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Body of talk draws from 3 papers
of Bickel Pascoe Sola

Derivatives of rationalinner functions
geometry of singularities and integrability at

the boundary PLUS 2018

Level carve portraits of rationalinner functions
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Singularities of rational inner functions

in higherdimensions

To appear in Amer J Math



Rational Inner Functions
Generalize finite Blaschke
products

Are interesting in their
own rightbecause of
TBConnections to operatortheory

Connections to stablepolynomials
Boa Singularities



Rational Inner Functions RIF
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RIFs equivalent to

Real rational Pick functions

f Held IH f rational
f f real on
upperhalfplane Rd



In one dimension
RIFs are Blaschkeproducts
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In higher dimensions
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p is a stablepolynomial

Even better it is atonal



In higher dimensions

Real rational Pick functions
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Real stable lynomials

DMultivariate notion of real rooted

Multivariable notion of interlacing



Why study RIFs

Any analytic F Dd ID

locally uniformly approximable
by RIFs Caratheodory D 1

Radin d l

SeeWagner12009Stablepolynomials in all their
BYea7Brandenvariations are of interest in many
images alman

areas of math Analyticcombinatorics

OneandTwo variable RIFs
click with operator related
function theory



Operator related
function theory

Given RIF 4 D

There exists unitarymatrix A IBD
such that
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This isequivalent to a sum ofsquares formula
Ba Sadosky Vinnikov

Write f Flp then
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RIFs in several variables
can haveboundarysingularities
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Why study singularities of RIES
Case studies for boundary regularity See eg Caratheodory theorem

of boundedanalytic functions Agler McCarthy Young 2012

Case studies for boundary regularity for
moregeneral rationalfunctions

thinkanalytic combinatorics

Boundary zerosofstablepolynomials
Uniqueness of SOS formula polynomialswithnozerosonthebidisk
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governedby boundary zerosofp
Integrabilityandregularity of

More Zeros on T Fewer Sos choices
rationalfunctions byme

Extremepoints ofrealrationalPickfunctions Extremepointsandsaturatedpolynomials
byme



How to study singularities of RIFs
Boundaryregularity non tangential limits

Boundary levelsets

Derivative
integrability

forwhich p E ft os is
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Classification of numerator ideals
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Derivative integrability in two dimensions

Thug BPS 18,49 Let f II D ID be
an RIF
There is a
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Contact order K
Thm BPS 19

Two interpretations Two interpretations
are equivalent

Fastestrate branchesof ZE approach Nazi
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Example lo 222771 Flp
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Higher Dimensions TheCBP518,49 Leto B IDbe
an RIF Thereis anumericalgeometric
invariant K associatedtoZpCalled
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Contactorder K
3point whoa 1,1 where paid _o
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HigherDimensions

Them BPS203Let4 54 d D
Lemma Let bG be a finite
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Derivative Integrability of Dd ID

d I Determined by single numericalinvariant
Same for all variables

Boundary level sets consist locally
of unions of analytic curves

bunching of branches determines K
DI Not clear howgeometry relates

Different integrability for differentvars

Boundary levelsets can have several
dimensional components and need
not break up into smooth pieces



Eixample of Elp with differentderivative
integrabilityfor different variables
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Eixample 377273 2,72 7273

237,37 22 73
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Boundary

level surfaces
smooth except for
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Many other examples
Exampley F degree 2 1,1 RIF f Flp

such that

f p n Tf
consists of 3 curves

Boundary level sets contain 2
vertical lines and a surface with
a variable singularity



Example

Fdegree 121,11 RIF lo Elp

Zpn 03 two carves

Boundary level sets F xp o

all contain verticalline Chi XT

and a surfacewith singularity

dodgy C L8 83 iff p 514

Integrability of 8
unknown



Mein Problem
Develop a coherent description of

Ep near a boundary zero

Boundary level sets of

Do singularities of RIFs interface with

operator related function theory
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