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Motivating Question
Question:

Can string theory describe the universe we live in?             Landscape

Question:

Are there phenomena that always/never come from string theory  
(or even any quantum theory of gravity)?                            Swampland
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‣ An intuiting conjecture about a property that any string theory satisfies 
is the Swampland Distance Conjecture 

Swampland Distance Conjecture

[Ooguri, Vafa `06]

Conjecture:

Compare a string theory compactified on a CY      at a point      in its 
moduli space with the theory at a point     . Denote the (geodesic) moduli 
space distance by    .
Then, the theory at     has an infinite number of light particles, with mass 
starting at the order                   with               in Planck units. 
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We want to check that for a specific CY (the quintic):

Swampland Distance Conjecture

lo
g(

m
as

s)

Geodesic distance in moduli space
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‣ Starting point: 10D Klein-Gordon equation 

‣ Now decompose 

‣ Use 6D eigenfunctions of d’Alembertian 

‣ Get 4D Klein-Gordon field equation with a mass term

Compute massive KK states (schematically!)

<latexit sha1_base64="cR0mwe2aQHHTEawGwuq4+0OJnWE=">AAACD3icbVDLSsNAFJ34rPUVdelmsCh1UxIpVShCqV24rGAf0IQwmU7aoZMHMxOxhPyBG3/FjQtF3Lp15984bSNo64ELZ865l7n3uBGjQhrGl7a0vLK6tp7byG9ube/s6nv7bRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxR1cTv3NHuKBhcCvHEbF9NAioRzGSSnL0E6tBmEROYhqN9LL48yo30qpVterhvZNUGumpoxeMkjEFXCRmRgogQ9PRP61+iGOfBBIzJETPNCJpJ4hLihlJ81YsSITwCA1IT9EA+UTYyfSeFB4rpQ+9kKsKJJyqvycS5Asx9l3V6SM5FPPeRPzP68XSu7ATGkSxJAGefeTFDMoQTsKBfcoJlmysCMKcql0hHiKOsFQR5lUI5vzJi6R9VjIrpfJNuVCrZ3HkwCE4AkVggnNQA9egCVoAgwfwBF7Aq/aoPWtv2vusdUnLZg7AH2gf38SBmz0=</latexit>

�10D = (�4D; ⇤6D)
<latexit sha1_base64="H563kqQQAu9vnnzjq+YIq+u/YW8=">AAACEHicbVDLSsNAFJ34rPUVdelmsIh1UxIpVShC0S5cVrAPaEKYTKft0MmDmUmhhHyCG3/FjQtF3Lp05984SbPQ1gMD555zL3fucUNGhTSMb21ldW19Y7OwVdze2d3b1w8OOyKIOCZtHLCA91wkCKM+aUsqGemFnCDPZaTrTm5TvzslXNDAf5CzkNgeGvl0SDGSSnL0M6s1pk5sGs0EXsOyFaZVtZnUrbo1RTwra83k3NFLRsXIAJeJmZMSyNFy9C9rEODII77EDAnRN41Q2jHikmJGkqIVCRIiPEEj0lfURx4RdpwdlMBTpQzgMODq+RJm6u+JGHlCzDxXdXpIjsWil4r/ef1IDq/smPphJImP54uGEYMygGk6cEA5wZLNFEGYU/VXiMeIIyxVhkUVgrl48jLpXFTMWqV6Xy01bvI4CuAYnIAyMMElaIA70AJtgMEjeAav4E170l60d+1j3rqi5TNH4A+0zx8zP5t2</latexit>

�10D = (�4D; '6D)

<latexit sha1_base64="PTK7GwtIaz+ZMQZ0uu8/Th90l60=">AAACBXicbZDLSsNAFIZP6q3WW9SlLgaL4KokUlQQoWgXLivYCzQhTKaTdujkwsxEKKEbN76KGxeKuPUd3Pk2TtsstPWHgY//nMOZ8/sJZ1JZ1rdRWFpeWV0rrpc2Nre2d8zdvZaMU0Fok8Q8Fh0fS8pZRJuKKU47iaA49Dlt+8ObSb39QIVkcXSvRgl1Q9yPWMAIVtryzEOnTrnCXmZb9bFz6TQGbMboClmeWbYq1lRoEewcypCr4ZlfTi8maUgjRTiWsmtbiXIzLBQjnI5LTippgskQ92lXY4RDKt1sesUYHWunh4JY6BcpNHV/T2Q4lHIU+rozxGog52sT879aN1XBhZuxKEkVjchsUZBypGI0iQT1mKBE8ZEGTATTf0VkgAUmSgdX0iHY8ycvQuu0Yp9VqnfVcu06j6MIB3AEJ2DDOdTgFhrQBAKP8Ayv8GY8GS/Gu/Exay0Y+cw+/JHx+QO6gJbL</latexit>

�10D �10D = 0

<latexit sha1_base64="syG8tvj9o9JSsn6xCeW995VuPvw=">AAACFHicbZBNS8MwGMdTX+d8q3r0EhyCIIxWxvQijOnB4wT3AmspaZptYWlTknQ4yj6EF7+KFw+KePXgzW9j1vUwN/8Q+PF/nifJ8/djRqWyrB9jZXVtfWOzsFXc3tnd2zcPDluSJwKTJuaMi46PJGE0Ik1FFSOdWBAU+oy0/eHNtN4eESEpjx7UOCZuiPoR7VGMlLY889yp80cvrd5OnBES8YBmDK+hw/QlAZp3PbNkla1McBnsHEogV8Mzv52A4yQkkcIMSdm1rVi5KRKKYkYmRSeRJEZ4iPqkqzFCIZFumi01gafaCWCPC30iBTN3fiJFoZTj0NedIVIDuVibmv/VuonqXbkpjeJEkQjPHuolDCoOpwnBgAqCFRtrQFhQ/VeIB0ggrHSORR2CvbjyMrQuyna1XLmvlGr1PI4COAYn4AzY4BLUwB1ogCbA4Am8gDfwbjwbr8aH8TlrXTHymSPwR8bXL0/6nmA=</latexit>⇤6D'6D = �'6D

<latexit sha1_base64="+HJmDaIx79dlyvBB1lsa9UQTA/0=">AAAB9XicbVBNTwIxFHyLX4hfqEcvjcTEE9klRD0SvXjERMAEFtLtdqGh7W7aroZs+B9ePGiMV/+LN/+NBfag4CRNJjNv8l4nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGP1EGBNOZO0ZZjh9CFRFIuA004wvpn5nUeqNIvlvZkk1Bd4KFnECDZW6ot+raeZ6HGbCPGgXHGr7hxolXg5qUCO5qD81QtjkgoqDeFY667nJsbPsDKMcDot9VJNE0zGeEi7lkosqPaz+dVTdGaVEEWxsk8aNFd/JzIstJ6IwE4KbEZ62ZuJ/3nd1ERXfsZkkhoqyWJRlHJkYjSrAIVMUWL4xBJMFLO3IjLCChNjiyrZErzlL6+Sdq3qXVTrd/VK4zqvowgncArn4MElNOAWmtACAgqe4RXenCfnxXl3PhajBSfPHMMfOJ8/Wj2Sbg==</latexit>

m2 ⇠ �
<latexit sha1_base64="mFW3DDMG2woV2MowMkBJdqNEl0Y=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVoSRS1I1QtAuXFewDmhAmk0k7dDIJMxOhhG7d+CtuXCji1j9w5984TbPQ1gMDh3Pu4c49fsKoVJb1bSwtr6yurZc2yptb2zu75t5+R8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr+6Gbqdx+IkDTm92qcEDdCA05DipHSkmfCqtMkTCEvqzcnpw7TyQCdOMmQ5sqV5ZkVq2blgIvELkgFFGh55pcTxDiNCFeYISn7tpUoN0NCUczIpOykkiQIj9CA9DXlKCLSzfJLJvBYKwEMY6EfVzBXfycyFEk5jnw9GSE1lPPeVPzP66cqvHQzypNUEY5ni8KUQRXDaS0woIJgxcaaICyo/ivEQyQQVrq8si7Bnj95kXTOavZ5rX5XrzSuizpK4BAcgSqwwQVogFvQAm2AwSN4Bq/gzXgyXox342M2umQUmQPwB8bnD76bmRs=</latexit>

(�4D + �)�4D = 0

<latexit sha1_base64="lVIukIxcbfZgZqWhk3S1IDLSbyE=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARBKEkUtRl0S7ctFSwF2himEwn7dDJhZmJUEIewo2v4saFIm5duPNtnLRBtPWHgY//nDMz53cjRoU0jC+tsLS8srpWXC9tbG5t7+i7ex0RxhyTNg5ZyHsuEoTRgLQllYz0Ik6Q7zLSdcdXWb17T7igYXArJxGxfTQMqEcxkspy9BOrTphETmIa9dQS1IfDu6TRTK0IcUkRcxo/1HT0slExpoKLYOZQBrlajv5pDUIc+ySQmCEh+qYRSTvJ7sOMpCUrFiRCeIyGpK8wQD4RdjJdKoVHyhlAL+TqBBJO3d8TCfKFmPiu6vSRHIn5Wmb+V+vH0ruwExpEsSQBnj3kxQzKEGYJwQHlBEs2UYAwp+qvEI8QR1iqHEsqBHN+5UXonFbMs0r1plquXeZxFMEBOATHwATnoAauQQu0AQYP4Am8gFftUXvW3rT3WWtBy2f2wR9pH9/Dc56s</latexit>

�10D ⇠ gMN@M@N

<latexit sha1_base64="jzhXoJQmGcSOOzuhtmB2oL9srHY=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahbsqMFBWKUHTjRqlgH9AZSybNtKGZzJBkhDLMxo2/4saFIm79B3f+jWk7C209EHJyzr3c3ONFjEplWd9GbmFxaXklv1pYW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oaXY7/1QISkIb9To4i4Aepz6lOMlJa65n7/Prm+Sc9L+naC2OFxWnWq+oG89KhrFq2yNQGcJ3ZGiiBDvWt+Ob0QxwHhCjMkZce2IuUmSCiKGUkLTixJhPAQ9UlHU44CIt1kskUKD7XSg34o9OEKTtTfHQkKpBwFnq4MkBrIWW8s/ud1YuWfuQnlUawIx9NBfsygCuE4EtijgmDFRpogLKj+K8QDJBBWOriCDsGeXXmeNI/L9km5clsp1i6yOPJgDxyAErDBKaiBK1AHDYDBI3gGr+DNeDJejHfjY1qaM7KeXfAHxucP9qSYPg==</latexit>

gMN = (gµ⌫ ; gab)

<latexit sha1_base64="weNUjLfd9GWXpOviOyjRZ3qqFUU="></latexit>

⇤ = d� + �d =
p
det(g)

�1
@a

p
det(g)gab@b



To compute the tower of masses, we need the 
CY metric  
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‣ Part I 
• CY metrics 

✦ Introduction 

✦ CY metrics from machine learning 

‣ Part II 
• Compute massive string spectrum 

• Compute geodesic distance 

‣ Conclusion

Outline



Calabi-Yau metrics



Calabi-Yau manifolds

=

Complex Kähler Vanishing first 
Chern classCalabi Yau

Theorem:
A complex Kähler manifold with vanishing first Chern class admits a Ricci flat Kähler 
metric (which is unique in its Kähler class) 

Problem:
Yau’s proof of this theorem is non-constructive, so we don’t know what the metric looks like 
or how to construct it explicitly for CY 3-folds 



‣ In general manifolds cannot be covered by a single patch  
‣ On each patch, one can choose a local description, coordinate system, 

etc. But one must make sure that the descriptions can be matched on 
the overlap and everything can be patched to a complex manifold 
globally (e.g. choice             vs               , …) 

CY Property 1 - Complex
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‣ The space must be Kähler 
‣ This means that the metric can be written in terms of derivatives of a 

real, scalar function called the Kähler potential   

‣ In general, integrating the metric to find the Kähler potential is hard. So 
one can either start with a Kähler potential and derive the metric, or one 
has to solve the differential equation                 . 

CY Property 2 - Kähler
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‣ Calabi-Yau spaces are spaces on which a metric exists that is “flat enough”, i.e. 
their Ricci tensor vanishes 

‣ Note that ensuring     is Kähler introduces 2 more derivatives since

CY Property 3 - Ricci-flat
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‣ This fourth-order partial differential equation is extremely hard to solve 

‣ We can improve on this. On a CY, one can write down  
 
 
 
 
 
 

‣ Since the volume form is unique (up to a constant): 

‣ So instead of minimizing the Ricci tensor, we can minimize this surrogate loss, which is 
equivalent to Ricci flatness by the powerful theorem of Calabi-Yau, which ensures 
existence and uniqueness.

CY Property 3 - Ricci-flat
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‣ The condition                  can be turned into a (Monge-Ampere) PDE 
‣ As it turns out, we can ensure the complex and Kähler property and 

keep the volume moduli fixed if we write  
 
 
and approximate the (scalar) function                                       with a NN 

‣ …but actually we are in a peculiar situation here: 
We have a PDE in   , but we not care about    - rather, we care about     

CY metric ansatze
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‣ … so we can learn                          instead, turning the surrogate loss 
into an algebraic equation 

‣ However, we still need to impose that the resulting metric is Kähler, 
which requires taking one derivative  
 
  

‣ Other possibilities (can depart from Kähler and fixed volume): 
•                                                               (works the least well) 

•                                                               (works better) 

•                                                               (works best; as well as the         approach)  

CY metric ansatze

<latexit sha1_base64="5JvcoGMdYdALsfJcbQGpJVhuUZY=">AAACHXicbVDLSgMxFM34tr6qLt0EiyAIZUaKuhHEblyVCvYhbSmZ9E4bzDxI7ohlmB9x46+4caGICzfi35g+8NF6IHByzr0k57iRFBpt+9OamZ2bX1hcWs6srK6tb2Q3t6o6jBWHCg9lqOou0yBFABUUKKEeKWC+K6Hm3hQHfu0WlBZhcIX9CFo+6wbCE5yhkdrZQredNBHuMClepyk9pd93BR4oCDgY+eBHLpXStJ3N2Xl7CDpNnDHJkTHK7ex7sxPy2IcAuWRaNxw7wlbCFAouIc00Yw0R4zesCw1DA+aDbiXDdCndM0qHeqEyJ0A6VH9vJMzXuu+7ZtJn2NOT3kD8z2vE6J20EhFEMZqco4e8WFIM6aAq2hEKOMq+IYwrYf5KeY8pxtEUmjElOJORp0n1MO8c5QuXhdzZ+biOJbJDdsk+ccgxOSMXpEwqhJN78kieyYv1YD1Zr9bbaHTGGu9skz+wPr4A6hqjEA==</latexit>

gCY = greference + gNN
<latexit sha1_base64="mFpC8wonQIn7jRenpKgjprZTJEg="></latexit>

gCY = greference( + gNN)

<latexit sha1_base64="VpX22LsbBUFHUYKolWrLYZNiMqY=">AAACCnicbVDLSgMxFM3UV62vUZciBIvgQsqMFHUjFLtxVSrYh7TDkEnTNjTzILkjlmFWbv0Rt3Ulbv0Gwb8xfSDaeuDCyTn3knuPFwmuwLK+jMzS8srqWnY9t7G5tb1j7u7VVRhLymo0FKFsekQxwQNWAw6CNSPJiO8J1vAG5bHfeGBS8TC4g2HEHJ/0At7llICWXPOw5yZtYI+QlO/TFF/hn3elkqaumbcK1gR4kdgzkkczVF3zs90JaeyzAKggSrVsKwInIRI4FSzNtWPFIkIHpMdamgbEZ8pJJmek+FgrHdwNpa4A8ET9PZEQX6mh7+lOn0BfzXtj8dTz/P/8VgzdSyfhQRQDC+j0s24sMIR4nAvucMkoiKEmhEqu98W0TyShoNPL6SDs+bMXSf2sYJ8XirfFfOl6FkkWHaAjdIJsdIFK6AZVUQ1R9IRe0Ai9Gs/GyHgz3qetGWM2s4/+wPj4BmHOmq4=</latexit>gCY = gNN

<latexit sha1_base64="tMj7IZIr5nJ74rX4wZvh384kXvA=">AAACBXicbZDLSgMxFIYz9VbrbdSN4CZYBBdSZqSoy6IblxXsBTpDSdJMG5pkhiQjlFK3vojbuhK3voXg25hpB9HWHwIf/zknyflxwpk2nvflFFZW19Y3ipulre2d3T13/6Cp41QR2iAxj1UbI005k7RhmOG0nSiKBOa0hYe3Wb31SJVmsXwwo4SGAvUlixhBxlpd9yhIkDIM8QAj9cP1Aeu6Za/izQSXwc+hDHLVu+5n0ItJKqg0hCOtO76XmHCc3Ug4nZSCVNMEkSHq045FiQTV4Xi2wQSeWqcHo1jZIw2cub8nxkhoPRLYdgpkBnqxlpnnGIv/6p3URNfhmMkkNVSS+WNRyqGJYRYJ7DFFieEjC4goZv8LyQApRIwNrmSD8BfXXobmRcW/rFTvq+XaTR5JERyDE3AGfHAFauAO1EEDEPAEXsAUvDrPztR5c97nrQUnnzkEf+R8fAPFxZi5</latexit>

@@̄�

<latexit sha1_base64="wYlX9GC41sOf59kUgSsIDYke/Ew=">AAACMnicbZBNS8MwHMbT+TbnW9Wjl+AQPI1WRL0IQy8eJ7gXWEtJs3QLS5qSpOIo+xx+Ea9e9TPoTbyJH8J0K6LbHgg8/P4v5P+ECaNKO86bVVpaXlldK69XNja3tnfs3b2WEqnEpIkFE7ITIkUYjUlTU81IJ5EE8ZCRdji8zuvteyIVFfGdHiXE56gf04hipA0KbLcfeJo86AwLKQnO4fjSS5DUFDFPmNF88y9oDGhgV52aMxGcN25hqqBQI7C/vJ7AKSexxgwp1XWdRPtZvhEzMq54qSIJwkPUJ11jY8SJ8rPJaWN4ZEgPRkKaF2s4oX8nMsSVGvHQdHKkB2q2lsOFtTDki3g31dGFn9E4STWJ8fQDUcqgFjDPD/ZoHhMbGYOwpOYGiAdIIqxNyhUTjjsbxbxpndTcs9rp7Wm1flXEVAYH4BAcAxecgzq4AQ3QBBg8gmfwAl6tJ+vd+rA+p60lq5jZB/9kff8AoDisWw==</latexit>

gcorrection = @@�

Ricci flat (4 derivatives) MA equation (2 derivatives) algebraic equation (1 derivative)



‣ So how do we find the reference metric? 
‣ For        , there is the Fubini-Study metric:  

• In general, the Kähler metric can be written in terms of the sections of the 
Kähler cone generators 

• For projective spaces, these are just the homogeneous coordinates zi 

• The FS metric in these homogeneous coordinates is then 
 
 

• We can use projective scalings to set one zi=1 and pull the metric back to 

the CY via the defining equations

Reference metric
<latexit sha1_base64="NmKg2E1lqwc8f00KGNtezKj2LQQ=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN66kgn1AO5ZMmrahSWZMMkIZ+gtu3eo/uBO3/oO/4FeYaWehbQ9cOJxzL5x7gogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6Dr1m09UaRbKezOOqC/wQLI+I9hYye8IbIZBIJLa5OG2Wyy5ZXcKtEi8jJQgQ61b/On0QhILKg3hWOu250bGT7AyjHA6KXRiTSNMRnhA25ZKLKj2k2noCTqxSg/1Q2VHGjRV/14kWGg9FoHdTEPqeS8Vl3r2nWV6Ozb9Sz9hMooNlWQWoB9zZEKUNoN6TFFi+NgSTBSzPyAyxAoTY/sr2HK8+SoWSeOs7J2XK3eVUvUqqykPR3AMp+DBBVThBmpQBwKP8AKv8OY8O+/Oh/M5W8052c0h/IPz9QsEK5vK</latexit>

N

<latexit sha1_base64="ykp0AXroyQlGX1iWWW8BIBOThyY="></latexit>

gFS = @@̄ ln� , � =
X

i

|zi|2



‣ For toric ambient spaces, there is a similar construction 

• Find the sections si of the Kähler cone generators of the toric variety 

• These will be expressions in the toric coordinates xa 

• The analog of the FS metric now looks exactly like before, just in terms of the 

si rather than the zi , i.e. we get an FS metric “in projective section space”  
 
 

• It can be shown that the dependence of si on xi is such that in each patch 

always one si=1. T Moreover, not all si=0 simultaneously.

Reference metric

<latexit sha1_base64="8Y2ydm9sVAs7ucyYnSf8tEViO+Q="></latexit>

gFS = @@̄ ln� , � =
X

i

|si|2

<latexit sha1_base64="jxDAgGv/xtLUU5O8QFZxhQSXdvc=">AAACFHicbVDLSsNAFJ34rPUV7dLNYBHqpiRS1GXRjbiqYB/QpmVmOmmHTiZhZiKEkN9w61b/wZ24de8v+BVO2i607YELh3PuhXMPjjhT2nG+rbX1jc2t7cJOcXdv/+DQPjpuqTCWhDZJyEPZwUhRzgRtaqY57USSogBz2saT29xvP1GpWCgedRJRL0AjwXxGkDbSwC71AqTHGKeNrJ+O+07l/jwb2GWn6kwBl4k7J2UwR2Ng//SGIYkDKjThSKmu60TaS5HUjHCaFXuxohEiEzSiXUMFCqjy0mn4DJ4ZZQj9UJoRGk7VvxcpCpRKAmw286hq0cvFlR7GwSq9G2v/2kuZiGJNBZkF8GMOdQjzhuCQSUo0TwxBRDLzAyRjJBHRpseiKcddrGKZtC6q7mW19lAr12/mNRXACTgFFeCCK1AHd6ABmoCABLyAV/BmPVvv1of1OVtds+Y3JfAP1tcvaVueBQ==</latexit>

Ph0(J)



‣ To the area of a circular lake, you can 
throw equally spaced stones within a 
square of known area and count the 
fraction of times you hit the lake 

‣ In the example, 41x41=1681 throws 
‣ Out of these, 1245 hit the lake 
‣ Hence the area is  

2 x 2 x 1245/1681=2.96

Numerical Integration

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0



‣ To the area of a circular lake, you can 
throw equally spaced stones within a 
square of known area and count the 
fraction of times you hit the lake 

‣ In the example, 41x41=1681 throws 
‣ Out of these, 1245 hit the lake 
‣ Hence the area is  

2 x 2 x 1245/1681=2.96 
‣ For more throws, we approach     (for 

201 x 201 get 3.11)

Numerical Integration

<latexit sha1_base64="lwsGJkjVai4Gi1gh3C5bjSDg1nw=">AAACAnicbZDNSgMxFIXv1L9a/6ou3QSL4KrMSFGXRTcuK9ofaIeSSTNtaJIZkoxQhu7cutV3cCdufRFfwacwnc5C2x4IHL5zL9ycIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvp3l7SeqNIvko5nE1Bd4KFnICDYWPfRi1i9X3KqbCS0bLzcVyNXol396g4gkgkpDONa667mx8VOsDCOcTku9RNMYkzEe0q61Eguq/TQ7dYrOLBmgMFL2SYMy+ncjxULriQjspMBmpBezGVyZBYFYxbuJCa/9lMk4MVSS+QFhwpGJ0KwPNGCKEsMn1mCimP0DIiOsMDG2tZItx1usYtm0LqreZbV2X6vUb/KainACp3AOHlxBHe6gAU0gMIQXeIU359l5dz6cz/lowcl3juGfnK9fEy2XcA==</latexit>⇡
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‣ However, if I actually throw stones 
into a lake, it looks more like this 

‣ There is a bias towards the bottom 
right 

‣ If you know the bias, you can correct 
of it by weighting points on the left 
stronger than the ones on the right

Numerical Integration
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‣ In order to specify the metric on the CY numerically, we need to specify 
it at points on the CY 

‣ In principle, we can just solve the CY equation numerically and 
generate points this way (this can be done using homotopy 
continuation) 

‣ However, doing it this way we do not know how the points are 
distributed on the CY

Points on the CY

Theorem: 
 

The zeros of random sections in       are distributed according to the 
FS metric

[Shiffman, Zelditch `99]
<latexit sha1_base64="NmKg2E1lqwc8f00KGNtezKj2LQQ=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN66kgn1AO5ZMmrahSWZMMkIZ+gtu3eo/uBO3/oO/4FeYaWehbQ9cOJxzL5x7gogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6Dr1m09UaRbKezOOqC/wQLI+I9hYye8IbIZBIJLa5OG2Wyy5ZXcKtEi8jJQgQ61b/On0QhILKg3hWOu250bGT7AyjHA6KXRiTSNMRnhA25ZKLKj2k2noCTqxSg/1Q2VHGjRV/14kWGg9FoHdTEPqeS8Vl3r2nWV6Ozb9Sz9hMooNlWQWoB9zZEKUNoN6TFFi+NgSTBSzPyAyxAoTY/sr2HK8+SoWSeOs7J2XK3eVUvUqqykPR3AMp+DBBVThBmpQBwKP8AKv8OY8O+/Oh/M5W8052c0h/IPz9QsEK5vK</latexit>

N



‣ So to find points on the CY, we can follow this procedure 
‣ For CICYs in products of projective ambient spaces, you use effectively 

the Kodaira embedding of       into       via the sections of the Kähler 
cone generator (which are the homogeneous coordinates themselves) 

‣ Construct random sections in the embedded       , intersect them to find 
a collection of lines, pull back to (intersect with) CY hypersurface 

‣ Similarly for toric varieties, use map from toric coordinates into           via 
the sections of the Kähler cone generators   

Points on the CY

<latexit sha1_base64="NmKg2E1lqwc8f00KGNtezKj2LQQ=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN66kgn1AO5ZMmrahSWZMMkIZ+gtu3eo/uBO3/oO/4FeYaWehbQ9cOJxzL5x7gogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6Dr1m09UaRbKezOOqC/wQLI+I9hYye8IbIZBIJLa5OG2Wyy5ZXcKtEi8jJQgQ61b/On0QhILKg3hWOu250bGT7AyjHA6KXRiTSNMRnhA25ZKLKj2k2noCTqxSg/1Q2VHGjRV/14kWGg9FoHdTEPqeS8Vl3r2nWV6Ozb9Sz9hMooNlWQWoB9zZEKUNoN6TFFi+NgSTBSzPyAyxAoTY/sr2HK8+SoWSeOs7J2XK3eVUvUqqykPR3AMp+DBBVThBmpQBwKP8AKv8OY8O+/Oh/M5W8052c0h/IPz9QsEK5vK</latexit>

N
<latexit sha1_base64="NmKg2E1lqwc8f00KGNtezKj2LQQ=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN66kgn1AO5ZMmrahSWZMMkIZ+gtu3eo/uBO3/oO/4FeYaWehbQ9cOJxzL5x7gogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6Dr1m09UaRbKezOOqC/wQLI+I9hYye8IbIZBIJLa5OG2Wyy5ZXcKtEi8jJQgQ61b/On0QhILKg3hWOu250bGT7AyjHA6KXRiTSNMRnhA25ZKLKj2k2noCTqxSg/1Q2VHGjRV/14kWGg9FoHdTEPqeS8Vl3r2nWV6Ozb9Sz9hMooNlWQWoB9zZEKUNoN6TFFi+NgSTBSzPyAyxAoTY/sr2HK8+SoWSeOs7J2XK3eVUvUqqykPR3AMp+DBBVThBmpQBwKP8AKv8OY8O+/Oh/M5W8052c0h/IPz9QsEK5vK</latexit>

N

<latexit sha1_base64="NmKg2E1lqwc8f00KGNtezKj2LQQ=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFN66kgn1AO5ZMmrahSWZMMkIZ+gtu3eo/uBO3/oO/4FeYaWehbQ9cOJxzL5x7gogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6Dr1m09UaRbKezOOqC/wQLI+I9hYye8IbIZBIJLa5OG2Wyy5ZXcKtEi8jJQgQ61b/On0QhILKg3hWOu250bGT7AyjHA6KXRiTSNMRnhA25ZKLKj2k2noCTqxSg/1Q2VHGjRV/14kWGg9FoHdTEPqeS8Vl3r2nWV6Ozb9Sz9hMooNlWQWoB9zZEKUNoN6TFFi+NgSTBSzPyAyxAoTY/sr2HK8+SoWSeOs7J2XK3eVUvUqqykPR3AMp+DBBVThBmpQBwKP8AKv8OY8O+/Oh/M5W8052c0h/IPz9QsEK5vK</latexit>

N

<latexit sha1_base64="jxDAgGv/xtLUU5O8QFZxhQSXdvc=">AAACFHicbVDLSsNAFJ34rPUV7dLNYBHqpiRS1GXRjbiqYB/QpmVmOmmHTiZhZiKEkN9w61b/wZ24de8v+BVO2i607YELh3PuhXMPjjhT2nG+rbX1jc2t7cJOcXdv/+DQPjpuqTCWhDZJyEPZwUhRzgRtaqY57USSogBz2saT29xvP1GpWCgedRJRL0AjwXxGkDbSwC71AqTHGKeNrJ+O+07l/jwb2GWn6kwBl4k7J2UwR2Ng//SGIYkDKjThSKmu60TaS5HUjHCaFXuxohEiEzSiXUMFCqjy0mn4DJ4ZZQj9UJoRGk7VvxcpCpRKAmw286hq0cvFlR7GwSq9G2v/2kuZiGJNBZkF8GMOdQjzhuCQSUo0TwxBRDLzAyRjJBHRpseiKcddrGKZtC6q7mW19lAr12/mNRXACTgFFeCCK1AHd6ABmoCABLyAV/BmPVvv1of1OVtds+Y3JfAP1tcvaVueBQ==</latexit>

Ph0(J)

<latexit sha1_base64="nslM+uugmlUhGSZpJc6/idldi/s=">AAACO3icbZBLS8NAFIUn9VXrq+rSTbAIrkoiotJV0Y0rqWAfkIQwmUzboZNMmLlR29D/4h9x61a3rt0Vt+6dPhba9sDAxzn3wtwTJJwpsKxPI7eyura+kd8sbG3v7O4V9w8aSqSS0DoRXMhWgBXlLKZ1YMBpK5EURwGnzaB3M86bj1QqJuIH6CfUi3AnZm1GMGjLL1acgW9VBr5dcXkoQGm889xnyTpdwFKKp8xNumy4bMovlqyyNZG5CPYMSmimml8cuaEgaURjIBwr5dhWAl6GJTDC6bDgpoommPRwhzoaYxxR5WWTG4fmiXZCsy2kfjGYE/fvRoYjpfpRoCcjDF01n43NpVkQRMt8J4X2lZexOEmBxmT6gXbKTRDmuEgzZJIS4H0NmEimbzBJF0tMQNdd0OXY81UsQuOsbF+Uz+/PS9XrWU15dISO0Smy0SWqoltUQ3VE0At6Q+/ow3g1voyR8T0dzRmznUP0T8bPL2e1rog=</latexit>

[z0 : z1 : . . . : zN ]
��! [z0 : z1 : . . . : zN ]

<latexit sha1_base64="unH1duC7ogFpSpzjfvPu+6Q8w60="></latexit>

[x0 : x1 : . . . : xk]
��! [s0 : s1 : . . . : sh1,1(J)]



‣ So to summarize you need to 
• Find the Kähler cone generators 
• Construct a map into the projectivization 
• Find the common zeros of random iid Gaussian sections 
• Intersect these with the CY hypersurface to get points on the CY 
• Construct reference metric on the ambient space from the FS metric on  
• Pull the metric back to the CY via the hypersurface equation 
• Construct volume measure on the CY from  
• Compute weights for the individual points w.r.t. known volume measure  

Steps to get point measure

<latexit sha1_base64="ZBuYLirLkvfVEhuxMd6FZnultGs=">AAACI3icbVDLSsNAFJ34rPUVdekmtAgVpCRS1GXVheKqgn1AG8LNdNIOnUnCzEQoIXt/xK1b/Qd34saFP+BXOH0stO2BC4dz7oV7jh8zKpVtfxlLyyura+u5jfzm1vbOrrm335BRIjCp44hFouWDJIyGpK6oYqQVCwLcZ6TpD65HfvORCEmj8EENY+Jy6IU0oBiUljyz0OGg+r7P01rWuQHOoTRWMLD0Mju58+ixZxbtsj2GNU+cKSmiKWqe+dPpRjjhJFSYgZRtx46Vm4JQFDOS5TuJJDHgAfRIW9MQOJFuOs6SWUda6VpBJPSEyhqrfy9S4FIOua83R3/KWW8kLvR0xkV6O1HBhZvSME4UCfHkgSBhloqsUWFWlwqCFRtqAlhQncHCfRCAla41r8txZquYJ43TsnNWrtxXitWraU05dIgKqIQcdI6q6BbVUB1h9IRe0Ct6M56Nd+PD+JysLhnTmwP0D8b3L3aWpF4=</latexit>

�(A, Ji)

<latexit sha1_base64="ZBuYLirLkvfVEhuxMd6FZnultGs=">AAACI3icbVDLSsNAFJ34rPUVdekmtAgVpCRS1GXVheKqgn1AG8LNdNIOnUnCzEQoIXt/xK1b/Qd34saFP+BXOH0stO2BC4dz7oV7jh8zKpVtfxlLyyura+u5jfzm1vbOrrm335BRIjCp44hFouWDJIyGpK6oYqQVCwLcZ6TpD65HfvORCEmj8EENY+Jy6IU0oBiUljyz0OGg+r7P01rWuQHOoTRWMLD0Mju58+ixZxbtsj2GNU+cKSmiKWqe+dPpRjjhJFSYgZRtx46Vm4JQFDOS5TuJJDHgAfRIW9MQOJFuOs6SWUda6VpBJPSEyhqrfy9S4FIOua83R3/KWW8kLvR0xkV6O1HBhZvSME4UCfHkgSBhloqsUWFWlwqCFRtqAlhQncHCfRCAla41r8txZquYJ43TsnNWrtxXitWraU05dIgKqIQcdI6q6BbVUB1h9IRe0Ct6M56Nd+PD+JysLhnTmwP0D8b3L3aWpF4=</latexit>

�(A, Ji)

<latexit sha1_base64="1H6neb6LpbKd/HLq2BK6yhrLuQE=">AAACLHicbZDLSsNAFIYn9V5vUZdugkUQhJJIUTdC0Y07FaytNKVMpqft0JkkzJxUS+hD+CJu3eo7uBFx68KncHpZaNsfBr75zzlwzh/Egmt03Q8rMze/sLi0vJJdXVvf2LS3tu90lCgGJRaJSFUCqkHwEErIUUAlVkBlIKAcdC4G9XIXlOZReIu9GGqStkLe5Iyiser2oY/wiGk3Ev36CC/u+2f+lYQW9R+g0QI/oGr0r9s5N+8O5UyDN4YcGeu6bv/4jYglEkJkgmpd9dwYaylVyJmAftZPNMSUdWgLqgZDKkHX0uFRfWffOA2nGSnzQnSG7t+JlEqtezIwnZJiW0/WBubMWhDIWX41weZpLeVhnCCEbLRAMxEORs4gOafBFTAUPQOUKW5ucFibKsrQ5Js14XiTUUzD3VHeO84Xbgq54vk4pmWyS/bIAfHICSmSS3JNSoSRJ/JCXsmb9Wy9W5/W16g1Y41ndsg/Wd+/ocapOg==</latexit>

volCY = ⌦ ^ ⌦̄



‣ Luckily this can be automated 
‣ We provide a python code that integrates into SAGE or Mathematica to 

do that

Library to do that

[https://github.com/pythoncymetric/cymetric]

https://github.com/pythoncymetric/cymetric
https://github.com/pythoncymetric/cymetric


Calabi-Yau metrics from Neural Networks

…

…

… … …



‣ The metric is some unknown function 

‣ So we are looking for a map (for the example of the quintic) 
• point in moduli space: 1 complex number (2 real DOFs) 

• point on CY: 5 complex numbers (10 real DOFs) 

• complex hermitian 3x3 matrix: 3 real + 3 complex (9 real DOFs)

Calabi-Yau metrics

<latexit sha1_base64="uofDAQb2nxVLDLjrviIBcU/YcIY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvXisYD+gjWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVA44T7kd0oEQoGEUrtQaPGQ0m171yxa26M5Bl4uWkAjnqvfJXtx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9m507IiVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo76QvNGcqxJZRpYW8lbEg1ZWgTKtkQvMWXl0nzrOpdVM/vzyu1mzyOIhzBMZyCB5dQgzuoQwMYjOAZXuHNSZwX5935mLcWnHzmEP7A+fwBO4CPgw==</latexit>

gab : point in 
moduli space

<latexit sha1_base64="2DfdF1l21+C75cp/xOVABOCQskw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqreZbV2X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuRmPPQ==</latexit>⇥ point on  
CY

<latexit sha1_base64="5sCDq7HmTCSoLQjfqTcRhCXf7tU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhx7G/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Wa/e1Sv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2HXjeA=</latexit>! complex hermitian 
3x3 metric



‣ Simplest possibility:  
• Take a 12 x 9 matrix with 12 x 9 = 108 parameters 
• Choose the parameters to produce a Ricci-flat Kahler metric 

‣ …but such linear maps are too simple 
• Take a 12 x 100 matrix 
• Make it non-linear by taking the tanh of each of the 100 nodes 
• Take a 100 x 100 matrix, and take again the tanh, … 
• Take a 100 x 9 matrix 
• Find the parameters in all these matrices such that the result is a Ricci-flat Kahler metric 

‣ What we have just described is a feed-forward NN! It is a universal approximator

Calabi-Yau metrics

[Ashmore et al `19;Anderson, Gray, Gerdes, Krippendorf, Raghuram, FR `20; Douglas et al `20; Jejjala et al `20; 
Larfors, Lukas, FR, Schneider `21]

[Cybenko `89; …; Kidger,Lyons `19]



NNs for CY metrics

…

…

… … …

<latexit sha1_base64="o/yldfJ6bvQ0MjmZkje/THqwmbM=">AAAB/HicbVDLSsNAFL2pr1ofjbp0EyyCCymJKOqu6MZlFfuANpbJdNIOnZmEmYlQQvwRt3Ulbv0Uwb9x0nahrQcGDufcyz1zgphRpV332yqsrK6tbxQ3S1vbO7tle2+/qaJEYtLAEYtkO0CKMCpIQ1PNSDuWBPGAkVYwus391jORikbiUY9j4nM0EDSkGGkj9exylyM9DAKePmRP6XXWsytu1Z3CWSbenFRgjnrP/ur2I5xwIjRmSKmO58baT5HUFDOSlbqJIjHCIzQgHUMF4kT56TR45hwbpe+EkTRPaGeq/t5IEVdqzAMzmcdUi14unprw//mdRIdXfkpFnGgi8OxYmDBHR07ehNOnkmDNxoYgLKnJ6+Ahkghr01fJFOEtfnuZNM+q3kXVvT+v1G7mlRThEI7gBDy4hBrcQR0agCGBV5jAm/ViTax362M2WrDmOwfwB9bnD7uHlMo=</latexit>

9
<latexit sha1_base64="QaZpxOJduP3kTwNP9mDUdNqlSgE=">AAAB/nicbVDLSgMxFM3UV62vqS7dBIvgQkpGFF0W3bisYh/QjiWTZtrQJDMkGaUMA/6I27oSt36J4N+YabvQ1gOBwzn3ck9OEHOmDULfTmFldW19o7hZ2tre2d1zy/tNHSWK0AaJeKTaAdaUM0kbhhlO27GiWASctoLRTe63nqjSLJIPZhxTX+CBZCEj2Fip55a7ApthEIj0PntMPYSynltBVTQFXCbenFTAHPWe+9XtRyQRVBrCsdYdD8XGT7EyjHCalbqJpjEmIzygHUslFlT76TR6Bo+t0odhpOyTBk7V3xspFlqPRWAn86B60cvFUxv/P7+TmPDKT5mME0MlmR0LEw5NBPMuYJ8pSgwfW4KJYjYvJEOsMDG2sZItwlv89jJpnlW9iyq6O6/UrueVFMEhOAInwAOXoAZuQR00AAHP4BVMwJvz4kycd+djNlpw5jsH4A+czx+YPJU2</latexit>

100
<latexit sha1_base64="QaZpxOJduP3kTwNP9mDUdNqlSgE=">AAAB/nicbVDLSgMxFM3UV62vqS7dBIvgQkpGFF0W3bisYh/QjiWTZtrQJDMkGaUMA/6I27oSt36J4N+YabvQ1gOBwzn3ck9OEHOmDULfTmFldW19o7hZ2tre2d1zy/tNHSWK0AaJeKTaAdaUM0kbhhlO27GiWASctoLRTe63nqjSLJIPZhxTX+CBZCEj2Fip55a7ApthEIj0PntMPYSynltBVTQFXCbenFTAHPWe+9XtRyQRVBrCsdYdD8XGT7EyjHCalbqJpjEmIzygHUslFlT76TR6Bo+t0odhpOyTBk7V3xspFlqPRWAn86B60cvFUxv/P7+TmPDKT5mME0MlmR0LEw5NBPMuYJ8pSgwfW4KJYjYvJEOsMDG2sZItwlv89jJpnlW9iyq6O6/UrueVFMEhOAInwAOXoAZuQR00AAHP4BVMwJvz4kycd+djNlpw5jsH4A+czx+YPJU2</latexit>

100
<latexit sha1_base64="QaZpxOJduP3kTwNP9mDUdNqlSgE=">AAAB/nicbVDLSgMxFM3UV62vqS7dBIvgQkpGFF0W3bisYh/QjiWTZtrQJDMkGaUMA/6I27oSt36J4N+YabvQ1gOBwzn3ck9OEHOmDULfTmFldW19o7hZ2tre2d1zy/tNHSWK0AaJeKTaAdaUM0kbhhlO27GiWASctoLRTe63nqjSLJIPZhxTX+CBZCEj2Fip55a7ApthEIj0PntMPYSynltBVTQFXCbenFTAHPWe+9XtRyQRVBrCsdYdD8XGT7EyjHCalbqJpjEmIzygHUslFlT76TR6Bo+t0odhpOyTBk7V3xspFlqPRWAn86B60cvFUxv/P7+TmPDKT5mME0MlmR0LEw5NBPMuYJ8pSgwfW4KJYjYvJEOsMDG2sZItwlv89jJpnlW9iyq6O6/UrueVFMEhOAInwAOXoAZuQR00AAHP4BVMwJvz4kycd+djNlpw5jsH4A+czx+YPJU2</latexit>

100

GELU activation function Identity 
activation  

<latexit sha1_base64="/3Rp7eK9BiQGsbsEh8i6smJOKbU=">AAAB/nicbVDLSsNAFL3xWesr6tLNYBFcSElKUZdFNy6r2Ae0sUymk3boZBJmJoUSCn6IW7sTt/6J+DdO2iy09cDA4dxzuWeOH3OmtON8W2vrG5tb24Wd4u7e/sGhfXTcVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/usvmrTGVikXiSU9i6oV4IFjACNZG6tl2N8R66Pth+jh9Tt3KtGeXnLIzB1olbk5KkKPes7+6/YgkIRWacKxUx3Vi7aVYakY4nRa7iaIxJiM8oB1DBQ6p8tJ58ik6N0ofBZE0T2g0V39vpDhUahL6xpnlVMuzTLxEJv5/hk6igxsvZSJONBVkcS1IONIRyrpAfSYp0XxiCCaSmcCIDLHERJvGiqYJd/nfq6RZKbtX5epDtVS7zTspwCmcwQW4cA01uIc6NIDAGF7hDWbWizWz3q2PhXXNyndO4A+szx+nu5Up</latexit>

12



‣ This can also be automated 
‣ Again, call directly from SAGE or Mathematica

Library to do that

[https://github.com/pythoncymetric/cymetric]

https://github.com/pythoncymetric/cymetric
https://github.com/pythoncymetric/cymetric


CY metric results (for quintic)

<latexit sha1_base64="YkAdssNcV93jRXYsTq8yPi8CBAE="></latexit>

� =

Z

X

����1�
J3

|⌦|2

����
<latexit sha1_base64="rslRUy3hAgOBk1/BfGZccH+Ru8g=">AAACIHicbVDLSsNAFJ34rPUVdenCwSK4KokUdSMU3bisxT6giWEynbRDJ5MwMxFKyNIfcetW/8GduNRP8CuctFlo2wP3cjjnXrj3+DGjUlnWl7G0vLK6tl7aKG9ube/smnv7bRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen4o5vc7zwSIWnE79U4Jm6IBpwGFCOlJc88ckKkhhixtJldOZQrrwubDynys6aXd8+sWFVrAjhP7IJUQIGGZ/44/QgnIeEKMyRlz7Zi5aZIKIoZycpOIkmM8AgNSE9TjkIi3XTySAZPtNKHQSR0cQUn6t+NFIVSjkNfT+Zny1kvFxd6vh8u0nuJCi7dlPI4UYTj6QFBwqCKYJ4W7FNBsGJjTRAWVP8A8RAJhJXOtKzDsWejmCfts6p9Xq3d1Sr16yKmEjgEx+AU2OAC1MEtaIAWwOAJvIBX8GY8G+/Gh/E5HV0yip0D8A/G9y/PLqOW</latexit>

R =

Z

X
RabRab

<latexit sha1_base64="BY62aXGORgrAT82TG9gFsrEGMiM="></latexit>

L = ↵1LMA + ↵2LdJ + ↵3Ltransition + ↵4LRicci + ↵5Lvol



Massive strings spectrum



1. Compute the CY metric at different points in moduli space 

2. Choose a (finite subset) of an (infinite) function basis         on 
 
 

3. Expand                     and compute                                   w/ matrix elms 
 
 
  

Compute massive string spectrum

<latexit sha1_base64="L7N7UZSS/wKQC2DQoJDTDfgLm4A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuKeM5Q==</latexit>

X
<latexit sha1_base64="hemqrtIwjOTa2LGsr9KMYnRfEak=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeqF48V7Ac0oUy223bpZhN2N0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6JmgkvWNNwI1kkUwygUrB2O72Z++4kpzWP5aCYJCyIcSj7gFI2VfD/zUSQj7N3401654lbdOcgq8XJSgRyNXvnL78c0jZg0VKDWXc9NTJChMpwKNi35qWYJ0jEOWddSiRHTQTa/eUrOrNIng1jZkobM1d8TGUZaT6LQdkZoRnrZm4n/ed3UDK6DjMskNUzSxaJBKoiJySwA0ueKUSMmliBV3N5K6AgVUmNjKtkQvOWXV0nroupdVmsPtUr9No+jCCdwCufgwRXU4R4a0AQKCTzDK7w5qfPivDsfi9aCk88cwx84nz8B8ZGt</latexit>

{↵A}

<latexit sha1_base64="eZCn5db307YD+rZNT9EwG5U3ypQ=">AAACEnicbVC7TgJBFJ31ifhatbTZSEy0IbuGqI0JaGOJiTwSdiV3hwEmzM5OZmZJCPANNv6KjYXG2FrZ+TcOsIWCJ7nJmXPuzdx7QsGo0q77bS0tr6yurWc2sptb2zu79t5+VcWJxKSCYxbLegiKMMpJRVPNSF1IAlHISC3s3Uz8Wp9IRWN+rweCBBF0OG1TDNpITft05PdBii71JfAOI1fp86E08oGJLjRLqdO0c27encJZJF5KcihFuWl/+a0YJxHhGjNQquG5QgdDkJpiRsZZP1FEAO5BhzQM5RARFQynJ42dY6O0nHYsTXHtTNXfE0OIlBpEoemMQHfVvDcR//MaiW5fBkPKRaIJx7OP2glzdOxM8nFaVBKs2cAQwJKaXR3cBQlYmxSzJgRv/uRFUj3Le+f5wl0hV7xO48igQ3SETpCHLlAR3aIyqiCMHtEzekVv1pP1Yr1bH7PWJSudOUB/YH3+AHdWnpo=</latexit>

|'i = 'A|↵Ai
<latexit sha1_base64="FJuAzzq2FmhQCcpTvuJdL9tJUKk=">AAACF3icbVDLSgMxFM3UV62vUZdugkVwVWZE1I1Qqwt3VrAP6NRyJ03b0ExmSDKFMvQv3Pgrblwo4lZ3/o1pOwvbeuDC4Zx7k3uPH3GmtOP8WJml5ZXVtex6bmNza3vH3t2rqjCWhFZIyENZ90FRzgStaKY5rUeSQuBzWvP712O/NqBSsVA86GFEmwF0BeswAtpILbvg3VCuoZVclUbeAGTUY48lfIk9bt5oA76bdVp23ik4E+BF4qYkj1KUW/a31w5JHFChCQelGq4T6WYCUjPC6SjnxYpGQPrQpQ1DBQRUNZPJXSN8ZJQ27oTSlNB4ov6dSCBQahj4pjMA3VPz3lj8z2vEunPRTJiIYk0FmX7UiTnWIR6HhNtMUqL50BAgkpldMemBBKJNlDkTgjt/8iKpnhTcs8Lp/Wm+WErjyKIDdIiOkYvOURHdojKqIIKe0At6Q+/Ws/VqfVif09aMlc7soxlYX7/16p8v</latexit>

�AB'
B = �OAB'

B

w/           degree      monomials in    ‘s
<latexit sha1_base64="y8fcmgmZG2hTAC03Cyimqqq06Gc=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyWRoi6LblxWsA9oYphMJ+3QyWSYmQgh1F9x40IRt36IO//GaZuFth64cDjnXu69JxSMKu0431ZpbX1jc6u8XdnZ3ds/sA+PuipJJSYdnLBE9kOkCKOcdDTVjPSFJCgOGemFk5uZ33skUtGE3+tMED9GI04jipE2UmBXVeAhJsboIa9PAk+M6dk0sGtOw5kDrhK3IDVQoB3YX94wwWlMuMYMKTVwHaH9HElNMSPTipcqIhCeoBEZGMpRTJSfz4+fwlOjDGGUSFNcw7n6eyJHsVJZHJrOGOmxWvZm4n/eINXRlZ9TLlJNOF4silIGdQJnScAhlQRrlhmCsKTmVojHSCKsTV4VE4K7/PIq6Z433ItG865Za10XcZTBMTgBdeCCS9ACt6ANOgCDDDyDV/BmPVkv1rv1sWgtWcVMFfyB9fkDiCiUtA==</latexit>

s
(k�)
↵

<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z
<latexit sha1_base64="GP1KJPF7R54tWk5LsWMFyWPZ7WU=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A9ol5JNs21sNlmSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRNy61gnUQzEoeCtcPx7cxvPzFtuJIPdpKwICZDySNOiXVSa9zvJSPeL1e8qjcHXiV+TiqQo9Evf/UGiqYxk5YKYkzX9xIbZERbTgWblnqpYQmhYzJkXUcliZkJsvm1U3zmlAGOlHYlLZ6rvycyEhsziUPXGRM7MsveTPzP66Y2ug4yLpPUMkkXi6JUYKvw7HU84JpRKyaOEKq5uxXTEdGEWhdQyYXgL7+8SloXVf+yWruvVeo3eRxFOIFTOAcfrqAOd9CAJlB4hGd4hTek0At6Rx+L1gLKZ47hD9DnD5YWjyY=</latexit>

k�

‣ We compute at                can compute the first 1,225 eigenvalues 
‣ For higher eigenvalues, lose accuracy due to finite truncation of basis   

<latexit sha1_base64="PzmwV0fKNZxqoeZmbyu/XLJRibo=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexqUC9C0IvHCOYByRJmJ5NkyOzsOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0e3Ubz5xbUSkHnAccz+kAyX6glG0UmvU7cRDcX3eLZbcsjsDWSZeRkqQodYtfnV6EUtCrpBJakzbc2P0U6pRMMknhU5ieEzZiA5421JFQ278dHbvhJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2r/xUqDhBrth8UT+RBCMyfZ70hOYM5dgSyrSwtxI2pJoytBEVbAje4svLpHFW9i7KlftKqXqTxZGHIziGU/DgEqpwBzWoAwMJz/AKb86j8+K8Ox/z1pyTzRzCHzifP47Oj6o=</latexit>

k� = 3 <latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>)

, (evaluated using MC integration)



Geodesic Distance in Moduli Space

�������



‣ Geodesics give the shortest distance 
between 2 points on a manifold 

‣ They are solution to the geodesics equation 
 

‣ The geodesic distance is then 
 
 
 

(evaluate using numerical integration)

‣ Usually, we specify boundary values rather than initial values  
      solve equations numerically using RK/AB shooting methods

Geodesics

<latexit sha1_base64="WtVVLkveaRULEg9uOn1W52LVtO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPS9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gACbo2h</latexit>p1
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‣ The CS moduli space metric is also a Kähler metric 
‣ It can be obtained from the Kähler potential 
 
where      is the holomorphic (3,0) form of the CY  

‣ To express this, choose a basis of 3-cycles  
 
 

‣ Then,                                    with 

‣ The so-called periods      are solutions to a hypergeometric Picard Fuchs 
differential equation                             

Complex Structure moduli space metric
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‣ In our case, we have a single CS parameter     : 

‣ Note: 
• The hypergeometric functions depend on        

rather than    ; the trafo                        can be  
undone by 

• The CY is singular at            .  
This singularity is at finite distance (conifold) 

• The CY is also singular at                .  
This is at infinite distance. 

• We can use the mirror map  
 
 
 
to turn CS into Kahler moduli statements

Complex structure moduli space metric
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‣ We compare three approaches to computing geodesics 
• Use the exact analytic (hypergeometric) function 

• Use the large volume approximation

• Compute the Weil-Petersson metric numerically following: 
✦ Vary the hol. 3-form 

✦ Construct a basis of (non-holomorphic) 3-forms 

✦ Construct a basis of vectors  

✦ Then the inner product w.r.t. the moduli space metric is (integration over    is again done using MC)

Complex structure moduli space metric

[Keller,Lukic `91]
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‣ The numeric computation allows us to get the moduli space metric at 
fixed points 

‣ We compute the value of the metric in a box around the start and end 
point of the geodesic trajectory and interpolate the full metric  
• Fitting polynomials / splines 

• Use a NN similar to the one used for the CY metric 

• Use symbolic regression (FindFormula or AIFeynman) 

• Use domain knowledge (cheating) of underlying Picard Fuchs equation to fit a  
 

 function                                     with L1 norm and Tikhonov regularization

Reconstructing the metric
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‣ One massless scalar (   ) 
‣ Spectrum degenerate w/ degeneracies 

given by irreps of CY symmetry group 
‣ Eigenvalues (mass levels) cross in 

contrast (but not contradiction) to 
• No-crossing theorems in QM 

• Eigenvalue repulsion in RMT for hermitian 
matrices 

‣ States with large multiplicity become 
heavier, states with small multiplicity 
become lighter

Results - I
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‣ Scalars become exponentially light 
‣ Best fit gives 
‣ First numerical check of the SDC 
‣ Value very close to conjectured lower 

bound for 
‣ Interesting effect at sub-Planckian 

distances: mass of lightest state does 
not change for .3    

Results - II
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m = �1/2 = 7.5e�(0.45±0.02)d
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↵ = 1/
p
6 [Andriot,Cribiori,Erkinger  `20]

<latexit sha1_base64="l8bPKz/Z8D6AAeLdet/VG6/1kE0=">AAAB6nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiGzdCRfuAdiiZ9E4bmskMSUYoQz/BjQtF3PpF7vwb03YW2nogcDjnXHLvCRLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3Uz91hMqzWP5aMYJ+hEdSB5yRo2VHu569V654lbdGcgy8XJSgRw2/9XtxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bLbqhJxYpU/CWNknDZmpvycyGmk9jgKbjKgZ6kVvKv7ndVITXvkZl0lqULL5R2EqiInJ9G7S5wqZEWNLKFPc7krYkCrKjG2nZEvwFk9eJs2zqndRPb8/r9Su8zqKcATHcAoeXEINbqEODWAwgGd4hTdHOC/Ou/MxjxacfOYQ/sD5/AH8CY2d</latexit>

MP



5 10 50 100 500 1000
 

0

20

40

60

80

100

�

Eigenvalue

�1, µ = 1

�2, µ = 20

�3, µ = 4

�4, µ = 30

�5, µ = 20

�6, µ = 5

�7, µ = 4

�������

Conclusions



‣ Extended the techniques to compute CY 
metrics to the vast majority of known CY 
constructions (Kreuzer Skarke, CICYs) 

‣ Computations possible for arbitrary 
number of Kähler moduli 

‣ Develop MA NN that allows to fix the 
Kähler class 

‣ Provide fast implementat ion that 
integrates into Mathematica and Sage  

‣ Observe linear relation between MA 
equation

Conclusions - Part I



‣ Extended techniques to compute CY metrics 
‣ Verified the SDC 

1. Use NNs to approximate CY metric and MC 
integration to compute massive string spectrum 

2. Use periods + mirror symmetry or numerical 
methods + MC integration + interpolation to 
compute CS moduli space metric 

3. Use PDE shooting methods to solve geodesics 
equations 

4. Fit masses to distance 

‣ Surprising level-crossing and dependence on space-
time symmetry group observed

Conclusions - Part II
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