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What | will talk about, more or less

» The connections between real algebraic geometry and operator theory are
manifold.

» | will concentrate on those areas | know best, and then only briefly mention
others.

» In particular, I'll talk a bit about Toeplitz and Hankel operators.
> | will also look at restrictions (via Schur complements) and extensions.

» Another important tool is the use of GNS type constructions and Hahn-Banach
separation.

» Various techniques from non-commutative analysis will also be discussed.
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Recall that a bounded analytic function F' is outer if the closure of the range of F'
maps H?(D) is H*(D). (This is one of several equivalent characterizations.)

For a proof, see Riesz and Sz.-Nagy. There were various generalizations to matrix
valued polynomials in the 60s, culminating in an operator version due to Marvin
Rosenblum.



Factorization of trigonometric polynomials, operator case

Theorem 2 (Operator Fejér-Riesz Theorem).

Let Q(0) = 3°" Qr e™ with coefficients in L(H) such that Q(0) > 0 for

0 € [0,27). Then Q(0) = F(e')*F(e") for all §, where F(z) = >0 Fxz" is an
operator-valued outer function on the unit disk with coefficients in L(H).

Here, a bounded analytic function F' is outer if the closure of the range of F as a
multiplication operator on H% (D) is Hz(D) for some subspace £ of H.
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To the trigonometric polynomial

associate the Toeplitz operator

Ao A4 -+ A, O
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T =
An

The polynomial Q is (strictly) positive if and only if the associated Toeplitz
operator is (strictly) positive.
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An elementary proof of Rosenblum’s theorem

Let @ > 0, T the associated Toeplitz operator. Choose any factorization
T = F*F. Since T is Toeplitz, T'= S*T'S; that is, F*F = (F'S)*(F'S). So there is
an isometry W such that 'S = WF.

W =VaU,V ashifton £ =@ L, U unitary on N, Tan F = L & N (Wold
decomposition). Now an easy argument using the fact that 7°'S™ is analytic (so
commutes with S) and that UN = N allows one to conclude that AV = {0}, and so
W=V.

Another elementary argument also shows that dim £ < dim #, and that we may
take F' to be analytic on H with dense range in H?(£) C H?(H), and that
deg F' = n; that is, @ has an outer factorization.



Schur complements

Definition 3.
Suppose
e A B* .
A= (B C’) >0 inL(H®K)

The Schur complement supported at H in A (write M) is the largest positive

operator X such that
A-X B
("5" &)=

in the sense that if Y is any other operator such that

A-Y B*
(*5" %)=

then M > Y.
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Schur complements, cont.

There are various ways to calculate the Schur complement X.

For example, if C is invertible, then X = A — B*C'B.

Then
A B*\ _ 1 0 X 0\ /1 c'?B
B ¢ ) \pcv ¢cv?)J\o 1)\o oV )"

This relates to the realizations that Mike Jury spoke about.
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» In the single variable case, Schur complements can also be used to get the outer
factorization of a non-negative trigonometric polynomial.

» In two or more variables, trigonometric polynomials are associated to Toeplitz
matrices of Toeplitz matrices.

» These Schur complement techniques can be extended to (approximately) factor
trigonometric polynomials in several variables, with bounds on the number and
degrees of the polynomials in the factorization.

» In particular, it can be shown that every strictly positive polynomial can be
factored.

» Using a Cayley transform, it is possible to say something about rational
factorization of operator valued polynomials which are positive over R"™.

» In the scalar case, this is just a special case of either Schmiidgen's theorem or
Putinar’s theorem.
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inequalities, p;(x) > 0.

» The quadratic module Ms associated to K s consists of the finite sums

225 20 [5.0(x)p(z) f,e(x), where the f; ;s are polynomials.

» For the preordering T's associated to Kg, replace p;s by products of pjs.
Obviously, all preorderings are quadratic modules.

> Ms is archimedean if for some N >0, N — ", |z;|* € Ms.

Theorem 4 (Schmiidgen’s theorem).

Let Ks be a compact semialgebraic set over RY. Any polynomial which is strictly
positive over Kg is in the preordering T's.

Theorem 5 (Putinar’s theorem).

Let Ks be a semialgebraic set over R% and suppose that Ms is archimedian. Then
any polynomial which is strictly positive over Kg is in the quadratic module Ms.
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2. there exist t,u € Tss such that (1+t)f =1+ u.
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Cimpri¢'s matrix version of Krivine's theorem

Define M,(R[X]) = M,(R) ® R[X]; that is 7 X r matrices with entries in R[X],
equivalently, polynomials with coefficients in M, (R). Set M, (R[X])> = 3 F/F}, a
finite sum with F; € M, (R[X]).

Analogously, we take

Mg = {ijgj : P € M (R[X])*}

J

and T§ = M.

Theorem 7 (Cimpri¢’s Striktpositivstellensatz).

For every F = F* € M, (R[X]), the following are equivalent:
1. F(z) > 0 for every x € Kg, and
2. there exist t € Ts, U € T§ such that (1 +t)F =1, +U.

The difficult direction is (2) implies (1). This is done by induction on 7 and relies
on the scalar version of Krivine's theorem (hence there is a non-analytic component).



Cimpri¢'s matrix version of Krivine's theorem

The idea is to write -
_(f G
O< F= (G )

where f > 0 is scalar valued and H € M,_1(R[X]). The Schur complement of H is
H=H-G(1/f)G" and
_r(f 0
F=K (0 H) K,

where

o (1 —(1/f)GT> .

0 17“71

Clever algebraic manipulations then gets rid of the denominators.
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We denote the algebraic group algebra generated by G by C, and write S for the
semigroup generated these generators.

A “trigonometric polynomial” in C ® B(#) is formally a finite sum over G of the
form P =3 g ® P, where Py € B(H) for all g. The "analytic polynomials” A are
those trigonometric polynomials where each g is in S.

A trigonometric polynomial P is selfadjoint if for all g, Py« = Py.

A selfadjoint polynomial P is positive / strictly positive if for every irreducible
unital *-representation 7 of G, the extension of 7 to the algebra C ® B(#) by
tensoring with the identity representation on B(#) (again called 7), satisfies
m(P) >0 / 7(P) > 0; where 7(P) > 0 means there exists some ¢ > 0 independent
of 7 such that 7(P — ¢(1® 1)) > 0.

_ Letting © represent the set of such irreducible representations, define
P(m) = w(P), and in this way think of Q as a sort of noncommutative space on
which our polynomial is defined. The Gel'fand-Raikov theorem ensures the existence

of sufficiently many irreducible representations to separate G.
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Hereditary trigonometric polynomials H are defined as those polynomials of the
form P =3}, wjiwjz ® Pj, where wj1,w;> € S. Write H), for the selfadjoint
elements of H.

Any real polynomial is the sum of terms of the form 1 ® A or
wiw1 @ B+ wiws @ B, where w1, w2 € S and A is selfadjoint. The first of these is
obviously the difference of squares. Using w*w = 1 for any w € G, we also have

wiw1 @ B+wjwa ®B = (w1 @ B+ w2 ®@1)" (w1 ® B+w2®1)—1® (14 B"B).
Hence H, = C — C.

The square of an analytic polynomial @ is the hereditary trigonometric polynomial
R*Q.
Sums of squares are obviously positive. In analogy with the multivariable

Fejér-Riesz theorem, that strictly positive trigonometric polynomials are sums of
squares.



A noncommutative Fejér-Riesz theorem

For A, B € B(#H) and wi, w2 € S,

0< (w1 ®A+ w2 ®B) (w1 ® A+ w2 B)
(w1 ® A+w2 ® B)* (w1 ® A+ w2 @ B)

+ (w1 ®A—ws ® B)" (w1 ® A— w2 ® B)
=2(1® A"A+1® B*B)

< (A" + 1Bl (1 @1).

<
<

Applied iteratively this shows that the order is archimedean.



A noncommutative Fejér-Riesz theorem

For A, B € B(#H) and wi, w2 € S,

0< (w1 ®A+w2®B) (w1 @ A+ w2 @ B)
< (w1 ® A+ w2 ® B) (w1 ® A+ w2 ® B)

+ (w1 ®A—ws ® B)" (w1 ® A— w2 ® B)
=2(1® A"A+1® B*B)

< (A" + 1Bl (1 @1).

Applied iteratively this shows that the order is archimedean.

Theorem 8 (A noncommutative FR theorem).

Let G be a finitely generated discrete group, P a strictly positive trigonometric
polynomial in C @ B(H). Then P is a sum of squares of analytic polynomials.



A noncommutative Fejér-Riesz theorem

Some observations:

> H = A*A, with positive cone C of sums of squares, and H, = C — C (ie, C'is
full in H).

» On H, := H® M,(C), set C,, := C ® M,,(C)T. The same statements hold for
H,, and Cy. Also (1 ® 1) ® 1, is the order unit, and for ¢ € My n(C),
c*Crec C Cy,. That is, we have a matrix order on H.

» For each n and P € H,, we define a norm by

. (tlel)®1, P
||P||n_1nf{t€R.( pe t(1®1)®1n> EC’gn}.

Complete the H,s (write H,) with respect to these norms and take each C,, to
be the closure of Cy, in this norm.

» The Choi-Effros theorem then gives that H with this matrix order structure is an
operator space, and so is completely isometrically order isomorphic to a concrete
operator system (that is, a norm closed selfadjoint unital subspace of B(K) for
some Hilbert space ).



A noncommutative Fejér-Riesz theorem

» H therefore generates a *-algebra, which can be completed to a C*-algebra,
denoted by C*(H), identified with a subalgebra of B(KC). This is a subalgebra of
C”(G), which we can also then identify with a subalgebra of B(K).

» For any unital representation 7 of G extended to C ® B(H), and any a € G,
m(1 ® a) is unitary. Also, the representation is automatically completely
contractive.

» Suppose H > P > 0. So P—¢€l > 0. Assume P — el ¢ C. There is a linear
functional A # 0 on H such that A(C) >0, A(1) =1 and A\(P) < 0.

> ) extends to a positive linear functional on B(K) so is continuous (Krein's
theorem = 1-d Arveson extension theorem). By the Stinespring representation
theorem, it is the compression of an essential, completely contractive unital
representation of B(K).

> Since m compresses to A, m(P) # 0.



A noncommutative Fejér-Riesz theorem

> As noted, restricting to C*(G), 7 induces a unitary representation of G via
m(a;) = w(a; ® 1).

» The (irreducible) representations of G are in bijective correspondence with the
essential unital x-representations of C*((&), so there is an irreducible unitary
representation 7’ of G such that the corresponding representation of C*(G) has
the property that 7/(P) # 0, giving a contradiction.

» Taking G to be the commutative free semigroup on n generators gives the
multivariable Fejér-Riesz theorem mentioned earlier, since irreducible
representations of an abelian group are one dimensional.
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The set-up is very much like before, but now G is a non-commutative free group
with d generators {g1,...,g4} and identity e, S the free semigroup with these
generators.

The hereditary words H are those of the form v~ 'w for v,w € S. The set of all
words of length n in S are indicated by S™, and H" denotes the hereditary words
where v, w € S".

Let U = (Un,...,Uq) be a d-tuple of unitary operators. For a word
w=gj, - gj., write Uy, for Uj, ---Uj,. If h=v" w € H™, then U" = (U)*"U".

As before, we write C for the algebraic group algebra. Trigonometric and analytic
polynomials in C ® B(H) are defined as above, and such a polynomial
F =3 hi ® Ay is said to be positive if F/(U) > 0 for all d-tuples of unitaries U.
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noncommuting variables. Set r =Y 7 d’. Then there are r or fewer analytic
polynomials B; such that ' =3, B B;.
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Theorem 9 (McCullough’s NC FR theorem).

Let F € C ® B(H) be a positive trigonometric polynomial of degree n in d freely
noncommuting variables. Set r =Y 7 d’. Then there are r or fewer analytic
polynomials B; such that ' =3, B B;.

When d = 1, the usual Fejér-Riesz theorem is recovered using Buerling’s theorem.
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Define £L(S™) to be the bounded operators on the Hilbert space with orthonormal
basis indexed by S™. An operator T in this space is Toeplitz if T}, ., depends only on
v 1w. Note that ngv,gjw =Ty w-

The Toeplitz operators in £(S™) are denoted 7", and those with entries in M, are
M, ® T"™. T" is an operator space in L(S™).

Suppose t : H" — Mj.. We get a Toeplitz operator T' € M} @ T" with

T(zew),y®v) = <t(v71w)x, y>

A version of the Caratheodory interpolation theorem allows one to extend
TEM,@T"toT € My @ T (50 T y,00 = Ty for all v,w € S™).

Continuing in this fashion, we get a positive kernel Q on a Hilbert space spanned
by the elements of S tensored with C*.
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on 7™ is completely positive.
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From here, the proof has a familiar GNS or Stinespring flavor to it.

Define an inner product

<Z T @ w,Zyu ® v> = Z (Qu,wTw, Yo),

then mod out null vectors and complete to a Hilbert space M. The left regular
representation of the algebraic semigroup algebra maps the generators to isometries,
which can then be extended to unitaries.

Now define V : C* — K by V& = 2 ® e. The map
L@e)(T)=(Vel) O U0 A)(Vely) >0
on 7™ is completely positive.

To finish the proof, the Arveson extension theorem is then used to extend ¢ to

G My — L(H), r=> d.
0



The real version(s)

Theorem 10 (McCullough).
Suppose that for all d-tuples S of bounded selfadjoint operators,

AS)= > S"®A, >0.
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Then there exists at most r = >y d’ functions B; = Y. w ® By, such that
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Theorem 10 (McCullough).
Suppose that for all d-tuples S of bounded selfadjoint operators,

AS)= > S"®A, >0.

weS2d

Then there exists at most r = >y d’ functions B; = Y. w ® By, such that
A(S) = B(S)*B(S).

The proof is very similar to the last, but now we work with (noncommutative)
Hankel operators. The Caratheodory extension theorem is replaced by an NC flat
extension theorem (~ Curto and Fialkow), and the left regular representation sends
the generators to bounded selfadjoint operators.



The real version(s)

Suppose now instead that {x;} are the generators of S and {y;} are formally the
adjoints of these. We consider words w which are mixtures of these letters. The
algebra A consists of finite sums of the form Y p,,w, with an obvious involution.

Let A, be the subspace of all polynomials of degree at most d (so consisting of
words of length at most d), and let N(d) = dim A4. Given a d-tuple
X = (X1,...,Xq) of operators in B((CN(d)), we get a representation of the algebra
by sending x; to X; and y; to X;. We say that p is positive if for all such d-tuples,
p(X) > 0.



The real version(s)

Suppose now instead that {x;} are the generators of S and {y;} are formally the
adjoints of these. We consider words w which are mixtures of these letters. The
algebra A consists of finite sums of the form Y p,,w, with an obvious involution.

Let A, be the subspace of all polynomials of degree at most d (so consisting of
words of length at most d), and let N(d) = dim A4. Given a d-tuple
X = (X1,...,Xq) of operators in B((CN(d)), we get a representation of the algebra
by sending x; to X; and y; to X;. We say that p is positive if for all such d-tuples,
p(X) > 0.

Theorem 11 (Helton’s theorem).
Givenp € Aq, p > 0, there are at most N(d) elements r; € A such that

P:Z]- T;Tj-



The real version(s)

Suppose now instead that {x;} are the generators of S and {y;} are formally the
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algebra A consists of finite sums of the form Y p,,w, with an obvious involution.

Let A, be the subspace of all polynomials of degree at most d (so consisting of
words of length at most d), and let N(d) = dim A4. Given a d-tuple
X = (X1,...,Xq) of operators in B((CN(d)), we get a representation of the algebra
by sending x; to X; and y; to X;. We say that p is positive if for all such d-tuples,
p(X) > 0.

Theorem 11 (Helton’s theorem).
Givenp € Aq, p > 0, there are at most N(d) elements r; € A such that

P:Z]- T;Tj-

The proof also uses Caratheodory’s theorem to bound the number of terms in the
sum, and a Hahn-Banach separation argument.
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Helton-McCullough convex free semi-algebraic sets

The setup is as in Helton's theorem: we consider now matrix valued polynomials in
freely nc variables x1, ..., x4 with involution defined as above, and evaluations are on
d-tuples X of real symmetric n X n matrices for all n.

For p a free symmetric polynomial, assuming p(0) > 0, D,(n) denotes the d-tuples
of n x n matrices X such that p(X) > 0, D, the sequence of these. Say that D, is
convex if each Dy(n) is convex.

The special case when p = L is linear and p(0) = I, L(X) > 0 is referred to as a
linear matrix inequality or LMI.

Theorem 12 (Helton-McCullough theorem).

For p fee symmetric and D,, convex, there is an ¢ and affine linear L with L(0) = I,
such that D, = Dr.

This has the feel of an nc Krein-Milman theorem. The main tool here is a version
of a matricial HB theorem of Effros and Winkler.
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Under the same conditions as on the last slide, say that D, is bounded if there
exists C' > 0 such that for each X € D,, C — X7 X; > 0.

In the last theorem, Helton and McCullough also assume boundedness of D,,, but
according to Kriel, this is not needed.

Theorem 13 (Helton-McCullough Striktpositivstellensatz).

For p free symmetric and D,, bounded, if a polynomial ¢ > 0 on Dy, then there are
polynomials p;, s;, Tk, tm,e such that

N M
q= ZS;ijj + ZTZM + Zt:n,e(l — T )bt
1 1

This is an analogue of Putinar’'s theorem from the commutative setting. As
expected, a Hahn-Banach and a GNS construction is used. Convexity is not assumed
and strict positivity is essential in general.
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A Positivestellensatz for nc polynomials

If in addition, D), is assumed to be convex, though not necessarily bounded, a
stronger result is possible.

Theorem 14 (Helton-Klep-McCullough Positivstellensatz).

For p free symmetric and D,, convex, if a polynomial ¢ > 0 is concave on D, then
there are polynomials s;, Ty, such that

N M
q=>_s;ps;+ Yy _Tirk.
1 1

The special case when p = 1 gives Helton's theorem. limits on the numbers and
degrees of polynomials can be found in terms of the degree of q.

The polynomial ¢ is concave if —gq is convex; that is,
q(tX + (1 =1)Y) > tq(X) + (1 = t)q(Y).

If g is scalar valued and ¢(0) = 1, the first Helton-McCullough theorem implies that
concave ¢ has the form g(z) =1 — A(xz) — s™(x)s(z), A a homogeneous linear
polynomial and s a linear vector valued polynomial.
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Trace polynomials

A trace polynomial is a polynomial in symmetric, nc variables along with traces of
their products. For example,

= xgx%:vz — tr(xlxz)x?.

A pure trace polynomial is a trace polynomial is one that has only traces, and no
free variables. So for example, tr(f).

Observe that while tr(z1z2) = tr(zex1), tr(zi1zozszs) # tr(zix2x4x3), so there
is still a level of noncommutativity even for pure trace polynomials.

Klep, Magron, and Vol&i¢ have proved various theorems related to those of Helton
and McCullough for trace and pure trace polynomials.

Klep and Schweighdfer found a connection between Positivstellensatze on classes
of trace polynomials and the Connes embedding conjecture, which was recently
proved to fail.
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