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Outline
q Introduction/Problem: 

Ø Fluid and porous media (Stokes/Darcy or Navier-
Stokes/Darcy)

Ø Different governing equations on different regions
Ø Interface conditions (including BJ or BJS)

q Augmented IIM for Stokes-Darcy coupling
Ø Stokes/Darcy à three Poisson Solvers

q Least squares augmented IIM for NSE-D coupling
Ø Least squares:  why? For the equivalence of two systems

q Numerical experiments & Conclusion
Ø Analytic, flow problems, corners, multi-particles, …



NC STATE UNIVERSITY

Zhilin LI

Some Comments: IB, IIM, IFEM
q IB à IIM (regularized to sharp interface)à structured mesh, 

IIM is second order point-wise both in solution & Gradient !
q IIM (LeVeque/Li) à IFEM (Z. Li, T. Lin, X. Wu, FDMàFEM)

T-F. Chan & B. Engquist: “A new FDM should have a FEM 
version & vise versa”. 

q IFEM (1D 98), 2D (00-03, Numer. Math, Z. Li, T. Lin & X. Wu, R. 
Becker, high order, J. Guzman, Lin2, .. Compared with X-FEM,...
The structure and DoF remain unchanged! No bubble functions.

q Augmented IIM, IFEM, IB, and  …
Ø Can decouple problems
Ø Can deal with more general BC’s
Ø Can utilize fast solvers
Ø Can preconditioning the system …
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Fluid and Darcy Coupling 
q Fluid flow: Stokes eqns or N-S eqns

q Porous media flow: Darcy’s law
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Interface Conditions
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Applications
qFlows across interfaces between soil and 

surface
qOil reservoir
qBio-medicine & cell deformation
qBlood motion in lungs, solid tumors and 

vessels
qHeat transfer in walls with fibrous insulation 

(firefighter)
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Literature Review
qRegularity: W. Layton (SINUM, 40, 2003) et al.
qNumerical methods

ØFEM with domain decomposition, monolithic,…

Robin-Robin domain decomposition 
ØFictitious domain approach: the interface conditions 

are built into the weak form & affects convergence 
order, larger system of saddle point system
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Literature Review -- FDM
qCartesian mesh method (BEM & Stokelet 

by R. Cortetz for a circular interface)
qCartesian method with local modified 

mesh (Z. Wang/Li, 2015), …
qAlmost no non-trivial analytic solutions 

with curved interfaces
qMost simulations are for straight 

interfaces.
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The weak form
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Idea for Stokes-Darcy coupling
qStep 1: Get Poisson equation for the pressure. 
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Idea for Stokes-Darcy coupling, II
qStep 2: Solve for the velocity
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Elliptic Interface Problems
qIIM,  or IFEM,  or others

qNumerical Methods: A U  = F - BQ.
ØOne fast Poisson solver (FFT, Fishpack, multigrid,..) 

ØSecond order convergence (pointwise) in both of the 

solution AND gradient (T. Beale/A. Layton; Z. Li, …)
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Original Augmented Idea
qPreconditioning PDE

qSecond order convergence for both in solution & 
gradient; convergence is independent of β!

qHave been applied to IFEM (Ji/Li/Chen …)
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Idea for Stokes-Darcy coupling III
qIntroduce 5 (or 6) interface variables (from 

the primary variables), we get three 
Poisson equations for the pressure and 
velocity (decoupled the PDEs)

qinterface (augmented) variables
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Other Interface Conditions
qWe set up 5 augmented variables, q1-q5, we need 5 

augmented equations to close the system
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Outer Boundary Conditions
qDarcy-Stokes (or Navier-Stokes)

qStokes (or Navier-Stokes)-Darcy
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Complement

qDiscretization of three Poisson Eqns with jump 
conditions (linear problem)

AU + BQ = F
qDiscretization of the physical interface conditions 

CU + DQ =F2
qQ is along the boundary O(5N)
qSchur Complement (direct or GMRES)

(D – C A-1 B)Q = F2 -C A-1F,  SQ=F3
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Matrix-vector multiplication
qIt is easy to get the matrix multiplication for 

a given augmented vector Q to get SQ
ØSolve three Poisson equations AU + BQ = F
ØFind the residual of interface conditions 

R(Q)=CU + DQ -F2   via some interpolation 
qLU (SVD) or GMRES

ØFixed interface, time independent, form the 

matrix S and use LU (SVD) 

ØMoving interface GMRES + precondioning
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Validation for Stokes/Darcy
qIt is challenging to construct non-trivial 

analytic soln for curved interface (r=1). In 
Darcy region, u=0, v=0, p=1, with slip jump. 
In fluid:
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Validation for Stokes/Darcy II
qAverage convergence rate: 1.8334 & 2.1388
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Flow Test I
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Flow Test (fluid inside)
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Flow tests: Stokes-Darcy
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Equivalence of two systems
qOriginal system (Stokes/Darcy) —> via 

augmented (interface) variables —> New 
system (three Poisson eqns): 

qThe soln to the original is also a soln to 
the new.
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Equivalence of two systems
Is the solution to the new system also the 
soln to the original system?

qThe momentum equations is satisfied
qThe Darcy’s law in porous media region is 
also enforced.
qFor Stokes and Darcy’s coupling, it works fine
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Why not work well for NSE/Darcy?
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Why & where Least Squares
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Algorithm for NSE/Darcy
qTime marching + pressure incremental 
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Algorithm for NSE/Darcy II
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Important Details
qHow to make the Helmholtz eqn have the 

same magnitude in both fluid & porous 
media region? Add an artificial term in the 
Darcy’s domain u*/Δt

qReinforce the Darcy’s law after solving the 
Helmholtz eqns.

qWith and without projection step (O(h2)). 
qGiven Qk+1, solve to get: 

AUk+1+B Qk+1 = Fk
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Algorithm Revisit II
qDiscretization of three Poisson Eqns (ignore k)

AU + BQ = F
qDiscretization of the physical interface conditions 

CU + DQ =F2
qQ is along the boundary O(5N)
qSchur Complement (direct or GMRES)

(D – C A-1 B)Q = F2 -C A-1F,  SQ=F3

qFor fixed Γ, h, S is a constant matrix.
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Matrix-vector form at one step
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Validation of NSE/Darcy
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Grid refinement analysis
q Tangent slip, pressure is constant in Darcy. Average 

convergence: 2.0221 & 3.2110
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Another example
A continuous tangential velocity but discontinuous 

pressure along the interface. More importantly, the 
velocity and pressure are non-trivial in both regions 
and the normal derivatives of the velocity components 
are also discontinuous across the interface.
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Grid Refinement Analysis

CMO-BIRS Oaxaca 37



NC STATE UNIVERSITY

Zhilin LI

Orientation Effect (flow inside)
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Orientation Effect (flow outside)
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Corner Effect (flow outside)
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Transient Behaviors 
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More on flow test with corners
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FSI (Fluid and Porous Media)
qModel: incompressible Navier-Stokes or 

Stokes equations coupled with Darcy’s 
law. Multi-connected domain
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Signed distance function
qRe-initialization of 

a 2D level set 
function in a tube: 
blue line is the 
interface. Treat 
boundary is 
challenging! 
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Multi-particles & multi-scales 
qMany inclusions with different 

permeability. Flow from right
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Conclusions
New augmented methods for fluid flow and 
porous media (Stokes-Darcy or NES-Darcy)

ØDifferent governing equations are transformed 
to the same type equations via augmented 
interface variables

ØThree Poisson equations with jump in the 
soln and normal derivative

ØUse least squares to get equivalent systems
ØCan utilize the FFT based fast Poisson solver
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Conclusions
qSecond order accurate in both pressure

and velocity
qEquivalence has been proved under 

stronger regularity assumptions
qWhat are the best augmented variables 

that have the same No. of unknowns and 
equations?
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Why augmented approach?
q Can make the solver faster, e.g,  fast IIM for elliptic 

interface problems with piecewise constant coefficient, 
IIM for irregular domains. 

q Can decouple problems, e.g., the Stokes or NSE 
equations with discontinuous viscosity, the augmented 
approach enable us to decouple the jump conditions in 
the pressure and the velocity

q For some problems, it is the only way to get accurate 
discritization

q No need to have the Green functions, independent of 
BC, source terms, domains etc.

q Can couple problems: deal with Stokes-Darcy coupling
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Key Words & Related to others

q IB (Immersed Boundary) àIIM (Immersed 

Interface)  1st to 2nd velocity & pressure

qCartesian meshes & Fast Helmoltz/Poisson solvers

qEfficiency and accuracy; augmented IIM

qApplications: Fluid & porous media; shape 

identification (inverse problem), moving contact 

lines; fast solver on irregular domains (elliptic, 

discontinuous viscosity, pressure BC, drop 

spreading, motion of voids of electric voids …) 
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Thank you!


