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Gagliardo-Nirenberg-Sobolev inequalities

@_ We consider the inequalities

IVFIS 1FILY = Gons(p) IFl2p (GNS)
0= % pe(l+oo)ifd=10r2, pe(l,p‘lifd=3, p*=-<

t> Function space #,(RY): completion of €2°(R¥) with respect to the
norm

f (1-6) I llps1+6 IVF2.

@_ [del Pino, Dolbeault (2002)]: Equality case in (GNS) is achieved if and
only if

feMm:= {g/luy (Awy)e (0,+oo)><|R><|Rd}
> Aubin-Talenti functions:

1

Ery (x) = HE((x=y)/A), g(x) = (1+1x°) 7
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Related inequalities

IVAIS IFILLY = Gons(p) IFll2p (GNS)
Q. Sobolev’s inequality: d =3, p=p*=d/(d-2)
Sa IVFlla = Ifllop:

@ Euclidean Onofri inequality

h—h ___dx ; < o167 Ju2 IV dx
R2 7 (1+1xI2)

d=2, p— +oowith f,(x) := g(x) (1+ 25 (h(x) = h)), B = fi2 h(x) ——2

7w (1+1x12)?
@ Euclidean logarithmic Sobolev inequality in scale invariant form

d 2 2 2 2
Elog(mfRdel dx)szdlfl log|f]“dx

Or fpd VA2 dx = %fRd If|2 Iog( L )dx+% Iog(2ne2) Jre If]% dx

1712
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Deficit functional, scale invariance

Deficit functional

d-p(d-2) 1 2
L 2 2 +
6[f]:=(p-1) ||Vf||2+4—p+1 11207 = Fans IF150T

Lemma

(GNS) is equivalent to §[f] =0 if and only if

2
Hons = C(p,d) €00

where y = d:f%ffi)z) and C(p,d) is an explicit positive constant

d
Take fj(x) =12 f(Ax) and optimize on A >0

6[f]1=6[f]—inf8[fa] =:64[f]=0
A>0
A simplification: §[f] = §[|f[] so we shall assume that f =0 a.e.
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Existence of an optimal function

e =inf {(p-1)2 19713 +4 S22 4F1P7] £ e p(R), IS0 = M}

lh = #gns and Iyy = L MY forany M >0

If d =1 and p is an admissible exponent with p<d/(d—2), then

Iy < Inpy + g, Y My, M >0

Lemma

| \

Let d=1 and p be an admissible exponent with p<d/(d-2) ifd=3. If

(fa)n is minimizing and if limsup sup |fn|p+1 dx =0, then
n—=+00 yeRd B(y)

lim [1fallap =0
n—oo

A\
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Existence of a minimizer, further properties

Proposition

Assume that d =1 is an integer and let p be an admissible exponent with
p<d/(d-2) if d=3. Then there is an optimal function for (GNS)

Q. Pélya-Szego principle: there is a radial minimizer solving

—2(p—1)2Af+4(d—p(d-2))fP-CF2P1=0
Iff =g, then C=8p
@ Arigidity result: if f is a (smooth) minimizer and P = —&1 f1-P, then
pl 2 fpa IV ax |2
2
+2dpf 7+ [p?P - L aP1d| dx =0
RrRd

> g is a minimizer and §[g] =0
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Relative entropy and Fisher information

@_ Free energy or relative entropy functional

2_P \[Rd (f—p+1 _gp+1 _ 12L:g1_P (f2p _g2p))dx >0

&lflg]:= i,

Lemma (Csiszar-Kullback inequality)

Let d=1 and p>1. There exists a constant C, >0 such that

2 .
”fzp‘gz”“u(w)sCpé"[flg] if 1Ifll2p = llgl2p

@ Relative Fisher information

2
A8l =22 [ |o-1)9r+rovgte[ax
p—1Jrd
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Best matching profile

@_ Nonlinear extension of the Heisenberg uncertainty principle

2
(L fp+1dx) Sf |Vf|2dxf x| £2P dx
p+1Jrd Rd Rd

> Take g =g in #[f|g] and expand the square.
Q If

ffzp(l,x,lxlz)dX:f g?P(1,x1x1?)dx, geM (1)
RY RI
_ 2p p+1 p+1
then éa[flg]—lTprd(f -g )dx

o> A smaller space: #,(RY) := {f € #,(RY) : x| |f|P e L2(RY)}

For any f € W,(RY), we have

flef] = inf &[flg],
&[flgr] i [flg]

where g¢ is the unique function in O satisfying (1)
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A first (weak) stability result

Lemma (A weak stability result)

If gr =g, then
8[f] = .[f] = &[fIg]

> Up to the invariances, g is the unique minimizer for f — §[f], hence

for (GNS)

Lemma (Entropy - entropy production inequality)

Iflifl2p=lgllp, with §[g] =0,

z_j6lf]=f[f|g]—4é"[f|g] >0

> From now on, we will assume that gr = g, i.e.

fop(l,x,|x|2)dx:f g2P (1,x,1x1?)dx,
rRI R4
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Stability in (GNS)

@_ [Bianchi, Egnell (1991)] There is a positive constant a such that

Sa IVF I oy = 1172 (goy = @ inf, IVF =Vl

@_ Various extensions to:
> L9 norm of the gradient by [Chianchi, Fusco, Maggi, Pratelli (2009)],

[Figalli, Neumayer (2018)], [Neumayer (2020)], [Figalli, Zhang (2020)]

> (GNS) inequalities by [Carlen, Figalli (2013)], [Seuffert (2017)], [Nguyen
(2019)]

Theorem

There exists a constant C >0 such that
6[f]= C&[flg]

for any f € W,(RY) satisfying

ffzp(l,x,lxlz)dx=f g2P (1,x,1x1?)dx,
RI Rd
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Proof using spectral gap

@ The spectral gap inequality
4
f IVul?g2P dx = —pf lu?g3P 1 dx
RrRd p— 1 RrRd

valid for any function u such that [pq ug3P~1dx=0,canbe improved
with a constant A, >4p/(p—1) under the constraint that

f (1,X, |X|2) u(x)g(x)3P1dx =0
RrRd
@_ A Taylor expansion with f = g+ nh gives

i Olfl (p-1)?
n—0&[fylg] ~ p(p+1)

*—

4p ]
p—1
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Thank you for your attention !
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