The large diffusion limit for the heat equation

with a dynamical boundary condition

Tatsuki Kawakami

Ryukoku University

BIRS-CMO Workshop
New Trends in Nonlinear Diffusion:
a Bridge between PDEs, Analysis and Geometry

September 7, 2021 (Online)

(joint work with M. Fila, K. Ishige and J. Lankeit.)

Tatsuki Kawakami (Ryukoku Univ.) The large diffusion limit



1. Introduction

Consider the heat eq. with a dynamical boundary condition

€0t — Au =0, xeQcRY t>0,

Oru+ Oyu=0, x€0Q, t>0,
(H)

u(x,0) = o(x), x €,

u(x,0) = pp(x), x € 09,

where N > 2, ¢ € (0,1) and

@ : smooth func. in €, pp : smooth func. on 0f2.
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1. Introduction

Consider the heat eq. with a dynamical boundary condition

€0y — Au =0, xeQcRN, t>0,

Oru+ 0y,u=0, x €0, t>0,
(H)

U(X’O) = @(X)a X € Qv

u(x,0) = pp(x), x € 09,

where N > 2, ¢ € (0,1) and

@ : smooth func. in Q, pp : smooth func. on 0f2.

00 o
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1. Introduction

Consider the heat eq. with a dynamical boundary condition

e0u — Au =0, x€QCRV, t>0,
(H) Oru+ Oy,u =0, x €0, t>0,

u(x,0) = p(x), x € Q,

u(x,0) = pp(x), x € 02,

where N > 2, ¢ € (0,1) and

@ : smooth func. in Q, ©p : smooth func. on 0%.

Dynamical boundary condition (DBC) 0;u+ d,u =0

@ thermal contact with a perfect conductor

@ diffusion of solute from a well-stirred fluid
: (Peddie (1901), Crank ('75) etc.)
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1. Introduction

Consider the heat eq. with a dynamical boundary condition

e0u — Au =0, xeQCRN, t>0,

Oru + Oy,u =0, x €0, t>0,
(H)

u(x,0) = p(x), x € Q,

u(x,0) = pp(x), x € 09,

where N > 2, ¢ €(0,1) and
@ : smooth func. in Q, @p : smooth func. on 0%.

Remark
Vazquez and Vitillaro ('08) : b’dd domain, ill-posed if N > 2 with 0;u — d,u =0
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Aim
@ Construct a global-in-time sol. u. of (H).

® u. — u (in a suitable sense) as ¢ — 0.

u : sol. of the Laplace eq. with a DBC, i.e.

—Au =0, xeQ, t>0,
(L) Otu+ Oy,u =0, x €09, t>0,
u(x,0) = pp(x), x € 0.
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Aim

@ Construct a global-in-time sol. u. of (H).

® u. — u (in a suitable sense) as ¢ — 0.

u : sol. of the Laplace eq. with a DBC, i.e.

—Au =0, xeQ, t>0,
(L) Otu+ Oy,u =0, x €09, t>0,
u(x,0) = pp(x), x € 0.

(H) =% (L)

@ Eq. "e0;u— Au=10" changes to "—Au=10".

@ The influence of the initial func. ¢ is lost.

Remark
@ Al-Aidarous, Alzahrani, Ishii and Younas ('14) : Eikonal eq., viscosity sol..

@ Giga and Hamamuki ('18) : Fully-nonlinear degenerate parabolic eq.,
viscosity sol..
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Known results (¢ = 0)

~Au = f(u), xeQcRN, t>0,
Oru+ 0y u = g(u), x €09, t>0,
u(x,0) = pp(x), x € 09.

N >1, f,g: smooth func. in R, ¢} : smooth func. on 9.
Q: b'dd
@ f =0 : Global existence, uniqueness, boundedness, and blow-up problem
Lions ('69), Hintermann ('89), Kirane ('92), Fila-Polacik ('99), Yin ('03),
Vitillaro ('06), Koleva-Vulkov ('07) ...
@ f #£ 0 : Global existence, uniqueness, and smoothness

Escher ('92, '94), Gal-Meyries ('14) ...

Eigen func. or general theory for abstract evolution eq.
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Known results (¢ = 0)

—Au = f(u), x€QCRN t>0,
Oru+ 0y u = g(u), x €0, t>0,
u(x,0) = pp(x), x € 09.

N>1, f,g:smooth func. in R, ¢ : smooth func. on 99.

Q : the half space RY
e f=0, gluy=uwP(p>1), ¢p,>0:

Critical exponent for existence of global-in-time sols, blow-up problem, and
asymptotic behavior

Amann-Fila ('97), Kirane-Nabana-Pohozaev ('02, '04), Fila-Ishige-K. ('12)

Mild sol. (fundamental sol. of fractional diffusion eq.)
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Known results (¢ = 0)

—Au = f(u), xe€QCRN, t>0,
Oru+ Oyu = g(u), x €09, t>0,
u(x,0) = pp(x), x € 0.

N >1, f,g: smooth func. in R, ¢ : smooth func. on 9.

Q : the half space R or the exterior of the unit ball RN \ B;
o fuy=uv’(p>1), g=0, ¢p>0:

Critical exponent for existence of sols. (not only global but also local),
asymptotic behavior, and relationship between minimal sol. of time-dep.
problem and minimal stationary sol.

Fila-Ishige-K. ('13, '15, '16, '17)

Representation formula and Phragmén-Lindelof thm
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Known results (¢ = 0)

—Au = f(u), xe€QCRN, t>0,
Oru+ Oyu = g(u), x €09, t>0,
u(x,0) = pp(x), x € 0.

N >1, f,g: smooth func. in R, ¢ : smooth func. on 9.

Q : the half space R or the exterior of the unit ball RN \ B;
o fuy=uv’(p>1), g=0, ¢p>0:

Critical exponent for existence of sols. (not only global but also local),
asymptotic behavior, and relationship between minimal sol. of time-dep.
problem and minimal stationary sol.

Fila-Ishige-K. ('13, '15, '16, '17)

Representation formula and Phragmén-Lindelof thm

What happen for ¢ £ 07
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2. (H) for the case of the half space R

Fila-Ishige-K. (Commun. Contemp. Math. ('21)),

Fila-Ishige-K.-Lankeit (Asymptot. Anal. ('19))
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Construct a sol.
e0iu. — Au. =0,

Orte + Oyu. =0,

ue(x,0) = ¢(x),

ue(x,0) = pp(x'),
where N > 2 and RY := RV-1 x R,

(H)

XGR_’X, t>0,
XE@R{X, t>0,
XERQY,

x = (x',0) € ORN.
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Construct a sol.

e0ru: — Au. =0, XGRQ’, t >0,
(H) Otue + Oyu. =0, xG@Rﬂ, t>0,
ue(x,0) = (x), x € RY,
u-(x,0) = pp(x), x = (x',0) € ORY.
Laplace eq. (¢ =0)
—Au=0, xRV, t>0,
(L) Ou+0,u=0, x€ORY, t>0,
u(x,0) = pp(x’) >0, x = (x',0) € ORY.
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Construct a sol.

e0ru: — Au. =0, XGRQ’, t >0,
(H) Otue + Oyu. =0, xG@Rﬂ, t>0,
ue(x,0) = (x), x € RY,
u-(x,0) = pp(x), x = (x',0) € ORY.
Laplace eq. (¢ =0)
—Au=0, xRV, t>0,
(L) Oru—0y,,u =0, X € 8Rﬂ, t >0,
u(x,0) = pp(x’) >0, x = (x',0) € ORY.
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Construct a sol.

ediu. — Au. =0, XERQ/, t>0,
(H) Otue + O, ue. =0, xe@RQ’, t>0,
ue(x,0) = ¢(x), X € Ri’,
u-(x,0) = pp(x), x = (x',0) € ORN.
Laplace eq. (¢ =0)
—Au=0, xeRN t>0,
(L) Oru—0,u =0, x€ORY, t>0,
u(x,0) = pp(x") >0, x = (x',0) € ORY.

= u(x,0,t) = /R"’—l P(x" =y t)en(y')dy’ (=:v(X,t)).

(2) Owu—0Ogu=0 onORY & v+ (—Ay)iv=0 inRN-1,
where P = P(x’,t) : N —1 dim Poisson kernel

/
t

2\ —N/2
P(x',t) = cyt*™N (1 + ) ., X' eRNL >0
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Construct a sol.

e0iu. — Au. =0, XERQY, t>0,
(H) Ot + O, ue. =0, xE@RQ’, t>0,
u:(x,0) = ¢(x), X € RQ’,
u-(x,0) = pp(x), x = (x',0) € ORN.
Laplace eq. (¢ =0)
~Au=0, x€RN t>0,
(L) Oru—0y,,u =0, X € 8Rﬂ, t>0,
u(x,0) = pp(x’) >0, x = (x',0) € ORY.

= U(X,’ 0’ t) - /N 1 P(X/ - y/7 t)gob(yl) dy/
RN—

u: sol. of (L) < the harmonic extension of u(x’,0,t)

u(x,t) = /RN?1 P(x"—y' xn)u(y’,0,t)dy’ = /]R P(X" =y’ xn + t)ps(y’) dy'.

N—1

[S(H)pe)(x) = / PO — ' xu + t)os(y') dy'-

RN-1
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Construct a sol.
€0 — Au. =0,

Oruz + Oyu. =0,
u=(x,0) = ¢(x),
UE(Xvo) = QOb(X/)a

(H)

xeRN, t>0,
XEBRﬂ, t>0,
XERQ’,

x = (x',0) € ORY.

Consider the following system
Ov =e Av— 0w, Aw =0,

v=0, Ow—0,w=20,v,

(%)

x€eRY, t>0,
x€ORY, t>0,

v(x,0) = O(x) := @(x) = [S(0)s](x), x € RY,

w(x,0) = @b(x),

x = (x',0) € ORY.

ui=v+w=u:sol of(H). () v=0xedRY t>0.
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Construct a sol.

€O, — Au, =0, XGRQ’, t>0,
(H) Ot + O, u:. =0, XE(?RQ’, t>0,

ue(x,0) = ¢(x), X € Ri’,

u:(x,0) = pp(x), x=(x,0) e BRﬂ.

Consider the following system

dev = 1Av — 9w, Aw =0, XGR{X, t >0,
(s) v=0, 0w — Oyw = 0y,V, XG@RQ’, t>0,

v(x,0) = ®(x) := p(x) = [S(0)pp](x), x € RY,

w(x,0) = @p(x’), x = (x',0) € ORN.

0
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Construct a sol.

e0ru; — Au. =0, XERQ’, t >0,
() Otue + Oyu: =0, XGGRQ’, t>0,

ue(x,0) = ¢(x), x € RY,

u-(x,0) = pp(x), x = (x',0) € ORY.

Consider the following system

Ov = *Av — Flps] — Fv], Aw =0, xRN, t>0,

v=0, 0w — 0w =0y, xE@Rﬁ, t>0,
(5) v(x,0) = d(x), x € RV,

w(x,0) = pp(x’), x = (x',0) € ORY.
Here

Files](x, t) == 0:[S(t)eb](x),
Fa[v](x, t) := 8t(/0 /JRN?1 P(x" —y' xn+t —5)0v(y,0,s)dy’ ds)7
®(x) = ¢(x) — [S(0)¢n](x)-
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v =e1Av — Fi[ps] — F2[v], Aw=0, xeRY, t>0,

(s) v=0, 0w — 0w =20V, x €ORY, t>0,
V(X7O) = ¢(X)a X € Ri’,
w(x,0) = pp(x"), x = (x',0) € ORY.

¢ : mesurable func. in RY, ¢, : mesurable func. in RV"1, 0 < T < 0.
(v,w) : sol. of (§)inRY x (0, T) <
(i) v, By, we C(RY x (0, T));

(ii) v and w satisfy

v(x, t) = [ 200)(x) / [ =920 (F[pp](s) + Fa[v](s))](x) ds,

Wl 8) = S(00eull) + [ 15— )0 v(N(x) s
for x € RQ’ and t € (0, T).

Furthermore, we say that u. := v + w is sol. of (H) in RY x (0, T).
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Main results 1
Ov=c"Av— Flp] — B[v], Aw=0, xeRY, t>0,

) v=0, 0w —Oyw = v, x €ORY, t>0,
v(x,0) = ®(x), x €RY,
w(x,0) = gp(x'), x = (x,0) € ORY.

N>2 c€(0,1), € LO(RY), pp € LX(RN-1).
= 3(v.,w.) : global-in-time sol. of (S) s.t., for YT > 0,

_ 1
sup_[lve(8) = + (=700 10y ve(0) = + ()1 | < oo.
0<t<T
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Main results 1
dev = 'Av — Fips] — F[v], Aw =0,

v=0, 0w — Oxyw = O, V,
(5) t N N
v(x,0) = o(x),

W(X7 0) = SOb(X,),

xeRY, t>0,

x € dRY, t>0,
x € RY,

x = (x',0) € ORY.

N>2 ¢ee(0,1), p € LRN), pp e L®(RV-1),

= 3(v.,w.) : global-in-time sol. of (S) s.t., for YT > 0,

sup_ [Iva(e)lli + (7)1 ve ()]l + [l ()| < oc.

0<t<T

Furthermore, for Y7 > 0, the following holds:

a) li : oo (RN— =0 f L !
(a) sl—%oiggf t2]|ve ()| oo ®M-1x(0,)) = O for any L > 0;

(b) lim sup [[w(t) - S(t)plli =O.

e=00<t<r
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Main results 1

e0tue — Au:. =0, XG]Rﬁ, t>0,
(H) Orue + Opu: =0, XEORQ’, t>0,

e (x,0) = (), xeRY,

u:(x,0) = pp(x), x = (x',0) € ORY.

(Ve,we) : sol. of (S) given in Thm. 1.

= U, := V. + w, : classical sol. of (H) and it satisfies

sup [lus(t) — S(t)gslli~(ry < Ce2, Ve € (0,1),
T1<t<m

for any compact set K C M and 0 < 11 < 1 < co. Furthermore, this rate is
optimal.
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Main results 1

e0tue — Au:. =0, XG]Rﬁ, t>0,
(H) Orue + Opu: =0, XEORQ’, t>0,

e (x,0) = (), xeRY,

u:(x,0) = pp(x), x = (x',0) € ORY.

(Ve,we) : sol. of (S) given in Thm. 1.

= U, := V. + w, : classical sol. of (H) and it satisfies

sup [lus(t) — S(t)gslli~(ry < Ce2, Ve € (0,1),
T1<t<m

for any compact set K C M and 0 < 11 < 1 < co. Furthermore, this rate is
optimal.
@ u(x,t):=[S(t)pp](x) : classical sol. of
—Au=0 in RY x (0, 00),
(L) with  u(x,0) = @p(x’) > 0 on IRY.
O:u+0,u=0 on dRY x (0,00),

uz : sol. of (H) — w: sol. of (L) in L>*(K) as e — 0.
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Outline of proofs

@ Contraction mapping thm related to the function v
Let T > 0and e € (0,1). Set
X7 = {v,&xNv € C(M x (0, 7)) : [[vix, < oo}7 Ivlix, == sup E[v](t),
0<t<T
where

E[VI(t) = [v(e)lle= + (£ 6)2 [ v(£) -

Then Xt is a Banach space equipped with the norm || - || x;.
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Outline of proofs

@ Contraction mapping thm related to the function v

Let T > 0and e € (0,1). Set
X7 = {v,&xNv € C(M x (0, 7)) : [[vix, < oo}7 Ivlix, == sup E[v](t),
0<t<T

where )
EWI(8) = [[v(t) e + (77 )2 [0y (1) |
Then Xt is a Banach space equipped with the norm || - || x;.

Applying the Banach contraction mapping principle in X7, we find a fixed point of
—1 ~
QIVI(t) == e 22 — D.[ip](t) — D:[v](t)

where
Dieellxt) = [ 1o 0l (9]00) o

D.[v](x, t) := /Ot[ea1(t_5)ADF2[v](s)](x) ds.
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Let ¢ € L°(RY). Then
1
sup [|e"0 6| o + sup t2 |0, [0 Bl < 2[]|1
>0 >0
In addition, for any L > 0,

sup t%”egiltADd)HLN(]R"’—lx(O,L)) < Cet.
t>0
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Let ¢ € L°(RY). Then
1
sup [|e2¢|| 1 + sup 2|0y, [ ][l < 2|1
>0 >0
In addition, for any L > 0,
1 -1 1
sup t2[|e* AP G| oo (rr-1x(0,1)) < Ce?.
>0
Key points
° / & To(x,y,)ldy <t™%,  xeRV, t>0 j=0,L
RN

+

@ Forany L >0,

-1 it [ 5772
Mo(x,y,e " t)dy =2(4ne™"t) 2 exp|——— dn
Rﬁ 0 4t

< 24me M) IL < Cle )2

for x € RN=1 % (0,L), t >0 and e > 0.
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Let ¢ € L>°(RN=1). Then ?C > 0 s.t.
1 3
ID[]llxr, < CTEH(1+ T)|h[r=

for any T, > 0. In addition,

lim sup [ D:[](t)|| Lo mrv—1x(0,)) = O
E*)Ote(o’-,-l)

for any Ty > 0 and L > 0. Furthermore, D.[¢] and O, D:[¢] are bounded
smooth in RY x (T, o00) for any T > 0.

3T, = T.(N) > 0 sit. i .
10:[1xr. < ZlIvIlxr,

for v € X7, and € € (0,1). Furthermore, D.[v] and 8., D.[v] are bounded
smooth in RY x (7, T,) forany 0 < 7 < T,.
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3. The exterior of the unit ball
Fila-Ishige-K.-Lankeit (Asymptot. Anal. ('19)),
Fila-Ishige-K.-Lankeit (Discrete Contin. Dyn. Syst. ('20))
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Construct a sol.

e0iu. — Au. =0, xeQ, t>0,
(H) Otue + Oy u. =0, x€0Q, t>0,

L0 =p(x),  xeQ

us(x,0) = pp(x), x € 0.

Here N > 2, p>1land Q = {x e R":|x| > 1}.
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Construct a sol.

(H)

e0ru: — Au. =0,
Orte + Oyu. =0,
ug(x, 0) = ¢(x),

ug(x,0) = pp(x),

Laplace eq. (¢ =

(L)

Tatsuki Kawakami (Ryukoku Univ.)

—Au=0,
atu + 3,,u = O,
u(x,0) = pp(x),

The large diffusion limit

xeQ, t>0,
x €09, t>0,
x € Q,

x € 09).
xeQ, t>0,
x €0, t>0,
x € 0Q.




Construct a sol.

e0r; — Au, =0, xeQ, t>0,
(H) Oele + Oyu. =0, x €, t>0,
us(x,0) = o(x), x €9,
u:(x,0) = pp(x), x € 0.
Laplace eq. (¢ =0) —Au=0, xeQ, t>0,
(L) Ou+ O u=0, x €0, t>0,
u(x,0) = pp(x), x € 0.

P = P(x,y) : Poisson kernel on By,
K = K(x,y) : Kelvin transform of P

—(N— X ol
K(x,y) = |x|~(N 2)P(|X2,y>, x €, yecof.

= K : Poisson kernel on Q.
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Construct a sol.

e0iu. — Au. =0, xeQ, t>0,
(H) Otue + Oyu:. =0, x€0Q, t>0,
us(x,0) = ¢(x), x €9,
us(x,0) = pp(x), x € 0.
Laplace eq. (¢ =0) —Au=0, x€eQ, t>0,
(L) Oru+ Oyu =0, x €0, t>0,
u(x,0) = pp(x), x € 0.
K = K(x,y) : Poisson kenrel on Q
K(x,y) = x|~ N-2p <:|2,y> ) x€, yeco.

= K(x,y,t):= K(e'x,y) : fundamental sol. of (L).
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Construct a sol.

edeu. — Au. = 0, xeQ, t>0,
() Ot + Oyu. =0, x€0Q, t>0,
ue(x,0) = ¢(x), x€Q,
ue(x,0) = wp(x), x € 0Q.
Laplace eq. (¢ =0) —Au=0, xeQ, t>0,
(L) Oru+ 0,u =0, xe€ 0, t>0,
u(x,0) = pp(x), x € 0.

K = K(x,y) : Poisson kenrel on Q
K(x,y) = |x|~ (N~ 2)P< |2,y> x€Q, yeo.

= K(x,y,t):= K(e'x,y) : fundamental sol. of (L).

( : nonnegative measurable func. on 92

[S(t)os](x / K(x. . t)guly) doy = /a K(exy)enly)doy, x €T
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atv:zs*lAv—Fl[npb]—Fg[v], Aw =0, xeQ, t>0,

() v=0, 0w+ w=—-0,v, x €0, t>0,
v(x,0) = ®(x), x €Q,
W(X7 0) = QDb(X), x € 092.

o . mesurable func. in €, ¢ : mesurable func. on 02, 0 < T < oc.
(v,w) :sol. of (S)inQx(0,T) <
(i) v, Vv, we C(2x (0, T));

(ii) v and w satisfy

v(x, t) = [e* "29](x) /[e (=80 (Fy[pp)(s) + Falv(s)](x) s,

i t) = [S(00eull) — [ 18~ $0,v($))0) .
for x € Qand t € (0, 7).
Furthermore, we say that v, := v + w is sol. of (H) in Q x (0, T).
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Main results 2
ov=ec'Av— Flps] — F[v], Aw=0, x€Q, t>0,

(s) v=0, ow+0o,w=—-0,v, x €0, t>0,
v(x,0) = ®(x), x € £,
w(x,0) = @p(x), x € 09.

N >3, ¢ €(0,1), supea(l + [x)V2l(x)| < 00, ¢y € CH9(0Q) (0 € (0,1)).
= 3!(ve,w.) : global-in-time sol. of (S) s.t., for YT > 0,

_ 1
sup_ [l + ()} [0 ve (1) + el )= | < oo
o<t<T
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Main results 2
ov=ec'Av— Flps] — F[v], Aw=0, x€Q, t>0,

(s) v=0, ow+0o,w=—-0,v, x €0, t>0,
v(x,0) = ®(x), x € £,
w(x,0) = @p(x), x € 09.

N >3, ¢ €(0,1), supea(l + [x)V2l(x)| < 00, ¢y € CH9(0Q) (0 € (0,1)).
= 3!(ve,w.) : global-in-time sol. of (S) s.t., for YT > 0,
L1t
sup_ [IVe(t)lim + (0 B + ()] =] < .
o<t<T

Furthermore, for Y7 > 0, the following holds:

(a) sup_[ve(t)lle= < Ce%; (b) sup |[lwe(t) — S(t)gplli= < Ce?.
T<t<T 0<t<T

Here
a=1 if N=3, a€(1,2) if N>a4
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Main results 2

Ov=e'Av— Flps] — F[v], Aw=0, x€Q, t>0,

(5) v=0, Ow+0ow=—-0,v, x€0Q, t>0,
v(x,0) = &(x), x € £,
w(x,0) = p(x), x € 0Q.

(ve, we) : sol. of (S) given in Thm. 2.

= u. = v. + w. : classical sol. of (H) and it satisfies

sup u(t) = S(t)pslli~ < Ce%, Ve e(0,1),

T1<t<Ty

forany 0 < 73 < 1 < .
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Main results 2

Ov=e'Av— Flps] — F[v], Aw=0, x€Q, t>0,

(5) v=0, Ow+0ow=—-0,v, x€0Q, t>0,
v(x,0) = &(x), x € £,
w(x,0) = p(x), x € 0Q.

(ve, we) : sol. of (S) given in Thm. 2.

= u. = v. + w. : classical sol. of (H) and it satisfies

sup u(t) = S(t)pslli~ < Ce%, Ve e(0,1),

T1<t<T2
forany 0 < 73 < 1 < .
Remark
Jp € L*® s.t. u. : sol. of (S) with ¢, = 0 satisfies
u(x, t) > Ce? 1, Y(x,t) e K, Yee(0,1),

where K : compact set of Q x (0, c0).
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Summary
@ Large diffusion limit for the heat eq. with DBC

ediu: — Au. =0 in Q x (0, 00), u:(x,0) = p(x) inQ,
(H) with
Otte + Oyu: =0 on 02 x (0, 00), ue(x,0) = pp(x) on 9.

with  u(x,0) = pp(x") on 0.

) Au=0 in Q x (0, ),
Oru~+ 0,u=0 on 90 x (0, 00),

uz : sol. of (H) — w: sol. of (L) in L*(K) (or L>(2)) as € — 0.
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Summary
@ Large diffusion limit for the heat eq. with DBC

ediu: — Au. =0 in Q x (0, 00), u:(x,0) = p(x) inQ,
(H) with
Otte + Oyu: =0 on 02 x (0, 00), ue(x,0) = pp(x) on 9.

with  u(x,0) = pp(x") on 0.

) Au=0 in Q x (0, ),
Oru~+ 0,u=0 on 90 x (0, 00),

uz : sol. of (H) — w: sol. of (L) in L*(K) (or L>(2)) as € — 0.

Future work

@ Construct the fundamental sol. of the heat eq. with DBC and its application
for nonlinear problems.

@ Large diffusion limit for the boundary reaction.
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Summary
@ Large diffusion limit for the heat eq. with DBC

ediu: — Au. =0 in Q x (0, 00), u:(x,0) = p(x) inQ,
(H) with
Otte + Oyu: =0 on 02 x (0, 00), ue(x,0) = pp(x) on 9.

with  u(x,0) = pp(x") on 0.
Oru~+ 0,u=0 on 90 x (0, 00),

Au=0 in Q x (0, ),
(L)
uz : sol. of (H) — w: sol. of (L) in L*(K) (or L>(2)) as € — 0.
Future work

@ Construct the fundamental sol. of the heat eq. with DBC and its application
for nonlinear problems.

@ Large diffusion limit for the boundary reaction.

Thank you for your attention!
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Outline of proof of Lem. 2

D-[¢](x,t) = /0 [e= (=80 £y [1] ()] (x) ds,
Fili](x. 1) = /

RN

O =y 00 dy
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Outline of proof of Lem. 2

D[¥](x, t) = /0 [e= (=80 £ 1] (5)](x) s,

Alvlxe) = [

RN

O =y 00 dy

Since
10.P(x', xn + t)| < Clxn + t) " 1P(x', x + t), xeRN, t>0,
we have

F[e)(yn, 5)|ee < Clyw +5)7HSa(s + yw)dl e

3 1

y's i for 0<yy <1,
< Clfree

1 for yy>1,

for yy € [0,00) and s > 0.
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Then it follows from

Mo(x,y,t) =Tn_1(xX =y, t) <r1(XN —yn,t) = T1(xn + yw, f))

that

|Dw]xt\<// Mo(x,y,e 2 (t — )| F[](y. 5)] dy ds

< C/ / r1(XN *yngfl(t 75))|F1[¢](yN75)|L00 d}/N ds
XN — 2 )
<C|1/)|Loo// (t—s)) 7 exp (M) (yw + )" dyn ds

1 ¢
SC|¢|L0<>{ %/(t—s) s %/ yN“dyNds—l—/ ds}
0 0

< Clplpwti (e + t7)

N\»—\

for x € RY, t > 0 and £ > 0. Here Iy is the d-dim Gauss kernel.
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Furthermore, applying similar arguments as above with the weighted estimates
oo
/ |Xty| Wx £y, t)y @ dy < Ct=F, 0<a<l,
0

for x > 0 and t > 0, we see that
|0y De[9](x, 1)
t [e3e]
— +
< C/ / ('XNMH(XN — YN, Te) + XNTinﬁ(XN +}/N77's))
0o Jo

Te €

X |F1[Y](yn, s)|1o dyn ds

t [e'e]
_1 XN — YN XN + YN
< C|¢|L<>c/ s ;/ <| NT Y |r1(XN_YN7Ta)+7T Y rl(XN+yN,Ta))
0 0 €

€

1
X yy° dyn ds

t _3
= CWJILO@/ sTETs fds < Ceit i |y =
0

for x € @ t > 0and e >0, where 7. = ¢~ 1(t —s). Thus Lem. 2 holds.
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Outline of proof of Thm. 1

Put
m = 16 max{||¢|| <, [¢p|r=}.

Let T, > 0 be asin Lem. 3 and v € X7, with |v|x, < m. Then, since
[[loe < [l@llee + 15(0)enlls < llpllioe + [@blre,
by Lems. 1, 2 and 3, we see that 'v. € X7, with [[v.|x, < ms.t.
Ve = Q[ve] = & 220 — D.[pp](t) — DJve](t) in Xr..

In particular,
[vellxr, < C(ll@lle + l@blis).

Furthermore, v. is bounded smooth in @ X (Ty, Ty) forany 0 < T3 < T,.
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Set

wo(x, £) = [S(E)psl(x / [S(¢ — ) vo(s)](x) ds
for x € @ and t € (0, T.). Then we have
t
[we (t)[|e < [1S(t) b L +/0 [S(t — 5)Oxy v(s)|lLo= ds
1
< C(1+ T2)(J@lle + |@blree) < o0, 0<t< T..
Furthermore, w, is bounded smooth in R’V X (T, Ti) forany 0 < T7 < T..

= (ve,w:) is a sol. of (S) in RY x (0, T,)

and satisfies boundedness for any 0 < 7 < T,.
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Set

wo(x, £) = [S(E)psl(x / [S(¢ — ) vo(s)](x) ds
for x € M and t € (0, T.). Then we have
t
[we (t)[|e < [1S(t) b L +/0 [S(t — 5)Oxy v(s)|lLo= ds
1
< C(1+ T2)(J@lle + |@blree) < o0, 0<t< T..
Furthermore, w, is bounded smooth in R’V X (T, Ti) forany 0 < T7 < T..

= (ve,w:) is a sol. of (S) in RY x (0, T,)

and satisfies boundedness for any 0 < 7 < T,.

T, is indep. of m & semigroup properties of et and S(t),

= (e, we) is a global-in-time sol. of (S)

and satisfies boundedness for any 7 > 0.
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Let (V., w.) be a global-in-time sol. of (S) satisfying (*). Since
Ve — Ve = Q[ve] — Q[¥] = De[Ve -] in Xr,
by Lem. 3 we have
[ve = Vellx,, < ZHVE — Vellxr, -
This implies that v. = ¥ in X1_. Repeating this argument, we see that v, = V,
in X7 for any T > 0.

= (Ve, we) is a unique global-in-time sol. of (S).
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Let (V., w.) be a global-in-time sol. of (S) satisfying (*). Since
Ve — 7 = Q[ve] — Q[i] = De[Vs — V] in Xr,,
by Lem. 3 we have
e = Pl < gl = Pl

This implies that v. = ¥ in X1_. Repeating this argument, we see that v, = V,
in X7 for any T > 0.

= (Ve, we) is a unique global-in-time sol. of (S).

It remains to prove assertions (a) and (b). Let 7/ > 0 and L > 0. Then we have

lwe(t) — S(t) |~ < /||5t—sa Ve(s)| = ds < C|lve]|x, e T'3

for all t € (0, T’). This implies assertion (b).
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Let (V., w.) be a global-in-time sol. of (S) satisfying (*). Since
Ve — 7 = Q[ve] — Q[i] = De[Vs — V] in Xr,,
by Lem. 3 we have
e = Pl < gl = Pl

This implies that v. = ¥ in X1_. Repeating this argument, we see that v, = V,
in X7 for any T > 0.

= (Ve, we) is a unique global-in-time sol. of (S).

It remains to prove assertions (a) and (b). Let 7/ > 0 and L > 0. Then we have

lwe(t) — S(t) |~ < /||5t—sa Ve(s)| = ds < C|lve]|x, e T'3

for all t € (0, T’). This implies assertion (b).

Furthermore, since D_[v.] is given with Fy[¢] replaced by F»[v.], by applying a
similar argument as in the proof of Lem. 2 to obtain

lim e, [ Defve] (£) ] oo (-1 (0,)) = 0.

Thus assertion-(a) holds.
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