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E(f, d) is the minimum error to which f can be approximated in 
l∞ norm by a polynomial p ∈ R[x1, x2, . . . , xn] of degree ≤ d:
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k f � pk1
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● Circuit complexity
   [PS94, SRK94, BRS95, ABFR94, KP97, KP98, S09, BH12]

● Quantum query complexity
   [BBC+01, BCWZ99, AS04, A05, A05, KŠW07, BKT17]

● Communication complexity
   [BW01, R02, BVW07, S09, S11, RS10, LS09, CA08, S08, BH12, S14, S16]

● Learning theory
   [TT99, KS04, KOS04, KKMS08, OS10, ACR+10]

● Algorithm design
   [LN90, KLS96, S09]

● Differential privacy
   [TUV12, CTUW14]
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              Klivans, and Pitassi, ’04]
          [Khot and Saket, ’08]

●  Cryptographic hardness for nε 
     halfspaces
          [Klivans and S., ’07], using [Regev’05]
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Low-degree polynomial  p :{0,1}n → R

Can learn f (x) = sgn p(x)
in time nO(deg p) w.r.t. any distribution.

• exp(n1/3)-time algorithm for DNF
  [Klivans and Servedio, 03]

• exp(n1/2)-time algorithm for 
   read-once formulas
   [O’Donnell and Servedio, 03]
   [Ambainis, Childs, Reichardt, Spalek,    
             Zhang, ’07]
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f (x) = sgn(∑ zi xi – θ)  

gives a univariate approximant for sgn on 
{±1, ±2, . . . , ±2Ω(n)}.

⇒

E( f, d) ≥ 1 – exp(–Ω(n))        for d = 0, 1, . . . , εn,
R( f, d) ≥ 1 – exp(–Ω(n / d))   for d = 0, 1, . . . , εn.⇒

Proof strategy
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PROOF: Hoeffding + union bound.      ◻

FACT.
Choose z

1

, z
2

, . . . , zO
⇣

1

✏2
log m

⌘ 2 {0, 1, 2, . . . ,m � 1}
uniformly at random. Then w.h.p.,

discm

✓⇢
z

1

, z
2

, . . . , zO
⇣

1

✏2
log m

⌘
�◆
< ✏.
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PROOF: Hoeffding + union bound.      ◻

FACT.
Choose z

1

, z
2

, . . . , zO
⇣

1

✏2
log m

⌘ 2 {0, 1, 2, . . . ,m � 1}
uniformly at random. Then w.h.p.,

discm

✓⇢
z

1

, z
2

, . . . , zO
⇣

1

✏2
log m

⌘
�◆
< ✏.

tight (simultaneous 
diophantine 
approximation)
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Explicit construction

25

Take P, R with P2 (R + 1) ≤ m. Fix a set
for each prime                                          such that all Zp have
the same cardinality. Let  

Zp 2 {1, 2, . . . , p � 1}
p 2 (P/2, P] with p - m,

Zm = {(r + s · (p�1

)m) mod m :

r = 1, 2, . . . ,R; p 2 (P/2, P] prime with p - m; s 2 Zp}.

disc(Zm) = O
 

1p
R
+

ln m
ln ln m

· ln P
P
+max

p
discp(Zp)

!
.

Then



ITERATION LEMMA (AJTAI ET AL).

Explicit construction

25

Take P, R with P2 (R + 1) ≤ m. Fix a set
for each prime                                          such that all Zp have
the same cardinality. Let  

Zp 2 {1, 2, . . . , p � 1}
p 2 (P/2, P] with p - m,

Zm = {(r + s · (p�1

)m) mod m :

r = 1, 2, . . . ,R; p 2 (P/2, P] prime with p - m; s 2 Zp}.

disc(Zm) = O
 

1p
R
+

ln m
ln ln m

· ln P
P
+max

p
discp(Zp)

!
.

Then

distinct mod m
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THEOREM (AJTAI ET AL).

For each m, there is an explicit set Zm with

|Z
m

|  log

1+o(1)

m,

disc
m

(Z
m

) = o(1).



Explicit construction

26

THEOREM (AJTAI ET AL).

For each m, there is an explicit set Zm with

|Z
m

|  log

1+o(1)

m,

disc
m

(Z
m

) = o(1).

PROOF: recursively apply Iteration Lemma.       ◻
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Explicit construction

27

discm(Zm) < ✏.

|Zm| = O✏(log m),

For each m and ✏ > 0, there is an explicit set Zm with



THEOREM.

Explicit construction

27

PROOF: apply Iteration Lemma twice, then use brute force 
search.    ◻

discm(Zm) < ✏.

|Zm| = O✏(log m),

For each m and ✏ > 0, there is an explicit set Zm with
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Fix z
1

, z
2

, . . . , zn 2 {0, 1, 2, . . . ,m � 1}. Think m = 2Ω(n).
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For x 2 {0, 1}n, analyze distribution of
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i

x
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CCCCCA mod m.

Think m = 2Ω(n).



A random walk on Zm

29

Fix z
1

, z
2

, . . . , zn 2 {0, 1, 2, . . . ,m � 1}.

For x 2 {0, 1}n, analyze distribution of

0
BBBBB@

nX

i=1

z

i

x

i

1
CCCCCA mod m.

n-step random walk 
on Zm

Think m = 2Ω(n).
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1

2

2
66666666666666666666666666666664

1

1

1

1

. . .

1

1

3
77777777777777777777777777777775

+
1

2

z j mod m
z         }|         {
2
66666666666666666666666666666666664

1

1

. . .

1

1

. . .

1

3
77777777777777777777777777777777775
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2
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A random walk on Zm
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nY

i=1

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1

2

2
66666666666666666666666666666664

1

1

1

1

. . .

1

1

3
77777777777777777777777777777775

+
1

2

z j mod m
z         }|         {
2
66666666666666666666666666666666664

1

1

. . .

1

1

. . .

1

3
77777777777777777777777777777777775

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

=

nY

i=1

U diag
 
1,

1 + !zi

2
,

1 + !2zi

2
, . . . ,

1 + !(m�1)zi

2

!
U⇤
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=

nY

i=1

U diag
 
1,

1 + !zi

2
,

1 + !2zi

2
, . . . ,

1 + !(m�1)zi

2

!
U⇤
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=

nY

i=1

U diag
 
1,

1 + !zi

2
,

1 + !2zi

2
, . . . ,

1 + !(m�1)zi

2

!
U⇤

= U diag
0
BBBBB@1,

nY

i=1

1 + !zi

2
,

nY

i=1

1 + !2zi

2
, . . . ,

nY

i=1

1 + !(m�1)zi

2

1
CCCCCAU⇤



A random walk on Zm

32

=

nY

i=1

U diag
 
1,

1 + !zi

2
,

1 + !2zi

2
, . . . ,

1 + !(m�1)zi

2

!
U⇤

= U diag
0
BBBBB@1,

nY

i=1

1 + !zi

2
,

nY

i=1

1 + !2zi

2
, . . . ,

nY

i=1

1 + !(m�1)zi

2

1
CCCCCAU⇤

bound by

 
1 + discm({z

1

, z
2

, . . . , zn}
2

!n/2
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A random walk on Zm
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��������
P

x2{0,1}n

2
6666664

nX

j=1

z

j

x

j

⌘ s (mod m)

3
7777775 �

1

m

��������


 
1 + disc

m

(Z)

2

!
n/2

.

For any integers z
1

, z
2

, . . . , zn, s,

This sketches:
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m = 2✏n

✏ =
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z1, z2, . . . , zn 2 Zm with discm({z1, z2, . . . , zn}) < ✏
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Fooling distributions

35

m = 2✏n

✏ =
1

2018
Given:

Define L : {0, 1}n ! Zm by
L(x) =

X
z

i

x

i

E
L�1(0)

p ⇡ E
L�1(1)

p ⇡ E
L�1(2)

p ⇡ · · · ⇡ E
L�1(m�1)

p

for every polynomial p of degree ≤ εn.

By Step 2:

z1, z2, . . . , zn 2 Zm with discm({z1, z2, . . . , zn}) < ✏



Fooling distributions

36

Define L : {0, 1}n ! Zm by
L(x) =

X
z

i

x

i

for every polynomial p of degree ≤ εn,  where supp µi ⊆ L–1(i)

✏ =
1

2018

By Step 2 and perturbation argument:

= = = =

Given:

E
µ0

p ⇡ E
µ1

p ⇡ E
µ2

p ⇡ · · · ⇡ E
µm�1

p

m = 2✏n

z1, z2, . . . , zn 2 Zm with discm({z1, z2, . . . , zn}) < ✏
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Define    F :{0,1}n × {0, 1, . . . , n}→ {–1,+1}   by
F(x, t) = sgn(∑ zi xi – 2εn t)
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Fix δ-error approximant P/Q for F
(deg P, deg Q ≤ εn;    Q > 0).
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supp µs ⊆ { x : ∑ zi xi ≡ s  (mod 2εn) }

halfspace on 
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Univariatization

38

Define    F :{0,1}n × {0, 1, . . . , n}→ {–1,+1}   by
F(x, t) = sgn(∑ zi xi – 2εn t)

Fix δ-error approximant P/Q for F
(deg P, deg Q ≤ εn;    Q > 0).

Distributions  µs  for  s = ±1, ±2, . . . , ±2εn–1.
supp µs ⊆ { x : ∑ zi xi ≡ s  (mod 2εn) }

For x ∈ supp µs :
  

2–εn (∑ zi xi – s) ∈ {0,1, . . . , n}.

halfspace on 
{0,1}2n



Univariatization

38

Define    F :{0,1}n × {0, 1, . . . , n}→ {–1,+1}   by
F(x, t) = sgn(∑ zi xi – 2εn t)

Fix δ-error approximant P/Q for F
(deg P, deg Q ≤ εn;    Q > 0).

Distributions  µs  for  s = ±1, ±2, . . . , ±2εn–1.
supp µs ⊆ { x : ∑ zi xi ≡ s  (mod 2εn) }

(1 – δ)Q(x, t) 

      < P(x, t)F(x, t) 

      < (1 + δ)Q(x, t)

For x ∈ supp µs :
  

2–εn (∑ zi xi – s) ∈ {0,1, . . . , n}.

halfspace on 
{0,1}2n
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Define    F :{0,1}n × {0, 1, . . . , n}→ {–1,+1}   by
F(x, t) = sgn(∑ zi xi – 2εn t)

Fix δ-error approximant P/Q for F
(deg P, deg Q ≤ εn;    Q > 0).

Distributions  µs  for  s = ±1, ±2, . . . , ±2εn–1.
supp µs ⊆ { x : ∑ zi xi ≡ s  (mod 2εn) }

(1 – δ)Q(x, 2–εn (∑zi xi – s)) 

      < P(x, 2–εn (∑zi xi – s))F(x, 2–εn (∑zi xi – s)) 

      < (1 + δ)Q(x, 2–εn (∑zi xi – s))

For x ∈ supp µs :
  

2–εn (∑ zi xi – s) ∈ {0,1, . . . , n}.

halfspace on 
{0,1}2n

}x ∈ supp µs
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Define    F :{0,1}n × {0, 1, . . . , n}→ {–1,+1}   by
F(x, t) = sgn(∑ zi xi – 2εn t)

Fix δ-error approximant P/Q for F
(deg P, deg Q ≤ εn;    Q > 0).

Distributions  µs  for  s = ±1, ±2, . . . , ±2εn–1.
supp µs ⊆ { x : ∑ zi xi ≡ s  (mod 2εn) }

(1 – δ)Q(x, 2–εn (∑zi xi – s)) 

      < P(x, 2–εn (∑zi xi – s)) sgn s 

      < (1 + δ)Q(x, 2–εn (∑zi xi – s))

For x ∈ supp µs :
  

2–εn (∑ zi xi – s) ∈ {0,1, . . . , n}.

halfspace on 
{0,1}2n

}x ∈ supp µs
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Define    F :{0,1}n × {0, 1, . . . , n}→ {–1,+1}   by
F(x, t) = sgn(∑ zi xi – 2εn t)

Fix δ-error approximant P/Q for F
(deg P, deg Q ≤ εn;    Q > 0).

Distributions  µs  for  s = ±1, ±2, . . . , ±2εn–1.
supp µs ⊆ { x : ∑ zi xi ≡ s  (mod 2εn) }

(1 – δ) E[Q(x, 2–εn (∑zi xi – s))] 

      < E[P(x, 2–εn (∑zi xi – s))] sgn s 

      < (1 + δ) E[Q(x, 2–εn (∑zi xi – s))]

For x ∈ supp µs :
  

2–εn (∑ zi xi – s) ∈ {0,1, . . . , n}.

halfspace on 
{0,1}2n

}expectation 
w.r.t.
x ~ supp µs



Univariatization

42

Define    F :{0,1}n × {0, 1, . . . , n}→ {–1,+1}   by
F(x, t) = sgn(∑ zi xi – 2εn t)

Fix δ-error approximant P/Q for F
(deg P, deg Q ≤ εn;    Q > 0).

Distributions  µs  for  s = ±1, ±2, . . . , ±2εn–1.
supp µs ⊆ { x : ∑ zi xi ≡ s  (mod 2εn) }

For x ∈ supp µs :
  

2–εn (∑ zi xi – s) ∈ {0,1, . . . , n}.

halfspace on 
{0,1}2n
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             < p(s) sgn s 
             < (1 + δ) q(s) }for every 

s = ±1, ±2, . . . , ±2εn–1.
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Define    F :{0,1}n × {0, 1, . . . , n}→ {–1,+1}   by
F(x, t) = sgn(∑ zi xi – 2εn t)

Fix δ-error approximant P/Q for F
(deg P, deg Q ≤ εn;    Q > 0).

Distributions  µs  for  s = ±1, ±2, . . . , ±2εn–1.
supp µs ⊆ { x : ∑ zi xi ≡ s  (mod 2εn) }

For x ∈ supp µs :
  

2–εn (∑ zi xi – s) ∈ {0,1, . . . , n}.

halfspace on 
{0,1}2n

(1 – δ) q(s) 
             < p(s) sgn s 
             < (1 + δ) q(s) }for every 

s = ±1, ±2, . . . , ±2εn–1.

p/q approximates sgn on {±1, ±2, . . . , ±2εn–1}.
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E(F, d) ≥ 1 – exp(–Ω(n))        for d = 0, 1, . . . , εn,
R(F, d) ≥ 1 – exp(–Ω(n / d))   for d = 0, 1, . . . , εn.

COROLLARY.



THEOREM.

Any rational approximant of degree d ≤ εn for F gives 
a degree-d univariate rational approximant for sgn on 
{±1, ±2, . . . , ±2Ω(n)}, with the same error.

Summary

43

E(F, d) ≥ 1 – exp(–Ω(n))        for d = 0, 1, . . . , εn,
R(F, d) ≥ 1 – exp(–Ω(n / d))   for d = 0, 1, . . . , εn.

COROLLARY.

COROLLARY.     E(F ∧ F, Ω(n)) = 1,
                               R(F ∧ F, Ω(n)) = 1.
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