find B such that BAu = g, g = Bf easier (faster) than Au = f

> Good B: cheap, low storage, mesh/parameter independence..

(old) Domain Decomposition ideas [Bjorstad, Dryja, Widlund (86°)]

@ |dea : Divide and Conquer

@ Possibility of dealing with bigger problems
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Outline |

0 Model problem: an elliptic Inteface Problem
@ CutFEM Discretization for High-Contrast Problemt

9 CutFEM Solvers

e Numerical Experiments
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Model problem: an elliptic Inteface Problem

Q=0 U Q" CR%,T =00 NoQt e C?
@ Given f € L?(Q) let f* = f_, and Find u. with uF := (u.)| . :

V- (p*VuE) =1+  inQ*
uf=0 ondQ

[u]=0 onl

[»Vu.] =0 onl

@ Notation:
[u=ut —u~ [pVu] =ptVut-nt +p Vu -n”

@ Assumption: 0 < p~ < p* both constants p* € PO(Q*)
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Model problem: an elliptic Inteface Problem
Q=0 U Q" CR%T:=00 Nt € C?

@ Given f € L?(Q) let f* = f__ and Find u. with uF := (u.)| . :

V- (p*Vur) =1+  inQ*
uF=0 ondQ
[u]=0 onl
[pVu.] =0 onl
@ Notation:
U =u"—u" [pVu] = p*Vut-nt +p"Vu -n-

@ Assumption: 0 < p~ < p* both constants p* € PO(QF)

@ Notice: uf € H?(Q*) but u, € H3/?7¢(Q) for e > 0
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Numerical Approximation to Interface Problem

N
3
N\ //

@ No Mesh-Free approaches...
@ Use unfitted method
> (eXtended) FEM, Finite Cell Method (FCM), CutFEM, ......
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Unfitted Methods (a brief (account of) history.... )

@ [Nitsche (1971)]
> introduce penalties to weakly enforcing bc
@ [Barrett & Elliot (1982—1987)] unfitted methods
> Use of penalties for Curved boundaries & smooth interface

@ [Belytschko (1999)..... Reusken & et al (2005...)] eXtended FEM
> Generalized FEM, enriched methods, PUM

@ [Hansbo & Hansbo (2002)] Nitsche method for interface problems
@ [Parvizian & Duster & Rank, (2007)] Finite Cell Method (elasticity)

@ [Burman& Hansbo (2012)] introduce CutFem
> [Burman & Claus & Hansbo &Larsson& Massing (2014)]

Blanca Ayuso de Dios (UNIBO & IMATI) Simple Solvers for CutFEM CMO-Oaxaca, July 2018 6/36



Unfitted Mesh along the Interface

> 7, shape-regular & quasi-uniform
> cuts I N I, regular cuts:

> [N K is either an edge or cuts exactly twice 0K
> 3D: [Guzman& Olshanskii (2018)] weaker assumptions
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Unfitted Mesh along the Interface: Notation

TE={TeTh: TnQ*£0}, " ={TeTh: TNl #0}.

Qf = Int( U T) Qf = Int( U T).

TeTt TeT!

—r =T _
Qo = 0\, Q=0Q/,uQ,UQ;,

i i={e=In(dTyNdT): Ty, T, €75, and Ty € T4 or/and T, € 7,1}

o 5 =
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CutFEM Discretization for High-Contrast Problem

@ Discrete Domain ©; with o~ -coefficient
> V== Vu(Q,)) : conforming P'(.7, )N C°(2,, ) or Q'(7, )NCo(2,)
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CutFEM Discretization for High-Contrast Problem

@ Discrete Domain (2, with p~-coefficient

> V™= V,(Q,)) : conforming P'(.7, )N Co(Q, ) or Q'(7, )NCo(2,)
@ Discrete Domain Q- with p*-coefficient

> V* = Vp(Q,) : conforming P'(.7, ") N C%(22,)) or Q'(7, ") N C°(2))

> No-floating subdomain: functions are zero on 9Q N 9™
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CutFEM approximation

@ Global space V;, = V= x V*:
@ double-valued on Q} :={K € J, : KNT # 0}
@ Nitsche-DG techniques to glue V;" and V,~ on T’

@ Flux edge stabilization on 5,5 ={eCoK: Ke Q,r]} (difference with other techniques FCM




CutFEM approximation for High Contrast

[Burman, Guzman, Sarkis (2018)]

Find u, = (ut,u=) € V= VF x V—, st
an(Up, vi) = (FH,vN)ge +(F, v )g- Yvp=(vT,vT)e VT x V™ J

an(up, vh):/ p_Vu‘~Vv‘dx+/ pLVut - Vvtdx
Q- Q+

+ /r ({/)VVh}W -n- [Uh] + {quh}W -n [Vh]) ds + lhr{p}/-/ /r [Uh] [Vh] ds

+2 3 (lel [ o= [967] [9v ] + e [90°]) [99°] ) o

=

2pt _ _
{p}H:ﬁ, {0VVh}w 1= (w- p~ YV +wi p" V), wo wy =1
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CutFEM approximation

ap(up, vp) = /Q, p—Vu~ -Vv dx+ /m p+VuT - VvTdx

+ / (1 vid ™ [t] + (0¥t b ™ [wh]) 05+ T}y / [un] [ve] dis

w2 Y (el [ o= (9] [9v ] + o [967]) [9v7] ) o5,

-
ecgy

@ Semi-Norms and Norms:

WVEGe = oIV IRy + Do zlelll [V 5, Vv eVvE.
eES'—'i

IVallF, = Ve +Iv -+ > f{p}HII Wil 22y Y Vh € Vh= VT x V™.
Ke T,"
@ Stability ap(vh, va) 2 ||vh||%/h, forall vh,e Vy
@ Continuity  |an(un, va)| S llunllv, IVallv,, forall  vip,zh € Vi
@ Constants independent of contrast & location of interface
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CutFEM approximation

@ Semi-Norms and Norms:

VER, = pi”VVi”LZ at) + ST oyzlell [VvE] I, —VYvEevE.
r+ ©
ees ’

Vally, = Vs + v 15 + Z {P}H” Wil If2krry YVh € V=V x V.
Ke "
@ Stability ah(vh, Vh) pe ||Vh||%/h’ forall v, e Vj
@ Continuity  |an(un, V)| S llUnllv, IVallv,, forall  vip,zhy € V.
@ Constants independent of contrast & location of interface

Ghost penalization provides:

vainz(th) 5 ||vviH%2(Qi) + Z ’7:|:|e||| [[vvi]] ||%2(e)

ecep®

— k(Ap) = O (I’j—jh*) Cut cells do not degrade it!
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Some Preconditioning Strategies for Unfitted Methods

> Old but Good idea: [Bank & Scott (1989)]
basis re-scaling (Diagonal smoother)

Linears 3D v
Linears in 2D: x(Ap) = O (N(1 +log

Pimax
hmin

) v

@ XFem & Unfitted: Diagonal scaling (Jacobi smoother)

> [Lehrenfeld & Reusken (2017)] Schwarz method
@ FiniteCell Method: Need of preconditioners for High order

> [Prenter & Verhoosel & van Zwieten & E.H. van Brummelen (2017)]:
@ CutFem Method

> [Ludescher & Gross & Reusken (2018)] Multigrid (soft inclusion?)
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Some Simple Preconditioners for CutFEM: outline

@ Block-Jacobi: One Level method
> Overlapping decomposition Q;; U Q, (overlap in Q})

@ Dirichlet-Neuman:
> Non- Overlapping decomposition Q* UT U Q™ = Q;’O U Qi,: Uy,
@ One Level method & Two Level methods

Aim:
@ Optimality wrt h
@ Robustness w.r.t. p;

@ robustness w.r.t D := diam(Q*) for floating domain
@ Scalable (result valid for many inclusions) ?

Blanca Ayuso de Dios (UNIBO & IMATI) Simple Solvers for CutFEM CMO-Oaxaca, July 2018 14 /36



One-level Schwarz for CutFEM

Restriction operators: Ry : Vj — {V*,0}

Local Solvers: a* : V* x V* — R are the restriction of a(-, -) to the
subspaces {V* x 0} and {0 x V~} respectively:

at(ut,vt) = ap(RIu*T, RIv)  vut, v e vt

Projection operators: P* = RIP, : V;, — RLVE, with Py : V), — V*:

at(Pyup, vE) = ap(up, RIVE)  VvE e vE |

one-level additive Schwarz operator: Bj,c A := Pt + P~

@ Remark: at(ut,vt)+a (u=,v7)+#an(u,v)
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One-level Schwarz for CutFEM

One-level Schwarz for CutFEM
@ O floating and BjgeA := P + P~;

diam(Q~)r

K(BjacA) =~ h

@ Robustness w.r.t. p;

@ robustness w.r.t Dt := diam(Q")

@ can be easily made Scalable (result valid for many inclusions);
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One-level Schwarz for CutFEM

One-level Schwarz for CutFEM
@ Q floating and BjseA := PT + P~; VE =PP(F,) NCY(Q).

diam(Q~)yrp?

K(BjacA) = h

@ Robustness w.r.t. p;

@ robustness w.r.t Dt := diam(Q")

@ can be easily made Scalable (result valid for many inclusions);
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Neuman-Dirichlet preconditioner

Non- Overlapping decomp. QT UTUQ™ = Qﬁ,o LJ(T,F7 u Q;,o

x+ . + _ + . — r
@ local spaces on 2 : Vi ={ve V> :v[k=00nQ,}

@ Fat Trace spaces: W= = {v € V* restricted to Q| }
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towards.) NON-overlapping preconditioner

@ Idea: orthogonal (w.r.t. a,) splitting

‘ Up = Pru+ Hpu s.t. ah(Hhu7 Phu) =0 ‘

@ Ppu = (P*Tu',P~u") solution of local problems in VSE
local solution operators P+ : Vj, — VOjE defined by
at(Prut,vE) = (FFvE)ee Vvt e Vf .
at(ut, vE) = px (VuE, VvE) o, + o+ (el [Vut]], [[Vvﬂ])glg,i ut vt e v
@ Hpu= (H u",H u~) discrete harmonic extension (suitably defined...)

an(Hnun, Hnvn) = (f, Vn)g — @n(Prtn, Vi) VY Vh € Vp

Hpu = up — Pru live on Fat Trace space W+ x W~
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towards.) NON-overlapping preconditioner

@ |dea: orthogonal (w.r.t. a,) splitting

@ Pyu = (P*ut,P~u~) solution of local problems in V"
local solution operators P* : V), — VOi defined by
a“(Prut, vE) = (FF v¥)ge Vvt e V.
at(ut, vt) = px (Vut, vvE) o, +yep+ (el [Vut]], [[Vvi]])g’:,i ut vt e v
@ Hpu = (HTu",H u~) discrete harmonic extension (suitably defined...)
an(HnUn, Hnvi) = (f, Vh)q — a@n(PnUn, Vi) Yvpe Vy

Hnpu = up — Ppu live on Fat Trace space W+ x W~

< Sn,w >R(Wr)-= ah(”th, HhW) Vn,we W,

Aim: build a preconditioner for the Schur complement: S : W, — W, J
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towards Neuman-Dirichlet preconditioner: Algebraic formulation

@ dofs for V* = {V", W"}

o [*:interior dofs V"
e W interface dofs for V*© = {V;", W"}

@ all dofs for /~ (interior and on interface)

The linear system AU = F in block form:

A Apw+ 0 U
U+
Uy

AW+I+ AW+ w+ AW+ V-
0 Av-w+  Ay-v-
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towards Neuman-Dirichlet preconditioner: Algebraic formulation

@ dofs for V* = {V; ", W}

e [*:interior dofs Vj
e W interface dofs for V*© = {V;", W"}

@ all dofs for VV— (interior and on interface)

The linear system AU = F in block form:

.A/+/+ .A/+ w+ 0 UI+ FIJr
A AT/FW we T A;w W+ Aw+ V- Uw+ = Fw-
0 Av— w+ .A\/f V- u v FV

@ Elimination of the /* and V~ dofs = S Up+ = Gy
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towards Neuman-Dirichlet preconditioner: local Schur Complement

— gt —
AW+ w+ — Aw+w+ + Aw+w+

Schur Complement: S =S, +S—
Si = Aiyrws — Awere A Apews

S_ = A;V+ Wt — Aw+v- A;l V- Ay-w+

SUw+ = G+
Gy =Fpu — Ap e .A;L Fr — Aw+v- A;l v F\/—

We recover U, and U, via
Ui = AL (Fre — Ay Uy)

Uy =A, , (Fy- — Ay Uwt)



Neuman-Dirichlet preconditioner: Harmonic extension

Auxiliary forms : e b™(u™,v") = (p"VUT, VvT) o +ys(lelos [VUT]], [V ] gr s
h
@ Hy: Wt — V,, discrete harmonic extension Hyn™ := (H n™, H n™)

> Hy o WH C Wy — VT discrete harmonic w.r.t. b*(-,-)

b*(Hint,vt)=0 Vvvte VS, Hont =(n",0) onQ}
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Neuman-Dirichlet preconditioner: Harmonic extension

Auxiliary forms : e b*(u™,v") = (p"Vu", VvT) o, +yi(lelos [VUT]], [VVT]Ders
h

e b (um,vT )= (p VU, Vv ) +y-(lelp- [Vu~]], [Vv_ ]

3 i /K -l - v

Keﬁhr

r,—
gh

@ Hy: Wt — V,, discrete harmonic extension Hyn™ := (H n™, H n™)
> Hy: Wt c W, — VT discrete harmonic w.rt. b™(-,-)

b*(Hint,vh)=0 Vvvte VS, Hont =(n",0) onQ}

> H_: Wt c W, — V-~ discrete harmonic w.rt. b (-, ")

b~ (H-nt,v7)=0 Vv eV, Honpt =0t HonT)")eWr xW~ on Q,r, .
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Neuman-Dirichlet preconditioner: Harmonic extension

@ Hy: Wt — V,, discrete harmonic extension Hpynt := (H n™, H n™)

Auxiliary forms : e b (ut,vt) = (pTVuT, Vvt oL + vy (lelps [Vu']], [[Vv+]]>£;,+
e b (u,v7)= (p_Vu_,VV_)Q, +v-—(lelp— [[Vu~]], [[Vv_]bg;,_
+ 30 potetn [t - w0 - vTls
= hlen ),

> H, : Wr c W, — VT discrete harmonic w.rt. b*(-,-)

b*(Hyint, Hint) = min v, if | - v+ is a norm .
vteVy

> Ho: Wt c W, — V~ discrete harmonic w.rt. b= (-, ")

— . r

b= (H-n",H-n*) = min_ (IV Lo+ > 7{P}Hll[n —H-n"]|% ,mr) :
v

(vT—H_nT)eVs Kezyt
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Neuman-Dirichlet preconditioner: local Schur complements

@ Hpu= (H"ut,H u) discrete harmonic extension
<8N, W >pwn= an(Han", Haw™) VT, wt e W,
{ <Sin,w >e(wt) = b+(H+ﬂ+,H+W+) V77+, wt e Wt ,

<87’I7,W>g2(w+) = b_(H7n+,H7W+) V77+7W+ e wt.

Obvious Lemma: S~8,. +S_.

@ ND: Preconditioner for S based on S, (largest coefficient)

e Case 1: QT is“not” a floating subdomain
o Case 2: QT is floating
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Case 1: Q7 is“not” a floating subdomain
@ Idea: Choose S;‘ as preconditioner (recall p* > p-)
@ )0 NIN#0 = |-|y+isanorm(and |- |y = /p]- Hi @)

<0 S0 > pgey= BT (Hen® Hen") = min |v[.
e +

= S, isinvertible v/

Theorem: QT is“not” a floating subdomain:
an(Haw™, Hypwt) S b (How, How) < ap(Haw™, How™)
= S+ ~ S = SJ,_ + 8_

@ Ingredient: Extension operator from [Burman, Guzman, Sarkis (2017)]
— S, is Optimal and Robust preconditioner
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Case 2: Q7 is a floating subdomain. One Level

@ 00 NIV #£AD = |-|y+isNOTanorm = 73S;"XX
@ One-Level method: regularize S.

< §+,reg77+, wt >y =< Sint,wt > 2w+ +e<nt,wt > (w) vyt wh e Wt .

b (HowHow) = min (|v+|v++%i”||v+né(r>)

V+€ vt

(vt—H o w)eV,

b (HMw, 1M w) min_ <|V+|v+ {P}H
(vtT=—Hiw)eV

Optimal & Robust preconditioner
diam(Q27)

SSSLS CGS  SSSM<0Gs cogm

0<A1
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Case 2: Q7 is a floating subdomain. Two-Level

@ )0 NIV #AD = |-|y+isNOTanorm — #S;" XX

@ Two -Level method: consider spliting W+ = W & W°
e WO = ker(S;) (one dimensional coarse space)

oW:Wj\R . N
o define S, =S, |; - W— W

Biwo = 3\;1 +S(;1
with (Somo, Wo) e (w+) = @n(Humo, Hawo) Vo, wo € Wo .

Optimal & Robust preconditioner

S<8,+85S

— classical Schwarz theory...



Q" non-floating: Optimality wrt h

e QO =(0,0.45) x (0,1) and @~ = (0.45,1) x (0, 1)
e Q'-elements. pt =p= =1

e PCG: 108 residual reduction stopping criteria

1/h full cg schur noprec | schur ND prec
K2 it Ko it K2 it
8 | 4.16e+2 48 62.20 16| 2.05 6

16 | 1.63e+3 94 | 1.44e+2 25| 2.04
32 | 6.49e+3 183 | 3.18e+2 40 | 2.03
64 | 2.59e+4 370 | 6.75e+2 62 | 2.01
128 | 1.03e+5 732 | 1.39e+3 91 | 2.01
256 | 4.14e+5 1422 | 2.84e+3 137 | 2.01

o1 o101 00 O




Q" non-floating:: Robustness wrt p (soft inclusion)

o QO+ = (0,0.45) x (0,1) and Q~ = (0.45,1) x (0,1)
e Q'-elements. h=1/64,p~ =1

e PCG: 1078 residual reduction stopping criteria

P4 full cg schur noprec | schur ND prec |
R2 it K2 it K2 it

1 2.5%+4 370 | 6.75e+2 62 | 2.01
102 | 4.41e+5 2247 | 1.30e+3 82 | 1.06
10* | 4.27e+7 11567 | 1.34e+3 83 | 1.01
108 | 4.27e+9 25685 | 1.35e+3 83 | 1.01

WWwhrLo




Q" floating: Optimality w.r.t h

e QF adisk of radius 0.15 and Q~ = (0,1)2\ Q*

e Q'-elements p* = p~ =1

e PCG: 108 residual reduction stopping criteria

1/h full cg schur br | schur by,
K2 it K2 it K2 it

8 |6.38e+3 252 | 992 12 |3.51 14

16 | 1.77e+4 520 | 10.54 14 | 211 14
32 | 5.83e+4 863 | 1192 18 |2.09 14
64 | 2.14e+4 1625 | 1354 22 | 2.08 14
128 | 8.19e+5 3163 | 14.65 24 | 2.13 14
256 | 3.20e+6 6140 | 1597 24 | 219 14




Q7 floating: Optimality w.r.t h

e QF adisk of radius 0.15 and Q~ = (0,1)2\ Q*

e Q'-elements p* = p~ =1

e PCG: 108 residual reduction stopping criteria

1/h full cg Two-Level | schur by,
K2 it K2 it K2 it

8 |6.38e+3 252|676 11 |3.51 14

16 | 1.77e+4 520 | 6.39 15| 211 14
32 | 5.83e+4 863|629 16 |2.09 14
64 | 2.14e+4 1625 | 6.34 16| 2.08 14
128 | 8.19e+5 3163 | 6.37 16 | 213 14
256 | 3.20e+6 6140 | 6.39 16 |2.19 14




Q" floating: Robustness wrt p (hard inclusion)

e Q* adisk of radius 0.15 and Q~ = (0,1)2\ Q*
e Q'-elements. h=1/64,p~ =1

e PCG: 1078 residual reduction stopping criteria

Dy full CG schur b | schur by |
K2 it Ko it K2 it
1 2.14e+5 1625 | 1465 24 | 2.13 14
102 2.00e+7 12906 9.95 8] 1.83 5
10* 2.00e+9 >100000 993 5 1.83 4
10% | 5.70e+10 >100000 9.93 4 | 1.83 3
108 | 4.20e+12 >100000 993 3| 1.83 3




Q" floating: Robustness wrt p (hard inclusion)

e Q* adisk of radius 0.15 and Q~ = (0,1)2\ Q*
e Q'-elements. h=1/64,p~ =1

e PCG: 1078 residual reduction stopping criteria

Dy full CG Two-Level | schur by |
K2 it Ko it Ko it
1 2.14e+5 1625 | 6.37 16 | 2.13 14

102 | 2.00e+7 12906 | 6.33 6183 5
10* | 2.00e+9 >100000 | 6.33 41183 4
108 | 5.70e+10 >100000 | 6.33 3183 3
108 | 4.20e+12 >100000 | 6.33 31183 3




Q" floating: optimality while decreasing diam(Q+)

QF adisk of radius D* and Q~ = (0,1)?\ Q*
e Q'-elements p™ = p~ = 1; h=1/64

e PCG: 1078 residual reduction stopping criteria

diam(Q™) full cg schur br schur by,
K2 it K2 it K2 it
0.4 6.38e+3 252 | 491 21 7.31 18
0.2 1.77e+4 520 | 1465 24 | 213 14
0.1 5.83e+4 863 | 22.88 29 221 14
0.05 2.14e+4 1625 | 28.34 41 3.20 15
0.02 8.19e+5 3163 | 33.65 54 | 567 15
0.01 3.20e+6 6140 | 38.89 59 | 1046 17
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Q" floating: optimality while decreasing diam(Q+)

QF adisk of radius D* and Q~ = (0,1)?\ Q*
e Q'-elements p™ = p~ = 1; h=1/64

e PCG: 1078 residual reduction stopping criteria

diam(Q™) full cg Two-Level | schur ND prec
K2 it K2 it K2 it

0.4 6.38e+3 252 | 21.46 19 | 7.31 18
0.2 1.77e+4 520 | 6.27 16| 2.13 14
0.1 5.83e+4 863 | 3.75 14| 221 14
0.05 2.14e+4 1625 265 14 3.20 15
0.02 8.19e+5 3163 | 249 14| 5.67 15
0.01 3.20e+6 6140 | 3.25 11 | 10.46 17
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Q* floating: Optimality while decreasing diam(Q")

e QF adisk of radius D™ and Q~ = (0,1)2\ Q*
e Q%-elements pt = p~ = 1; h=1/64

e PCG: 1078 residual reduction stopping criteria

diam(Q*) | Two level | schur ND prec
Ko it Ko it

0.4 21.39 10| 2.61 14
0.2 6.56 9| 3.25 14
0.1 3.86 8| 6.04 16
0.05 279 9| 9.19 17
0.02 281 9] 16.31 21
0.01 3.78 9 | 45.07 23
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Concluding remarks & Outlook

@ Balancing NN (using the whole fat trace space)
@ extension to Stokes

@ Space decomposition approach ?

@ AMG ....?

@ Still quite a few things to understand ?
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