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In string compactifications one is 
interested in obtaining low energy 
effective field theories with some 
remnant supersymmetry 



The Upshot

In this talk I discuss one of the recent Machine Learning approaches to 
obtain numerical approximations to Ricci flat Calabi-Yau metrics. 
Instead of approximating the Kähler potential, we approximate the metric 
directly by an array neural networks. We apply this approach to the 
quartic K3, the Dwork quintics and Tian-Yau manifold.

Calabi-Yau manifolds

The total parameter space of a CY threefold:  

-                   dimension of the Kähler moduli space. 

-                   dimension of the Complex structure 
moduli space. 

- Calabi-Yau threefolds come in mirror pairs                   ,             
satisfying                                                                               

In simple terms, complex structure and Kähler 
structure get interchanged. This is the basic idea 
behind Mirror Symmetry.

Many possible Calabi-Yau geometries: The Hodge Plot

Di↵erent approaches to string theory involve di↵erent geometries: Manifolds with G2

holonomy, CICY threefolds, hypersurfaces in reflexive polytopes, CY-fourfolds.
which give the appearance of a fractal. This is the plot shown in Figure 1. Each point of the plot

corresponds to one or several reflexive polytopes from the Kreuzer-Skarke list, as illustrated in

Figure 2, in which the colour code indicates the occupation number of each site.
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Figure 2: The Hodge plot for the list or reflexive 4-polytopes. Di�erent colours correspond to di�erent
occupation numbers: the points in the top region of the plot correspond to one or very few reflexive polytopes,
while the blue region in the vicinity of the tip contains points with occupation numbers of order of one million.

The structure of this plot has been mysterious for more than two decades. The distribution

of points in the top region of the plot is symmetric with respect to the axes � = �480. Inspired

by the fact that the exact symmetry around the axis � = 0 corresponds to mirror symmetry, we

name this partial symmetry ‘half-mirror symmetry’. Another striking feature of the plot is that

in the top middle region, the points are arranged into a grid-like structure.

In Chapter 2, we find that the generic features of the plot, as well as the structures mentioned

above are explained as an overlapping of several webs formed by repeating a fundamental structure

along many translation vectors. These webs correspond to Calabi-Yau manifolds fibered over CP1

for which the fiber is a K3 manifold. Di�erent types of K3 fibers give rise to distinct webs. Along

7

CY threefolds: x-axis: Euler Characteristic, y-axis: ‘Height’ (h1,1 + h2,1)

473,800,776 geometries

(M,M0)

h1,1(M) = h2,1(M0) h2,1(M) = h1,1(M0)

h1,1(M)

h2,1(M)

�(M) = 2(h1,1 � h2,1)

h
1
,1
+
h
2
,1



Calabi-Yau awesomeness!

@mateofarinella



Calabi-Yau manifolds

A (compact) Calabi-Yau manifold of complex dimension     is a Kähler manifold                    satisfying any 
of the following equivalent properties:  

- The first Chern class of        is zero.  

-         has a Kähler metric with vanishing Ricci curvature.  

-         has a nowhere vanishing holomorphic     -form. 

-         has a Kähler metric with local holonomy

n (M, g, J)

M

SU(n)

M

nM

M



Calabi-Yau Manifolds 
Some Examples: Calabi-Yaus constructed hypersufaces in projective 
spaces  

-K3 (Fermat Quartic): 

-Fermat Quintic  

-Dwork  

-Tian Yau 

-Schoen 

Calabi–Yau manifolds: Case studies

K3 : z41 + z42 + z43 + z44 = 0 ⇢ P3 ,

Fermat quintic : z51 + z52 + z53 + z54 + z55 = 0 ⇢ P4 ,

Dwork family : z51 + z52 + z53 + z54 + z55 � 5 z1z2z3z4z5 = 0 ⇢ P4 ,  5 6= 1 .

Tian–Yau :


P3 3 0 1
P3 0 3 1

�14, 23

�=�18

()

8
<

:

↵ijk zi zj zk = 0 ,
�ijkwiwjwk = 0 ,
� ij ziwj = 0 .

A freely acting Z3 quotient of the Tian–Yau yields a Calabi–Yau manifold with
� = �6 [G. Tian and S. Yau; B. R. Greene, K. H. Kirklin, P. J. Miron and G. G. Ross,
1986-1987]
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Machine Learning Calabi-Yau Metrics 

A valid Kähler potential can be obtained generalizing the Fubini-Study metric to polynomials of a higher 
degree 

As the polynomial degree increases the metric          obtained from the Kähler potential with the balanced 
metric approaches the desired Ricci flat metric.  

Now take                                 and proceed iteratively until the metric stabilizes. In this manner one obtains the 
“balanced metric” at degree k.               

Donaldson’s Algorithm

where the       form a basis for holomorphic polynomials over        up to degree k. The task is to find a 
Hermitean matrix          for every k, that gives the best approximation to the Ricci flat metric.

Ms↵
h↵�̄

Take         to be the dimension of           and define{s↵}Nk

H↵�̄ =
Nk

Vol⌦

Z

M
dVol⌦

 
s↵s̄�̄

h↵�̄s↵s̄�̄

!

dVol⌦ = ⌦ ^ ⌦̄

h
↵�̄ = (H↵�̄)

�1

gab̄

K(k)(z, z̄) =
1

k⇡
log(h↵�̄s↵s̄�̄)



Machine Learning Calabi-Yau Metrics 
To date we do not have an analytic expression for a Ricci flat Calabi Yau metric.  

-The metric can be accessed numerically.  

-More recently, Machine Learning techniques have been used for this 
endeavour. 

Being a Kähler manifold, the Hermitian metric      can be derived from a Kähler potential

gab̄ = @a@b̄K(za, z̄b̄)

The Kähler form is given by: 
J =

i

2
gab̄ dz

a ^ z̄b̄

The Ricci tensor is obtained as 

Rab̄ = @a@b̄ log detg

Simplest case: The Fubini-Study 
metric in the ambient space 

restricted to the hypersurface 
(CICY). 

KFS =
1

⇡
log(z · z̄)

g

Ashmore, Ovrut, He’19 Anderson, Gerdes, Gray, Krippendorf, Raghuram, Rühle’20

Headrick, Wiseman’05
Headrick, Nassar’13,

Anderson, Braun Karp, Ovrut’10

Douglas, Lakshminarasimhan, Qi’20 Jejjala, DM, Mishra’20

Cui, Gray’19

Ashmore, Ovrut, He’19 Anderson, Gerdes, Gray, Krippendorf, Raghuram, Rühle’20 
Douglas, Lakshminarasimhan, Qui’20, Jejjala, DM, Mishra’20, Ashmore, Rühle’21

Ashmore, Deen, He, Ovrut’21, Larfors, Lukas, Rühle, Schneider’21

With the exception of K3. Kachru, Tripathy, Zimmet’20’21



Machine Learning Calabi-Yau metrics
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Output

Inputs

A paradigm in ML are Artificial Neural Networks: arrays of 
artificial neurons that emulate the human brain.

o = �(wkik + bk)



C
Machine Learning Calabi-Yau Metrics 

A Hermitian metric can be written in the LDL decomposition. 

With      a lower triangular matrix with 1s in the diagonal and 

Approximate the metric as a combination of neural networks

Since the eigenvalues have to be positive. we take exponentiate the outputs of ANN1                                 and 
use the outputs of ANN2 to construct      in K3 for example, 

g = LDL†

D = diag(e1, e2, ..., en)L ei > 0

Neural Network Architecture

ei = Exp(o(1)i )
L

6.2 Neural network architecture

Our goal is to approximate the Hermitian Calabi–Yau metric from the output of a neural

network. As an n ⇥ n Hermitian matrix, the metric g can be parameterized in terms of the

following product

g = L ·D · L†
, (6.10)

where L is a lower triangular matrix with ones along the diagonal and D is a diagonal matrix

with real entries. L contains n(n � 1) real parameters, and D must consist of n real and

positive numbers. This is a variant of the classical Cholesky decomposition. Since we want

the metric to be generated from neural network outputs, we employ two neural networks for

this process. The first artificial neural network (ANN1) produces n outputs o(1)1 , . . . , o
(1)
n that

will serve to construct the matrix D. A priori these outputs need not to be positive, and for

this reason we construct D with the output exponentials or squares

D = diag(eo
(1)
1 , . . . , e

o
(1)
n ), or, D = diag((o(1)1 )2, . . . , (o(1)n )2) . (6.11)

The second artificial neural network (ANN2) outputs o(2)i are combined into the entries of the

matrix L. Figure 2 displays the architecture of the neural network. For example, in the K3

case the metric L takes the form

L =

 
1 0

o
(2)
1 + io(2)2 1

!
(6.12)

ANN1
x1

x2

...

xn�1

ANN2

Eigenvalues

L entries

g

Figure 2. Flow chart of the algorithm. Two separate neural networks provide the eigenvalues as well

as the entries of the diagonal matrix L. They get combined into the metric g that is used to minimize

the combined loss function for both networks simultaneously.

The best architecture found for our purposes is to take ANN1 and ANN2 to be be

multi–layer perceptron (MLP) neural networks with three hidden layers. Each hidden layer

– 13 –



Machine Learning Calabi-Yau Metrics 
Neural Network Architecture
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n500 5005002(n+ 1)

..
.

..
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.

..
.

..
.

500 5005002(n+ 1) n(n� 1)

We have taken real and imaginary parts of 
the affine coordinates as inputs.

The number of neurons in the internal 
layers was kept throughout our work.

In all of the experiments 
three activation functions 
were used: Logistic 
Sigmoid, ReLU and Tanh. 

The data was prepared in 
Mathematica and the 
neural networks were 
implemented in PyTorch. 



Machine Learning Calabi-Yau Metrics 
The loss function is constructed for the full network ensemble, and it is minimized for      approaching  the Flat 
metric. It is constructed based on three properties  

-Local Flatness  

-Kählerity 

-Patch Matching  

With the total Loss function being 

g

Loss functions

Loss = ↵�� + ↵+ ↵µµ .
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where M captures the disagreement of the metric over di↵erent patches.

These three measures capture Ricci flatness (�), Kählericity (), and agreement over
di↵erent patches (µ).
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Point Sampling 

Building Lines in   
- Start with selecting random points in                          and use each 

point to build a complex vector                  . Discard those vectors 
with  

- Project      onto the surface of the unitary sphere  

- As points in     ,  the rescaled   ’s are uniformly distributed with 
respect to the                      symmetry of the Fubini-Study metric in       

-  Use any two unitary  ’s to construct a line  

- The sample points in the hypersurface of interest are obtained as

Pn

x

x

x

x

Pn

[�1, 1]2(n+1)

v 2 Cn+1

|v| > 1

S2n+1v

Lij = {vi + �vj |� 2 C}

v
Pn

SU(n+ 1)

Lij \ {p = 0}

Anderson, Braun Karp, Ovrut’10
Braun, Brelidze, Douglas, Ovrut’07

Ashmore, He, Ovrut’19



V
Point Sampling

Slight Modification for Tian-Yau Manifold  

-Sample points in each       identically as before.  

-Use the points to obtain a line and a plane 

-Take the points in the Tian-Yau manifold as  

(plus                   )   

P3

P3
1 $ P3

2

(Lij [ Pklm) \ {p1 = p2 = p3 = 0}

(3,2) (2,3)(1,2)

(3,1)

(1,3)

(2,1)

(3,2) (2,3)(1,2)

(3,1)

(1,3)

(2,1)
Sampling points in the torus 

Lij = {vi + �vj |� 2 C} ⇢ P3
1

Pijk = {vi + ↵ vj + �vk |↵ ,� 2 C} ⇢ P3
2

z31 + z32 + z33 = 0 ⇢ P2

For the torus we have six patches 
fixed upon choice of the affine 
coordinate and the dependent 
coordinate. For each point in the 
torus there is a preferred patch.

-2 -1 0 1 2
-2

-1

0

1

2

Re(z1)

Im
(z
1
)



Point Sampling

Similarly as in the torus case the different patches          are labeled in terms of the affine 
coordinate             and a dependent coordinate       obtained from 

Sampling points in the Fermat Quintic 

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

Re(z4)
Im

(z
4)

-8

-7

-6

-5

-4

-3

-2

-1

(i, j)
zjzi = 1 p = 0

There are 20 patches, all equivalent up to permutations of coordinates.



Point Sampling
Sampling points in the Dwork Quintic 
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 = �1/5



Point Sampling

We considered the following equations defining the Tian-Yau manifold

Sampling points in the Tian-Yau manifold
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p1 =
1

3
(z31 + z32 + z33 + z34)

For                                     and                                    The patches for this case are given in terms of five 
indices                           corresponding to two affine coordinates and three dependent ones that solve for
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p1 = p2 = p3 = 0

This leads us to 192 patches. Considering all symmetries leaving the defining equations invariant, we are 
left with 4 inequivalent classes of patches. In general, the metrics in inequivalent patches do not agree up 
to permutations. 



Point Sampling

Numerical Integration 

- Patches intersect over zero measure sets, hence numerical integration would be a sum over points 
in different patches if these would be uniformly distributed with respect to the Calabi-Yau metric.  

- The sampling method provides points uniformly distributed with respect to the Fubini-Study 
metric restricted to the Calabi-Yau.  

- Numerical integration requires to weight the sample points in order to obtain meaningful 
quantities
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Calabi-Yau Metrics (Results)
K3: Training and testing with 2000 points
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Figure 7. Evolution of �-measures and normalized volume distributions for the Fermat quintic (2.6).

Figures in the first column show the evolution of � for both training and test sets, for three activation

functions, namely, ReLU, tanh, and logistic sigmoid, which correspond to the three rows, while figures

in the second column show the volume distribution for the training points, before and after training.

Figures in the third column show the same for the test points.

on the test set. We can show that this is an e↵ect due to the small number of points that

we are employing for training. In Figure 8, we present the results for a training dataset of

500, 000 points and a test set of 125, 000 points. Here, we have considered the �-measure only

and employed the logistic sigmoid and tanh activation functions. It is worth remarking the

significant improvement of the neural network approximation function predictions on the test

data points, as the normalized volume distributions follow the line y = x more clearly that in

the previous cases. This can also be seen in the evolution of the �-measure on both datasets

as training evolves. After the training process, we obtain for the logistic sigmoid activation

function a value of � = 0.022 on the training set and � = 0.046 on the test set. For the tanh

activation function we find � = 0.073 on the training set and � = 0.13 on the test dataset.
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The Quartic K3 

We reach sigma values after training of         . Ignoring the kaehlericity loss and the mu loss this could be 
compared k=6 in Donaldson’s  algorithm. 
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Calabi-Yau Metrics (Results)
K3: Test of Symmetry Learning

We will discuss discrete symmetries for K3 and the quintic threefold. Although we do not

inform our neural network architectures of any symmetry explicitly, we hope to understand

whether such symmetries are nonetheless being learned, as a consequence of learning the flat

metric. As such, we quantify the extent of learned symmetry until epoch n, by �n, defined

as,

�n(⌧) :=
1

N

X

z

abs

✓
gNN (✓n; z)� gNN (✓n; ⌧.z)

gNN (✓n; z)

◆
, (8.1)

where gNN (✓n; z) denotes the metric constructed using the neural network(s) in Figure 2, with

✓n denoting the network’s parameters at epoch n. Here, ⌧ denotes a specific instance of a

discrete symmetry of the manifold in question, acting linearly on the combined homogeneous

co-ordinates of the ambient space. The sum is over a random selection of N points used

for training and testing. An overall decreasing behavior of �n(⌧) with increasing number of

epochs, n, would be indicative of the symmetry ⌧ being learned. Below, we outline how well

certain symmetries were captured by our neural network architectures for the K3 surface and

the Fermat quintic.

8.1 The quartic K3 surface

From the quartic K3 surface equation reproduced in (8.2), it is easy to note the symmetry

permuting the homogeneous co-ordinates [z1 : z2 : z3 : z4] of P3. The permutation symmetry

is utilized during the training process to ensure that the metric agrees at the intersection of

di↵erent patches. We set one of the co-ordinates to 1 defining a patch, in e↵ect breaking the

permutation symmetry S4. There is a second set of symmetries that acts diagonally on the

combined homogeneous co-ordinates. The action of this symmetry is given in (8.3) and an

instance of it, ⌧ , in (8.4).

K3 : z
4
1 + z

4
2 + z

4
3 + z

4
4 = 0 ⇢ P3 (8.2)

zp ! !p zp ; with p 2 {1, 2, 3, 4} and !p 2 Z4 . (8.3)

⌧ : z1 7! i z1 , z2 7! � z2 , z3 7! �i z3 . (8.4)

In Figure 12, we report the extent of symmetry learned by monitoring �n over the epochs.

We find that not all architectures capture this symmetry. In fact, the architecture with tanh

activation function is the only one that shows a behavior indicative of the symmetry ⌧ (8.4)

being learned.
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Figure 12. Learning discrete isometries of the quartic K3 surface defined in (8.2). The plot shows

the extent of learning given by (8.1) for the symmetry of the K3 surface described in (8.4). We observe

similar behavior for other symmetries of the class (8.3).

8.2 The Fermat quintic

For the Fermat quintic similar considerations apply, although the discrete symmetries them-

selves are di↵erent. In (8.6) we identify a class of symmetries that could have possibly been

learned during the process of training. An example of this symmetry is given in (8.7) and it

acts diagonally on the homogeneous co-ordinates [z1 : z2 : z3 : z4 : z5].

Fermat quintic : z
5
1 + z

5
2 + z

5
3 + z

5
4 + z

5
5 = 0 ⇢ P4 (8.5)

zp ! !p zp ; with p 2 {1, 2, 3, 4, 5} and !p 2 Z5 . (8.6)

⌧ : z1 7! e
2⇡i/5

z1 , z2 7! e
4⇡i/5

z2 , z3 7! e
8⇡i/5

z3, z4 7! e
6⇡i/5

z4 (8.7)

In Figure 13, we show the extent of learning for the symmetry described in (8.1). In

this example, we note that the architecture with the logistic sigmoid activation function has

captured the symmetry to the largest extent, while the other architectures show behavior

consistent with this learning.
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Calabi-Yau metrics (results) 
The Fermat Quintic 
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Calabi-Yau metrics (results) 
The Fermat Quintic 
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Calabi-Yau metrics (results) 
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Calabi-Yau metrics (results) 
Tian-Yau 

For this example we need to modify the architecture as we need to predict simultaneously the metric on 
four different inequivalent patches. As a preliminary approach we consider the same architecture as 
before and train on sigma only. 
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5.000 Points  
ReLU Activation Function 

Learning Rate  
<latexit sha1_base64="gQehDlV1XZyB/urGc9qXs3YHp7A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XEMevEYwTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKTc99TM8uJt1iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZuRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP61n3IZJwYlmy/qJ4KYiEx/Jz2ukBkxtoQyxe2thA2poszYhAo2BG/x5WXSOC97l+XKfaVUvcniyMMRHMMpeHAFVbiDGtSBwQie4RXenNh5cd6dj3lrzslmDuEPnM8fRGuO4g==</latexit>

10�5

5.000 Points  
Tanh Activation Function 

Learning Rate  
<latexit sha1_base64="gQehDlV1XZyB/urGc9qXs3YHp7A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XEMevEYwTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKTc99TM8uJt1iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZuRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP61n3IZJwYlmy/qJ4KYiEx/Jz2ukBkxtoQyxe2thA2poszYhAo2BG/x5WXSOC97l+XKfaVUvcniyMMRHMMpeHAFVbiDGtSBwQie4RXenNh5cd6dj3lrzslmDuEPnM8fRGuO4g==</latexit>

10�5



Calabi-Yau metrics (results) 
Tian-Yau 

Issues: 


-Need to train on full Loss, include other measures beyond one patch class. (Results coming soon)


-We do not know the Kahler class. As we approach zero net loss we are getting closer to a flat Kahler 
metric but we do not know which one. (Possible issues with sampling) 


Main Interest: 


-Quotienting Tian-Yau by a freely acting 


With       a cubic root of 1, leads to a three generation heterotic model. Symmetry simplifies Yukawa 
coupling computations (as well as field normalizations). This could be an interesting setting to check how 
good the metric approximations must be in order to provide reliable Yukawa info. 


<latexit sha1_base64="a4TkUhCXeawJVkFHC3cLaQ/GXCo=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRa1GXRjcsK9oFNKJPppB06mYR5CCX0N9y4UMStP+POv3HSZqHVAwOHc+7lnjlhypnSrvvllFZW19Y3ypuVre2d3b3q/kFHJUYS2iYJT2QvxIpyJmhbM81pL5UUxyGn3XByk/vdRyoVS8S9nqY0iPFIsIgRrK3k+zHW4zDMHmaD80G15tbdOdBf4hWkBgVag+qnP0yIianQhGOl+p6b6iDDUjPC6aziG0VTTCZ4RPuWChxTFWTzzDN0YpUhihJpn9Borv7cyHCs1DQO7WSeUS17ufif1zc6ugoyJlKjqSCLQ5HhSCcoLwANmaRE86klmEhmsyIyxhITbWuq2BK85S//JZ2zundRb9w1as3roo4yHMExnIIHl9CEW2hBGwik8AQv8OoY59l5c94XoyWn2DmEX3A+vgH8UZGp</latexit>Z3
<latexit sha1_base64="KkamdNfwIJJ8qy8X5U4s3wL5YYc=">AAACLnicbVBdSwJBFJ3t0+zL6rGXIQkUQnZNqkcpgh4N8gN0W+6Oow7OfjAzW+jiL+qlv1IPQUX02s9oViVKu3DhzDnncuceN+RMKtN8NRYWl5ZXVlNr6fWNza3tzM5uTQaRILRKAh6IhguScubTqmKK00YoKHgup3W3f5Ho9TsqJAv8GzUIqe1B12cdRkBpyslc5oaOdTR0irqPdZfyLcG6PQVCBPd4LLaAhz24LeLENXngxPwDS3knkzUL5rjwPLCmIIumVXEyz612QCKP+opwkLJpmaGyYxCKEU5H6VYkaQikD13a1NAHj0o7Hp87woeaaeNOIHT7Co/Z3xMxeFIOPFc7PVA9Oasl5H9aM1KdMztmfhgp6pPJok7EsQpwkh1uM0GJ4gMNgAim/4pJDwQQpRNO6xCs2ZPnQa1YsE4KpetStnw+jSOF9tEByiELnaIyukIVVEUEPaAn9IbejUfjxfgwPifWBWM6s4f+lPH1DUdppkc=</latexit>

(z1, z2, z3, z4) ! (z1,↵
2z2,↵z3,↵z4)

<latexit sha1_base64="1DBl9JzUIj3NHidRgjRJcWyC1sw=">AAACMHicbVBNS0JBFJ1nX2ZfVss2QxIohLwnpi6lFrU0yA9Qe9w3jjo474OZeYWKP6lNP6U2BUW07Vc0T12YduHCmXPO5c49TsCZVKb5bsTW1jc2t+LbiZ3dvf2D5OFRTfqhILRKfO6LhgOScubRqmKK00YgKLgOp3VncBXp9QcqJPO9OzUMaNuFnse6jIDSlJ28To/si/ORXdBd1F3KtATr9RUI4T/iqdgCHvQBR54ZvM/hyLzwKGXsZMrMmtPCq8CagxSaV8VOvrQ6Pgld6inCQcqmZQaqPQahGOF0kmiFkgZABtCjTQ09cKlsj6cHT/CZZjq46wvdnsJTdnFiDK6UQ9fRThdUXy5rEfmf1gxVt9QeMy8IFfXIbFE35Fj5OEoPd5igRPGhBkAE03/FpA8CiNIZJ3QI1vLJq6CWy1qFbP42nypfzuOIoxN0itLIQkVURjeogqqIoCf0ij7Qp/FsvBlfxvfMGjPmM8foTxk/v9Hmpws=</latexit>

(z5, z6, z7, z8) ! (z5, ↵z6, ↵
2z7, ↵

2z8)

<latexit sha1_base64="wEI8JztgPf6N92x6CusVkC/0LZg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI5vjyE=</latexit>↵

Greene, Kirklin, Miron, Ross’86
Candelas, Kalara’87



Comments on Ricci-Flow
Finding the Ricci-flat metric in the class of       amounts to solving the Monge-Ampère equation

-Short term existence of solutions for real manifolds.

<latexit sha1_base64="YPv98QwR1IM5LGYTjHYRbjinYTU=">AAACE3icbVBNS8MwGE7n15xfVY9egkOYCqOVoV6EoRePE9wHrN1Is7QLS9OQpMIo+w9e/CtePCji1Ys3/43tVkGnDwSePM/7vsn7eIJRpS3r0ygsLC4trxRXS2vrG5tb5vZOS0WxxKSJIxbJjocUYZSTpqaakY6QBIUeI21vdJX57TsiFY34rR4L4oYo4NSnGOlU6ptHleDYEUhqihh0PCST79vEEUN62OMXpOfDoMdLfbNsVa0p4F9i56QMcjT65ocziHAcEq4xQ0p1bUtoN8nGY0YmJSdWRCA8QgHpppSjkCg3me40gQepMoB+JNPDNZyqPzsSFCo1Dr20MkR6qOa9TPzP68baP3cTykWsCcezh/yYQR3BLCA4oJJgzcYpQVjS9K8QD5FEWKcxZiHY8yv/Ja2Tqn1ard3UyvXLPI4i2AP7oAJscAbq4Bo0QBNgcA8ewTN4MR6MJ+PVeJuVFoy8Zxf8gvH+BQnqnaI=</latexit>

(g + @@̄�)n = efgn

<latexit sha1_base64="1LQ7peebhVYc9tKPDjxUNk05Fzo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6GJb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8KVWGM4GzUi/VmFA2pkPsWipphNqfzi+dkTOrDEgYK1vSkLn6e2JKI60nUWA7I2pGetnLxP+8bmrCa3/KZZIalGyxKEwFMTHJ3iYDrpAZMbGEMsXtrYSNqKLM2HCyELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AAPljQg=</latexit>g

For smooth and real          and               
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
<latexit sha1_base64="jLdFEqkl0xOM2sffmsO5A1Gusik=">AAACCnicbVDLSsNAFJ34rPUVdelmtAiuSiJF3QhFN+6sYB/QtGUyvUmHTiZhZqKU0LUbf8WNC0Xc+gXu/Bunj4W2HrhwOOde7r3HTzhT2nG+rYXFpeWV1dxafn1jc2vb3tmtqTiVFKo05rFs+EQBZwKqmmkOjUQCiXwOdb9/NfLr9yAVi8WdHiTQikgoWMAo0Ubq2AfQDnDYFhfeTQQh8R6gGwL2fCKziTLs2AWn6IyB54k7JQU0RaVjf3ndmKYRCE05UarpOoluZURqRjkM816qICG0T0JoGipIBKqVjV8Z4iOjdHEQS1NC47H6eyIjkVKDyDedEdE9NeuNxP+8ZqqD81bGRJJqEHSyKEg51jEe5YK7TALVfGAIoZKZWzHtEUmoNunlTQju7MvzpHZSdE+LpdtSoXw5jSOH9tEhOkYuOkNldI0qqIooekTP6BW9WU/Wi/VufUxaF6zpzB76A+vzB713mlI=</latexit>

efgn = ⌦ ^ ⌦̄

One can think of       to have some parametric dependence          , in such a way that for some              
one obtains the desired Ricci flat metric. This can be thought of as a flow in the space of metrics 
correlating suitably between          and         .               

<latexit sha1_base64="pE3VqND7vfq8qt8SrQvPCsttkz4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQNyWRoi6LblxWsA9oQplMJu3QySSdmRRK6He4caGIWz/GnX/jtM1CWw8MHM45l3vn+AlnStv2t1XY2Nza3inulvb2Dw6PyscnbRWnktAWiXksuz5WlDNBW5ppTruJpDjyOe34o/u535lQqVgsnvQ0oV6EB4KFjGBtJM9NhqzqcpMP8GW/XLFr9gJonTg5qUCOZr/85QYxSSMqNOFYqZ5jJ9rLsNSMcDoruamiCSYjPKA9QwWOqPKyxdEzdGGUAIWxNE9otFB/T2Q4Umoa+SYZYT1Uq95c/M/rpTq89TImklRTQZaLwpQjHaN5AyhgkhLNp4ZgIpm5FZEhlpho01PJlOCsfnmdtK9qznWt/livNO7yOopwBudQBQduoAEP0IQWEBjDM7zCmzWxXqx362MZLVj5zCn8gfX5Ax9DkbA=</latexit>

�(�)
<latexit sha1_base64="SZoT42w3Wo6xCC8DU4OlODhgcgI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUTdC0Y3LCn1JO5RMJtOGJpkhyQhl6Fe4caGIWz/HnX9j2s5CWw8EDuecS+49QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8epIrRFYh6rboA15UzSlmGG026iKBYBp51gfDfzO09UaRbLppkk1Bd4KFnECDZWeuxzGw3xTXNQrrhVdw60SrycVCBHY1D+6ocxSQWVhnCsdc9zE+NnWBlGOJ2W+qmmCSZjPKQ9SyUWVPvZfOEpOrNKiKJY2ScNmqu/JzIstJ6IwCYFNiO97M3E/7xeaqJrP2MySQ2VZPFRlHJkYjS7HoVMUWL4xBJMFLO7IjLCChNjOyrZErzlk1dJ+6LqXVZrD7VK/TavowgncArn4MEV1OEeGtACAgKe4RXeHOW8OO/OxyJacPKZY/gD5/MHax+QKw==</latexit>

� = T
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="PwVIEzG57Dfwig+wrECTW7XKV/w=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQN2VGirosunFZwT6wHUomk2lDM8mQZIQy9C/cuFDErX/jzr8xbWehrQcCh3POJfeeIOFMG9f9dgpr6xubW8Xt0s7u3v5B+fCorWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMb2d+54kqzaR4MJOE+jEeChYxgo2VHofVPrfhEJ8PyhW35s6BVomXkwrkaA7KX/1QkjSmwhCOte55bmL8DCvDCKfTUj/VNMFkjIe0Z6nAMdV+Nt94is6sEqJIKvuEQXP190SGY60ncWCTMTYjvezNxP+8Xmqiaz9jIkkNFWTxUZRyZCSanY9CpigxfGIJJorZXREZYYWJsSWVbAne8smrpH1R8y5r9ft6pXGT11GEEziFKnhwBQ24gya0gICAZ3iFN0c7L86787GIFpx85hj+wPn8Ac0UkFw=</latexit>

g(�)
<latexit sha1_base64="zKh0DDlEByAVf1FHuFG4IeWuASQ=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBItQN2VGirosunFZwT6wHUomk2lDM8mQZIQy9C/cuFDErX/jzr8xbWehrQcCh3POJfeeIOFMG9f9dgpr6xubW8Xt0s7u3v5B+fCorWWqCG0RyaXqBlhTzgRtGWY47SaK4jjgtBOMb2d+54kqzaR4MJOE+jEeChYxgo2VHqNqn9twiM8H5Ypbc+dAq8TLSQVyNAflr34oSRpTYQjHWvc8NzF+hpVhhNNpqZ9qmmAyxkPas1TgmGo/m288RWdWCVEklX3CoLn6eyLDsdaTOLDJGJuRXvZm4n9eLzXRtZ8xkaSGCrL4KEo5MhLNzkchU5QYPrEEE8XsroiMsMLE2JJKtgRv+eRV0r6oeZe1+n290rjJ6yjCCZxCFTy4ggbcQRNaQEDAM7zCm6OdF+fd+VhEC04+cwx/4Hz+AMuHkFs=</latexit>

f(�)

This reminiscent of Ricci flow. Ricci flow is the gradient flow of the Einstein-Hilbert action and is 
governed by 

<latexit sha1_base64="/PP0B/oHorMLBod9Mix/oMYtoIU=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VxY0mkqBuh6MZlFfuAJpTJZNIOnUzCzEQoIX/gxl9x40IRt27d+TdO2oDaemDgcM59zD1ezKhUlvVllBYWl5ZXyquVtfWNzS1ze6cto0Rg0sIRi0TXQ5IwyklLUcVINxYEhR4jHW90lfudeyIkjfidGsfEDdGA04BipLTUNw+dQCCcOjESiiIGB9kPd5ie46Ps4vi2b1atmjUBnCd2QaqgQLNvfjp+hJOQcIUZkrJnW7Fy03wyZiSrOIkkMcIjNCA9TTkKiXTTyT0ZPNCKD4NI6McVnKi/O1IUSjkOPV0ZIjWUs14u/uf1EhWcuynlcaIIx9NFQcKgimAeDvSpIFixsSYIC6r/CvEQ6YCUjrCiQ7BnT54n7ZOafVqr39SrjcsijjLYA/vgCNjgDDTANWiCFsDgATyBF/BqPBrPxpvxPi0tGUXPLvgD4+MbQoucyg==</latexit>

@g

@�
= �R

-Long term existence guaranteed for Kähler manifolds.

Ricci flow starting from an arbitrary Kähler metric converges to the Ricci-flat metric in its class. 
The Kähler class is preserved throughout the flow. 

Cao’85



Comments on Ricci-Flow
-Solving Ricci flow implies obtaining a family of metrics, instead of just the desired Ricci-flat one. 

-Numerical solutions usually involve iteration errors that propagate as      evolves. <latexit sha1_base64="l6v7b8WEz3KlQh/xTtq1s64OQWE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7V/XLh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P7OPhg==</latexit>

�

-One needs a (positive) representative of the Kähler class to start with.  

1 2 3 4 5 6
x2

-4

-2

2

4

curv



Comments on Ricci-Flow
Instead of looking for a Ricci flow solution, one could instead for a “potential” that has the Ricci-flat metric as a 
minimum.

Where physical speaking we have introduced the dilaton   . Here    is responsible for keeping the differential volume fixed.          

Consider for example Perelman’s entropy functional  
<latexit sha1_base64="JinHr1wNxR3tBuz9aGyZAvrSo9s="></latexit>

F(g, f) =

Z

M
dµ e�f

�
R+ |rf |2

�
=

Z

M
dm

�
R+ |rf |2

�
,

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f
<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f

The variation of the entropy functional gives the following modified Ricci flow 

<latexit sha1_base64="2VRNhX1N+Be9X9F38fovKDmgSw0="></latexit>

@

@�
gab̄ = �(Ricab̄ +rarb̄f)

Together with 
<latexit sha1_base64="incPNjfjXx21SXnFcNzmCKxlSe8=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WoC0uiRd0IRTcuK9gHNLVMJpN26GQSZiZCCfkQN/6KGxeKuHEh+DdO2iDaemDgcM59zD1uxKhUlvVlFBYWl5ZXiqultfWNzS1ze6clw1hg0sQhC0XHRZIwyklTUcVIJxIEBS4jbXd0lfnteyIkDfmtGkekF6ABpz7FSGmpb544vkA4cSIkFEUs/WHQYXqKh9KK5wQxJHfJkZ8eQngBrb5ZtqrWBHCe2DkpgxyNvvnheCGOA8IVZkjKrm1FqpdkizAjacmJJYkQHqEB6WrKUUBkL5kcl8IDrXjQD4V+XMGJ+rsjQYGU48DVlQFSQznrZeJ/XjdW/nkvoTyKFeF4usiPGVQhzJKCHhUEKzbWBGFB9V8hHiKdltJ5lnQI9uzJ86R1XLVPq7WbWrl+mcdRBHtgH1SADc5AHVyDBmgCDB7AE3gBr8aj8Wy8Ge/T0oKR9+yCPzA+vwH6ZKE3</latexit>

@

@�
(dµe�f ) = 0

<latexit sha1_base64="0DskNFHbokp/GIWo0HEivu9xI5M=">AAACHXicbZDLSsNAFIYnXmu9VV26GSyCm5ZEiroRirpwWcVeoCnlZDJph04mYWYilJAXceOruHGhiAs34ts4vSDaemDg4z+3Ob8Xc6a0bX9ZC4tLyyurubX8+sbm1nZhZ7ehokQSWicRj2TLA0U5E7Sumea0FUsKocdp0xtcjvLNeyoVi8SdHsa0E0JPsIAR0EbqFipuIIGkbgxSM+DZD2GXmyk+ZDjA57jkXlGuwXAJ3+JuoWiX7XHgeXCmUETTqHULH64fkSSkQhMOSrUdO9addLSJcJrl3UTRGMgAerRtUEBIVScdX5fhQ6P4OIikeULjsfq7I4VQqWHomcoQdF/N5kbif7l2ooOzTspEnGgqyGRRkHCsIzyyCvtMUqL50AAQycxfMemDsUsbQ/PGBGf25HloHJedk3LlplKsXkztyKF9dICOkINOURVdoxqqI4Ie0BN6Qa/Wo/VsvVnvk9IFa9qzh/6E9fkNqiCg7g==</latexit>

@

@�
f = ��f �R

* 

** 

At first glance one might solve * for an initial condition on the metric, but then, looking at the evolution of  the dilaton, 
one observes that it follows a backward heat Equation, with no solution guaranteed for an initial condition. 



Comments on Ricci-Flow
The previous system can be recast back to the original Ricci flow with a decoupled equation for the dilaton 

This system has a solution for initial            and final           in the interval  

<latexit sha1_base64="TNF5sQ3xXQC7SiFBBUGhhX9qxM8="></latexit>

@

@�
gab̄ = �Ricab̄ ,

<latexit sha1_base64="Ee5TEoEY9Ig/nPvOLTNl2/0Axh8="></latexit>

@

@�
f = ��f + |rf |2 �R .

<latexit sha1_base64="5rJnAi3U0dp3QtVESGSzASRSPT8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpHHVvRyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap5jVr9oV5p3uZxFOEMzqEKHlxDE+6hBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDA2yNkw==</latexit>

g(0)
<latexit sha1_base64="UjsGXfBj2XYJ/dI0gNY95D+EWA0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxQr+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RQ2Nre2d4q7pb39g8Oj8vFJR0eJIrRNIh6pXoA15UzStmGG016sKBYBp91gep/53SeqNItky8xi6gs8lixkBJtMCquty2G54tbcBdA68XJSgRzNYflrMIpIIqg0hGOt+54bGz/FyjDC6bw0SDSNMZniMe1bKrGg2k8Xt87RhVVGKIyULWnQQv09kWKh9UwEtlNgM9GrXib+5/UTE976KZNxYqgky0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2RD8FZfXiedq5p3Xas/1iuNuzyOIpzBOVTBgxtowAM0oQ0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8AOJmNtg==</latexit>

f(T )
<latexit sha1_base64="SNqYgSEglCn9QcBL4/YdLMmFKno=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REinosevFYobGFNJTNdtMu3eyG3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+G7md56o0kyKtpmkNEzwULCYEWys5AfuRTvsV2tu3Z0DrRKvIDUo0OpXv3oDSbKECkM41jrw3NSEOVaGEU6nlV6maYrJGA9pYKnACdVhPj92is6sMkCxVLaEQXP190SOE60nSWQ7E2xGetmbif95QWbimzBnIs0MFWSxKM44MhLNPkcDpigxfGIJJorZWxEZYYWJsflUbAje8sur5PGy7l3VGw+NWvO2iKMMJ3AK5+DBNTThHlrgAwEGz/AKb45wXpx352PRWnKKmWP4A+fzB+tJjh0=</latexit>

[0, T ]

Along the flow,         grows monotonically 
<latexit sha1_base64="HrChqDEs9eFUHg4okGgF9jnp5sw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFQVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8fetWRZQ==</latexit>F

<latexit sha1_base64="RiI/bjlOnr7Sq7fWddoFK3exHOw="></latexit>

d

d�
F = 2

Z

M
dµ e�f |Ricab̄ +rarb̄f |2.

Inspired by this we can think of loss functions that get minimized for the Ricci-flat metric. One possibility could be  

<latexit sha1_base64="OKlwTQvzSVknNGEsxRhFpzxpiMQ="></latexit>

Loss =

Z

M
dµ e�f |Ricab̄ +rarb̄f |2.

Having a neural network approximating         and keeping         as obtained from the constraint on differential volumes. 
<latexit sha1_base64="uSW0H71JUat1zrUvRTNUif2jrkk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5rBfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fz2OM9A==</latexit>g

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f



Comments on Ricci-Flow
Consider the metric Ansatz

With           a neural network approximation metric,       proportional to the number of training epochs and        
a Kähler metric.  In addition to the new loss function that would replace the sigma loss one must include the 
Kähler as well as the patch-matching losses. 

<latexit sha1_base64="Kgfu0dq7T6erFZaBZ9jrHzV97YI=">AAACD3icbVDLSsNAFJ3UV62vqEs3waKkSEsiRd0IRTeuSgX7gDaGyWSSDp08mJkIJeQP3Pgrblwo4tatO//GaZuFth4YOJxzLnfucWJKuDCMb6WwtLyyulZcL21sbm3vqLt7HR4lDOE2imjEeg7kmJIQtwURFPdihmHgUNx1RtcTv/uAGSdReCfGMbYC6IfEIwgKKdnqsa8PqIy7sHLp60blRDer+D6t5mJW8e202cxstWzUjCm0RWLmpAxytGz1a+BGKAlwKBCFnPdNIxZWCpkgiOKsNEg4jiEaQR/3JQ1hgLmVTu/JtCOpuJoXMflCoU3V3xMpDDgfB45MBlAM+bw3Ef/z+onwLqyUhHEicIhmi7yEaiLSJuVoLmEYCTqWBCJG5F81NIQMIiErLMkSzPmTF0nntGae1eq39XLjKq+jCA7AIdCBCc5BA9yAFmgDBB7BM3gFb8qT8qK8Kx+zaEHJZ/bBHyifP8N1mqM=</latexit>

g(�) = g(0) + (1� e��)gNN

<latexit sha1_base64="woZOS8VwYvwnfe7cgnXOMEq4IZg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjyVCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFKEtIrlU3QBrypmgLcMMp91YURwFnHaCyW3md56o0kyKBzONqR/hkWAhI9hYqT0apI3GbFCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afza2fozCpDFEplSxg0V39PpDjSehoFtjPCZqyXvUz8z+slJrz2UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNqGRD8JZfXiXti6p3Wa3d1yr1mzyOIpzAKZyDB1dQhztoQgsIPMIzvMKbI50X5935WLQWnHzmGP7A+fwBgk2PGQ==</latexit>gNN
<latexit sha1_base64="479r8TmDZen/EhMAQc+S78Veudo=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFNy4r2Ae0Q8lkMm1oJjMmd4RS+hNuXCji1t9x59+YtrPQ1gOBwznnkntPkEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTk/aaEhJv1xxq+4cZJV4OalAjka//NULE5bFXCGT1Jiu56boT6hGwSSflnqZ4SllIzrgXUsVjbnxJ/N9p+TMKiGJEm2fQjJXf09MaGzMOA5sMqY4NMveTPzP62YYXfsTodIMuWKLj6JMEkzI7HgSCs0ZyrEllGlhdyVsSDVlaCsq2RK85ZNXSeui6l1Wa/e1Sv0mr6MIJ3AK5+DBFdThDhrQBAYSnuEV3pxH58V5dz4W0YKTzxzDHzifP5fgj7A=</latexit>

�
<latexit sha1_base64="5rJnAi3U0dp3QtVESGSzASRSPT8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpHHVvRyWK27NXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSuap5jVr9oV5p3uZxFOEMzqEKHlxDE+6hBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDA2yNkw==</latexit>

g(0)

ANN1
x1

x2

...

xn�1

ANN2

Eigenvalues

L entries

g

Figure 2. Flow chart of the algorithm. Two separate neural networks provide the eigenvalues as well

as the entries of the diagonal matrix L. They get combined into the metric g that is used to minimize

the combined loss function for both networks simultaneously.

ANN
x1

x2

...

xn�1

f

gNN

Figure 3. Flow chart of the algorithm. Two separate neural networks provide the eigenvalues as well

as the entries of the diagonal matrix L. They get combined into the metric g that is used to minimize

the combined loss function for both networks simultaneously.

To justify this choice of architecture, let us make some observations. The idea behind this

separation has to do with the di↵erent structure of the data and the factorization itself. Since

we want the diagonal entries to be positive, we pass them though an exponential. For the

other neural network we have to pair the outputs such that we form the o↵ diagonal entries

of the matrix L. The �-measure depends only upon the eigenvalues. As such, the modularity

of the neural network enables us to highlight this fact in training and, taking advantage of

the LDL decomposition, nudge the performance appropriately. Moreover, because we can

switch o↵ the neural network corresponding to the matrix L, we can independently extract

the determinant.
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Drawbacks: 


-Away from 0, the metrics are not strictly 
Kähler. In fact we observe that as training 
evolves,     starts diverging at some points. 


-Flow can be corrected adding an extra 
penalty for increasing    . 


<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f



Final Remarks

-A need for interpretability: Can we deduce analytic expressions for the Calabi-Yau metrics? 

-As symmetry learning hints to the best architecture/activation function. Can we use symmetries for 
architecture selection? Can we develop an AI symmetry classifier? 

-The structure of our approach suggests that it can be extended to other Calabi-Yau manifolds, in 
particular: Complete Intersections.   

Thank you!

CICYs, toric constructions. See Fabian’s talk



Xquixhe pe laatu’   

  / Muchas Gracias


