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COSMOLOGICAL INFLATION

A period of accelerated quasi dS expansion in the very 
early universe  

Can explains why the universe is approximately 
homogeneous and spatially flat (flatness, 
horizon problems).

Accounts for the origin of primordial density 
fluctuation as observed in the CMB

ds

2 = �dt

2 + a(t)2dxidx
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In its simplest implementation with a single scalar field 
slowly rolling down along its flat potential

φφi φf

δφ

 slow roll inflation

V (φ)

 slow-roll conditions:
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In its simplest implementation with a single scalar field 
slowly rolling down along its flat potential

 slow roll inflation

 slow-roll conditions:

(�� ! �⇢ ! �T )

Planck 2018 consistent with

[Planck ’18]

[BICEP2/Keck ’21]

ns = 0.9649± 0.0042 (68%CL) ,

• single field  
• slow-roll  

is measured by the second slow-roll parameter, ⌘:

⌘ ⌘ ✏̇

✏H
=

Ḧ

HḢ
+ 2✏ = 2

'̈

H'̇
+ 2 ✏ ⌧ 1 , (2.11)

Since ✏ ⌧ 1, eq. (2.11) implies that
'̈

H'̇
⌧ 1 . (2.12)

Using the Friedman equation, we can see that the first slow-roll condition (2.10), implies

that '̇2 ⌧ V and therefore, we can write

H2 ' V

3M2

P l

. (2.13)

Moreover, (2.12) implies that we can write (2.7) as

3H'̇+ VT ' 0 . (2.14)

That is, the slow-roll equations to solve at the background level are (2.13) and (2.14) and

(2.8).

Before proceeding, it is now useful to recall why in the single field case, the slow-roll

conditions imply that the mass of the inflaton has to be much smaller than the Hubble

scale, and thus the origin of the ⌘-problem. For the single field case, we simply consider

' as the inflaton, VT = V 0 and there is no third equation. The slow-roll conditions (2.10),

(2.11) simplify to the potential slow-roll conditions:

✏V ⌘ M2

P l

2

✓
V 0

V

◆
2

⌧ 1 , ⌘V ⌘ M2

P l

����
V 00

V

���� ⌧ 1 , (2.15)

and thus the smallness of the ⌘-parameter implies that M2

inf ⇠ V 00 ⌧ H2. We now show

how this conclusion is avoided in the multifield case.

First, using (2.14) and (2.13), the condition (2.10) implies

✏T ⌘ M2

P l

2

✓
VT

V

◆
2

⌧ 1 , (2.16)

that is, the tangent projection of the derivative of the potential has to be small. Next,

taking the derivative of (2.14), and imposing the condition (2.12) making use the definitions

of DtT a and ⌦ in (2.8), (2.9), we see that (2.12) implies that

�M2

P l

VTT

V
+

⌦2

3H2

+ ✏ ⌧ 1 , (2.17)

where VTT = T aT brarbV and we replaced 3H2 with V in the first term. Since ✏ ⌧ 1, we
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FIG. 5. Constraints in the r vs. ns plane for the Planck
2018 baseline analysis, and when also adding BICEP/Keck
data through the end of the 2018 season plus BAO data to
improve the constraint on ns. The constraint on r tightens
from r0.05 < 0.11 to r0.05 < 0.035. This figure is adapted from
Fig. 28 of Ref. [2] with the green contours being identical.
Some additional inflationary models are added from Fig. 8 of
Ref. [35] with the purple region being natural inflation.
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FIG. 2. Field ranges corresponding to �� = (0.1, 1, 10) in the
plane (ns, log10 (r)). The green straight dashed lines repre-
sent the asymptotic behaviour for large p.

expressions, corresponding to the (green) dashed straight
lines in Fig. 2,

log10 r = �1.0 + 25.5 (ns � 1) , �� = 10 ,

log10 r = �2.0 + 68.0 (ns � 1) , �� = 1.0 ,

log10 r = �2.35 + 123 (ns � 1) , �� = 0.1 .

(16)

The range of values of (ns, r) consistent within those
of Planck2013 reduces the values of �� during inflation
by at least an order of magnitude. For the central value
ns ' 0.96, imposing that ��  1 leads to the bound
r . 2 · 10�5, which is two orders of magnitude below the
usual Lyth bound.

On the other hand, if we impose that the ratio r be
bigger than a certain value, then we find a lower bound
on ��. Fig. 3 shows the field range as a function of the
scalar spectral index for di↵erent values of the ratio r.
Again, in the range consistent with Planck2013, the field
range is always super-Planckian, for all values of the
ratio r & 2 · 10�5. This conclusion can only be avoided
by going to unrealistically large spectral indices ns close
to 1.

Discussion. The main results of this Letter are
twofold. First of all, we have provided strong arguments
for the universality of small field ranges 3 �� < 1 as given
in (14). Secondly, we have pointed out that this results in
a significant strengthening on the Lyth bound when in-
cluding both the spectral index and the tensor-to-scalar
ratio, see (16) and Fig. 2.

Similarly to the original Lyth bound, the relations (16)
provide generic estimates of the field range, which could
be avoided only by a very specific (non-generic) behavior
of ✏(N). However the existence of such counterexamples
is of limited importance: one would like to understand
when large field inflation is expected given a measure-
ment of r even if there might be fine-tuned models which
give smaller field ranges for this value of r.
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0
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FIG. 3. The range of field values corresponding to r =
0.2, 0.1, 004, 0.01, 0.001, 0.00001 in the plane (ns, ��).

Given the central value for ns from Planck, our
results imply that super-Planckian field ranges require
a tensor-to-scalar ratio that exceeds 2 · 10�5. Planned
future CMB experiments, such as COrE [24, 25] and
PRISM [26–28], might bring the sensitivity down to
10�4. In contrast to what one would conclude from
the original Lyth bound, our results imply that a small
detectable r still corresponds to super-Planckian field
ranges.
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Strictly speaking, this is true for values �� . 10

�2
, which define

more accurately small field inflation. In this region µ < 1 and

thus sub-leading corrections are suppressed, strengthening the

results on universality.

V 1/4 ⇡ 1.8⇥ 1016GeV
⇣ r

0.1

⌘1/4

[Lyth, ’96; Boubekeur-Lyth, ’05]
[Garcia-Bellido, Roest, Scalisi, IZ ’14]

��

MP
& 1 , r & 10�5

There are several motivations to go beyond single (scalar) 
field inflation: 

• The energy scale of the very early universe when 
cosmic inflation occurred is likely to be extremely high 
and field range (super)-Planckian. 

[Starobinsky, ’85; … ]

BEYOND THE VANILLA MODEL

��

MPl
& O(1)

⇣ r
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⌘1/2

(                     )
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BEYOND THE VANILLA MODEL
There are several motivations to go beyond single (scalar) 
field inflation: 

• The energy scale of the very early universe when 
cosmic inflation occurred is likely to be extremely high 
and field range (super)-Planckian.  

• Likely to be described in the context of theories 
beyond the standard model of particle physics, e.g. 
supergravity and string theory.

[Starobinsky, ’85; … ]
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• The energy scale of the very early universe when 
cosmic inflation occurred is likely to be extremely high 
and field range (super)-Planckian.  

• Likely to be described in the context of theories 
beyond the standard model of particle physics, e.g.  
supergravity and string theory. 

• Within these theories, usually there are multiple degrees 
of  freedom that  could  be  relevant  for  inflation and 
give interesting observational consequences to be 
tested in forthcoming experiments (e.g. sourced 
gravitational waves, PBHs, non-Gaussianities, etc.)  

• Recently revived quantum gravity constraints would 
seem to constraint single field inflation and large r. 

BEYOND THE VANILLA MODEL
There are several motivations to go beyond single (scalar) 
field inflation: [Starobinsky, ’85; … ]
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PLAN

Revisiting Multifield Inflation: fat inflatons, large 
turns and the η-problem 

Multifield Inflation in Supergravity: large turns, fat 
tachyons, PBHs and GWs 

Fat inflation in string inflation: D5-brane natural 
inflation 

Kähler inflation and chiral gravitational waves* 

Summary
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MULTI FIELD (LIGHT) SLOW-ROLL INFLATION
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of DtT a and ⌦ in (2.8), (2.9), we see that (2.12) implies that
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4.1 From Strings to an Inflaton 157

I II

spontaneously
broken SUSY

UV-completion

fine-tuning 
or symmetry

Fig. 4.1. Mass spectra of inflationary models. Phenomenological models of infla-
tion frequently assume a large hierarchy between one or more light inflaton fields
and the extra states of the UV completion (I). On the other hand, concrete ex-
amples of inflation in string theory often contain fields with masses of order the
Hubble scale (II) arising from the spontaneous breaking of supersymmetry. Ro-
bust symmetries, or fine-tuning, are required to explain the presence of scalars with
masses m ⇠ p

⌘H.

masses of order H [239].1 These fields fluctuation quantum-mechanically
during inflation and therefore have to be included in the computation of
the primordial perturbations. The phenomenology of these models of quasi-
single-field inflation [490] has been explored in [118, 207, 208, 239, 255, 265,
267,491–497].

4.1.3 Inflaton Candidates

Models of string inflation can be classified by the nature of the field that
serves as the inflaton. A few of the leading candidates are:

. Brane moduli.—The positions of mobile, spacetime-filling branes2 in
the internal space can be moduli in the four-dimensional e↵ective the-
ory. Many leading models of string inflation are built on the time

1 Lighter moduli, with m ⌧ H, may be natural in certain circumstances: see e.g. [489].
2 The primary examples are Dp-branes with p � 3, NS5-branes, or M5-branes, wrapping
suitable cycles. Orientifold planes, in contrast, are non-dynamical: their positions are
not parameterized by light scalars.

[Baumann-McAllister, ‘14]
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The paper is organised as follows. In section 2 we introduce the new fat inflationary

attractor and show that it requires large turning rates, providing a novel way to evade

the ⌘-problem. In sections 3 and 4 we discuss an explicit fat inflation model in string

theory, where a probe D5-brane moves along the radial and angular directions of a warped

resolved conifold in a type IIB flux compactification. We start in section 3 by introducing

the set-up, following the construction used in [25]. Next in section 4 we use the low energy

action derived in section 3 to construct an explicit model of fat natural inflation. We

compute the cosmological observables, which are consistent with the recent Planck data,

thus improving the tension of single field natural inflation with observations. We also

include a set of parameters that gives rise to a standard hierarchy of masses and whose

cosmological predictions are indistinguishable from single field. We then compute the non-

linear parameter fNL, which may help to distinguish multifield models from the single field

case. We end by discussing our findings and future directions in section 5. We include an

appendix, A, where we collect some field theory models in the literature with large turning

rates, which happen to belong to the fat inflationary attractor. Finally, in appendix B we

show a set of parameters which illustrate a possible double D-brane inflation scenario with

two distinct inflationary epochs.

2 Fat Inflatons, Large Turns and the ⌘-problem

Consider a typical low energy Lagrangean for several scalar fields, which may arise from

some consistent theory of quantum gravity:

S =

Z
d4x

p
�g


M2

Pl

R
4

2
� gab

2
@µ�

a@µ�b � V (�a)

�
, (2.1)

where g is the determinant of the four dimensional metric gµ⌫ , R4

is the four dimensional

Ricci scalar built from g, while gab is the metric of the scalar manifold spanned by the

scalar fields �a, with a = 1, . . . . Although in general there can be several scalar fields, for

clarity we will mostly focus on the two-field case, that is a = 1, 2.

For cosmology we take the Friedmann-Robertson-Walker (FRW) metric

ds2 = �dt2 + a2(t) dxidxi , (2.2)

with scale factor a(t), so the Hubble parameter is given by H = ȧ/a. The equations of

motion thus become:

H2 =
1

3M2

Pl

✓
'̇2

2
+ V (�a)

◆
, (2.3)

�̈a + 3H�̇a + �a
bc�̇

b�̇c + gabVb = 0 , (2.4)

framework of warm inflation, see [23, 24].

3
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H2 =
1

3M2
P

✓
'̇2

2
+ V (�a)

◆

�̈a + 3H�̇a + �a
bc�̇

b�̇c + gadVd = 0

Christoffel symbols of field space metric gab�a
bc :

.:G: '̇2 = gab�̇
a�̇b
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case. We end by discussing our findings and future directions in section 5. We include an

appendix, A, where we collect some field theory models in the literature with large turning

rates, which happen to belong to the fat inflationary attractor. Finally, in appendix B we

show a set of parameters which illustrate a possible double D-brane inflation scenario with

two distinct inflationary epochs.
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Ricci scalar built from g, while gab is the metric of the scalar manifold spanned by the

scalar fields �a, with a = 1, . . . . Although in general there can be several scalar fields, for

clarity we will mostly focus on the two-field case, that is a = 1, 2.

For cosmology we take the Friedmann-Robertson-Walker (FRW) metric

ds2 = �dt2 + a2(t) dxidxi , (2.2)

with scale factor a(t), so the Hubble parameter is given by H = ȧ/a. The equations of
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3

• Kinematic basis: tangent and normal to inflationary 
trajectory               (most useful for perturbations’ analysis ) 

[Gordon, Wands, Bassett, Maartens, '01; 
Groot Nibbelink, van Tent, '01]

(T a, Na)

where

'̇2 ⌘ gab�̇
a�̇b , (2.5)

the Christo↵el symbols in (2.4) are computed using the scalar manifold metric gab and Va

denotes derivative w.r.t the scalar field �a.

We now use the common decomposition in multifield models of tangent and normal

projections of the equations above by introducing the unit tangent and normal vectors to

the inflationary trajectory, T a, Na, as9

T a =
�̇a

'̇
, T aTa = 1 , (2.6)

and the normal is such that NaTa = 0, NaNa = 1. The projected equations become

'̈+ 3H'̇+ VT = 0 , (2.7)

DtT
a = �VN

'̇
Na ⌘ �⌦Na , (2.8)

where VT = VaT a,

DtT
a = Ṫ a + �a

bcT
b�̇c , (2.9)

and we introduced the dimensionful turning parameter ⌦, which will be important in our

discussion below.

Now, given the Lagrangean above with a given potential V , we would like to know

what are the conditions that the potential and derivatives of the fields need to satisfy in

order to drive a long period of accelerated expansion. These are precisely the slow-roll

conditions. We now look carefully at these and show how heavy fields can give rise to

slow-roll inflation.

2.1 Slow-Roll Fat Inflation and Large Turns

Let us analyse carefully what are the conditions that a multifield scalar theory needs to

satisfy in order to drive a successful period of inflation10. First, a nearly exponential

expansion can be ensured by the requirement that the fractional change of the Hubble

parameter per e-fold d(lnH)/dN (where dN = Hdt) is small, that is:

✏ ⌘ � Ḣ

H2

=
'̇2

2M2

P lH
2

⌧ 1 . (2.10)

Next, inflation needs to last for a su�ciently long time so that the horizon problem is

solved. This requires that ✏ remains small for a su�cient number of Hubble times, which

9At this point we focus on the two field case. When more fields are present, more normal vectors will
be introduced.

10See [26] for related work.
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The field-space covariant time derivative is defined as:

D
t

T a ⌘ Ṫ a + �a

bc

T b�̇c . (2.9)

To study the masses of the scalar fields, we examine the eigenvalues of the mass matrix

M ⌘ rar
b

V , where r
a

A
b

⌘ @
a

A
b

��c

ab

A
c

, for some vector A
b

. For two fields, this can be

written as

M =

 
V
TT

V
TN

V
NT

V
NN

!
,

where V
TT

= T aT br
a

r
b

V , etc., and the eigenvalues can be written as

�± =
1

2

⇣
TrM±

p
TrM2 � 4 detM

⌘
. (2.10)

In order to have both eigenvalues positive, as is the case in fat inflation, we must have

0 < detM  TrM2/4.

We now summarize useful expressions for the tangent and normal projections of the

mass matrix elements. Taking the time derivative of eq. (2.6), we obtain an expression for

the tangent projection, that is [2, 7, 9, 33]:

V
TT

3H2
=

⌦2

3H2
+ ✏� �

'

� ⇠
'

3
, (2.11)

where we have introduced the slow-roll parameters:

✏ ⌘ � Ḣ

H2
=

'̇2

2M2
P l

H2
, (2.12)

�
'

⌘ '̈

H'̇
, (2.13)

⇠
'

⌘
...
'

H2'̇
(2.14)

Next, taking the time derivative of eq. (2.8), we obtain an expression for V
TN

as [2, 33]:

V
TN

H2
= ! (3� ✏+ 2 �

'

+ ⌫) , (2.15)

where we introduced the dimensionless turning rate ! ⌘ ⌦/H and its fractional derivative

⌫ ⌘ !0/!. Here, primes denote e-fold derivatives, in which dN = Hdt. Note that these

relations are exact, as we have not made use of any slow-roll approximations. We observe

that V
TT

and V
TN

can be written in terms of the turning rate and the slow-roll parameters.

On the other hand, V
NN

depends on the inflationary trajectory in a model-dependent

manner.

2.2 Slow-roll in multifield inflation

A nearly exponential expansion is ensured by requiring the fractional change of the Hubble

parameter per e-fold, d(lnH)/dN to be small. This corresponds to ✏ ⌧ 1. In order for

inflation to last for a su�ciently long time and solve the horizon problem, one also requires
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H2
=

'̇2

2M2
P l

H2
, (2.12)

�
'

⌘ '̈

H'̇
, (2.13)

⇠
'

⌘
...
'

H2'̇
(2.14)

Next, taking the time derivative of eq. (2.8), we obtain an expression for V
TN

as [2, 33]:

V
TN

H2
= ! (3� ✏+ 2 �

'

+ ⌫) , (2.15)

where we introduced the dimensionless turning rate ! ⌘ ⌦/H and its fractional derivative

⌫ ⌘ !0/!. Here, primes denote e-fold derivatives, in which dN = Hdt. Note that these

relations are exact, as we have not made use of any slow-roll approximations. We observe

that V
TT

and V
TN

can be written in terms of the turning rate and the slow-roll parameters.

On the other hand, V
NN

depends on the inflationary trajectory in a model-dependent

manner.

2.2 Slow-roll in multifield inflation

A nearly exponential expansion is ensured by requiring the fractional change of the Hubble

parameter per e-fold, d(lnH)/dN to be small. This corresponds to ✏ ⌧ 1. In order for

inflation to last for a su�ciently long time and solve the horizon problem, one also requires

– 4 –

The field-space covariant time derivative is defined as:

D
t

T a ⌘ Ṫ a + �a

bc

T b�̇c . (2.9)

To study the masses of the scalar fields, we examine the eigenvalues of the mass matrix

M ⌘ rar
b

V , where r
a

A
b

⌘ @
a

A
b

��c

ab

A
c

, for some vector A
b

. For two fields, this can be

written as

M =

 
V
TT

V
TN

V
NT

V
NN

!
,

where V
TT

= T aT br
a

r
b

V , etc., and the eigenvalues can be written as

�± =
1

2

⇣
TrM±

p
TrM2 � 4 detM

⌘
. (2.10)

In order to have both eigenvalues positive, as is the case in fat inflation, we must have

0 < detM  TrM2/4.

We now summarize useful expressions for the tangent and normal projections of the

mass matrix elements. Taking the time derivative of eq. (2.6), we obtain an expression for

the tangent projection, that is [2, 7, 9, 33]:

V
TT

3H2
=

⌦2

3H2
+ ✏� �

'

� ⇠
'

3
, (2.11)

where we have introduced the slow-roll parameters:

✏ ⌘ � Ḣ
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H2
=

'̇2

2M2
P l

H2
, (2.12)

�
'

⌘ '̈

H'̇
, (2.13)

⇠
'

⌘
...
'

H2'̇
(2.14)

Next, taking the time derivative of eq. (2.8), we obtain an expression for V
TN

as [2, 33]:

V
TN

H2
= ! (3� ✏+ 2 �

'

+ ⌫) , (2.15)

where we introduced the dimensionless turning rate ! ⌘ ⌦/H and its fractional derivative

⌫ ⌘ !0/!. Here, primes denote e-fold derivatives, in which dN = Hdt. Note that these

relations are exact, as we have not made use of any slow-roll approximations. We observe

that V
TT

and V
TN

can be written in terms of the turning rate and the slow-roll parameters.

On the other hand, V
NN

depends on the inflationary trajectory in a model-dependent

manner.

2.2 Slow-roll in multifield inflation

A nearly exponential expansion is ensured by requiring the fractional change of the Hubble

parameter per e-fold, d(lnH)/dN to be small. This corresponds to ✏ ⌧ 1. In order for

inflation to last for a su�ciently long time and solve the horizon problem, one also requires

– 4 –

[Achucarro, et al. '10; Hetz, Palma, '16;  
Christodoulidis, Roest, Sfakianakis, '18; 

Chakraborty et al. ’19; Aragam et al. ‘21]

17



• �"CK�FC""�F�EI?F�G�

SLOW-ROLL IN MULTIFIELD INFLATION

✏, �', ⇠' ⌧ 1 )

18



• �"CK�FC""�F�EI?F�G� )
SLOW-ROLL IN MULTIFIELD INFLATION

is measured by the second slow-roll parameter, ⌘:

⌘ ⌘ ✏̇

✏H
=

Ḧ

HḢ
+ 2✏ = 2

'̈

H'̇
+ 2 ✏ ⌧ 1 , (2.11)

Since ✏ ⌧ 1, eq. (2.11) implies that
'̈

H'̇
⌧ 1 . (2.12)

Using the Friedman equation, we can see that the first slow-roll condition (2.10), implies

that '̇2 ⌧ V and therefore, we can write

H2 ' V

3M2

P l

. (2.13)

Moreover, (2.12) implies that we can write (2.7) as

3H'̇+ VT ' 0 . (2.14)

That is, the slow-roll equations to solve at the background level are (2.13) and (2.14) and

(2.8).

Before proceeding, it is now useful to recall why in the single field case, the slow-roll

conditions imply that the mass of the inflaton has to be much smaller than the Hubble

scale, and thus the origin of the ⌘-problem. For the single field case, we simply consider

' as the inflaton, VT = V 0 and there is no third equation. The slow-roll conditions (2.10),

(2.11) simplify to the potential slow-roll conditions:
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P l

2
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⌧ 1 , ⌘V ⌘ M2
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V 00
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and thus the smallness of the ⌘-parameter implies that M2

inf ⇠ V 00 ⌧ H2. We now show

how this conclusion is avoided in the multifield case.

First, using (2.14) and (2.13), the condition (2.10) implies

✏T ⌘ M2

P l

2

✓
VT

V

◆
2

⌧ 1 , (2.16)

that is, the tangent projection of the derivative of the potential has to be small. Next,

taking the derivative of (2.14), and imposing the condition (2.12) making use the definitions

of DtT a and ⌦ in (2.8), (2.9), we see that (2.12) implies that

�M2

P l

VTT

V
+

⌦2

3H2

+ ✏ ⌧ 1 , (2.17)

where VTT = T aT brarbV and we replaced 3H2 with V in the first term. Since ✏ ⌧ 1, we

5

that is, the tangent projection of ϵ  has to be small, but 
not necessarily the normal projection, nor  ϵV . 

driving inflation. In the standard lore, such hierarchy of masses cannot drive a period of

successful inflation, since large contributions to the masses of the inflatons might spoil the

required flatness and therefore slow-roll conditions required for inflation. However, we have

seen that fat inflation works with large masses when the turning rates are large. Therefore,

previous statements on inflation bases on light inflatons need to be revisited In particular,

in supergravity inflationary constraints were discussed long ago in [41], assuming the need

for light fields. We leave for future work a detailed analysis of these constraints and more

generally of fat inflation and large turns in supergravity.

2.2 Fat Inflation and the Swampland

We conclude this section by making a connection between fat inflation and the recently

proposed dS conjectures13 [5–7], which require that

rV

V
� c

M
Pl

or (2.30)

min(rarbV )

V
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M2

Pl

(2.31)

where rV ⌘
p
gabVaVb and c, c0 are some O(1) constants. It was shown in [42] that in

multifield inflation, the first condition can be satisfied, so long as the turning rate ⌦/H is

su�ciently large. This can easily be seen as follows. Generalising the potential slow-roll

parameter (2.15) to the multifield case we have

✏V ⌘ M2

Pl

2

V aVa

V 2

= ✏T +
⌦2

9H2

✏ , (2.32)

that is:

✏V = ✏
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+

⌦2

9H2

◆
. (2.33)

When ✏T ' ✏, one arrives at the relation presented in [42, 43]:

✏V ' ✏

✓
1 +

⌦2

9H2

◆
, (2.34)

and therefore, one sees that in a multifield inflationary model, where ⌦ 6= 0, for su�ciently

large turning rate ⌦/H (and suitable values of ✏), ✏V can be of order one14.

However, (2.34) does not tell us how to achieve large turns given a multifield model of

inflation. We have provided an answer above in eq. (2.21) and (2.18): in order to get large

13One should keep in mind that these conjectures have not been proved, and should therefore be con-
sidered with care.

14Since there is no calculation of the constant c an order one parameter can fall in a large range of
values.
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13One should keep in mind that these conjectures have not been proved, and should therefore be con-
sidered with care.

14Since there is no calculation of the constant c an order one parameter can fall in a large range of
values.
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Cleary this condition can be satisfied when both terms on the left hand side are small.

However, an interesting new possibility arises when the two terms on the left hand side

are large and cancel each other. This of course requires that VTT > 0.
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which is our second important result.

Let us summarise: the multifield slow-roll condition (2.18) can be satisfied when all the

scalar fields are heavy (� � H2) and in this case, the turning rate ⌦/H is large. We call

this fat slow-roll inflation, and as we show above, this type of inflationary attractor has

large turning rates, ⌦/H.

Notice that (2.18) implies a cancelation between VTT/V and ⌦/H, when VTT > 0. Thus,

it is possible that VTT/V > 1 thus having large turns, while � < 0 and small (see appendix

A for an example of this (AAW2)). However our point is that even when all fields are

heavy, slow-roll is possible and it requires large turns12.

11A similar expression appeared in footnote 9 of [27] without derivation. In this paper, large turn models
were not discussed.

12Recent multifield inflation investigations have pointed out that small turning rates are not necessary
for a successful period of slow-roll inflation [22, 28–32], as we showed explicitly above. Most of these
studies focus on the case of non-zero negative curvature of the scalar manifold. As we have shown above,
large turning rates do not require a non-zero scalar curvature (see appendix A for explicit field theory
examples). Moreover, as we discuss in the main text, large turning rates are possible even when the
standard hierarchy of masses holds (Minf < H < Mheavy), which is not fat slow-roll inflation.
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[Christodoulidis, Roest, Sfakianakis, '18,'19]

FIELD THEORY TACHYONIC FAT: ANGULAR INFLATION
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MULTIFIELD INFLATION: DEMYSTIFYING LARGE 
TURNS/NON-GEODESIC TRAJECTORIES

Slow-roll multifield inflation does not require light 
fields (|Minf | ⌧ H)

Large turning rates in multifield inflation do not 
require complicated, fine tuned potentials 

Strong non-geodesic inflation does not require 
negative fields space curvature

[Chakraborty et al. ’19; 
Aragam et al. ’21]
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‣ Fat inflation has                     , second condition is not 
satisfied, while first condition may be satisfied in 
strongly non-geodesic trajectories

FAT (MULTIFIELD) INFLATION AND THE SWAMPLAND

Recently proposed asymptotic dS conjectures require that 
[Obied, Ooguri, Spodyneiko, Vafa; Garg, Krishnan; Ooguri, Palti, Shiu, Vafa, '18]

driving inflation. In the standard lore, such hierarchy of masses cannot drive a period of

successful inflation, since large contributions to the masses of the inflatons might spoil the

required flatness and therefore slow-roll conditions required for inflation. However, we have

seen that fat inflation works with large masses when the turning rates are large. Therefore,

previous statements on inflation bases on light inflatons need to be revisited In particular,

in supergravity inflationary constraints were discussed long ago in [41], assuming the need

for light fields. We leave for future work a detailed analysis of these constraints and more

generally of fat inflation and large turns in supergravity.

2.2 Fat Inflation and the Swampland

We conclude this section by making a connection between fat inflation and the recently

proposed dS conjectures13 [5–7], which require that
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where rV ⌘
p
gabVaVb and c, c0 are some O(1) constants. It was shown in [42] that in

multifield inflation, the first condition can be satisfied, so long as the turning rate ⌦/H is

su�ciently large. This can easily be seen as follows. Generalising the potential slow-roll
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When ✏T ' ✏, one arrives at the relation presented in [42, 43]:

✏V ' ✏

✓
1 +

⌦2

9H2

◆
, (2.34)

and therefore, one sees that in a multifield inflationary model, where ⌦ 6= 0, for su�ciently

large turning rate ⌦/H (and suitable values of ✏), ✏V can be of order one14.

However, (2.34) does not tell us how to achieve large turns given a multifield model of

inflation. We have provided an answer above in eq. (2.21) and (2.18): in order to get large

13One should keep in mind that these conjectures have not been proved, and should therefore be con-
sidered with care.

14Since there is no calculation of the constant c an order one parameter can fall in a large range of
values.
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In multi field inflation, these conditions can be satisfied as

& O(1)

(multi field inflation ☞ non-geodesic trajectories) 
turns, a su�cient condition is to consider models where

H2 ⌧ �  VTT , (2.35)

that is, multifield fat field inflation. Clearly in this case, the second condition (2.31) is not

satisfied.

Let us also comment on another conjecture, the Distance Swampland Conjecture (DSC)

[44]. Roughly, it claims that the geodesic displacement between two points in field space

is bounded, again by an order one number in Planck units, that is:

�� . c̃MP l , (2.36)

with c̃ ⇠ O(1). Otherwise a tower of light states emerges which would spoil the low

energy e↵ective description. A recent discussion on multifield inflation and the DSC has

appeared in [45]. So here we simply stress that inflationary trajectories with large turning

rates ⌦/H & 1 di↵er strongly from a geodesic and thus (2.36) does not apply. Moreover,

an almost geodesic trajectory requires a very small turning rate value ⌦/H ⌧ 1. (See

appendix A for a concrete example).

In the next two sections we discuss an explicit example of of fat inflation where a probe

D5-brane moves along the angular and radial directions of a warped resolved conifold in a

type IIB string theory compactification.

3 D5-brane Inflation supergravity set-up

In this section we present the supergravity set-up where we study a concrete example of

fat D5-brane inflation. In the next section we will use the results discussed here to study

the full cosmological evolution and predictions of this model.

Consider a flux compactification of type IIB string theory on an orientifold Calabi-Yau

threefold [46], where the use of internal fluxes generates a warped throat in the internal

space.

The low energy 10D action of type IIB supergravity, together with local sources in the

Einstein frame, is given by
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previous statements on inflation bases on light inflatons need to be revisited In particular,

in supergravity inflationary constraints were discussed long ago in [41], assuming the need

for light fields. We leave for future work a detailed analysis of these constraints and more

generally of fat inflation and large turns in supergravity.

2.2 Fat Inflation and the Swampland

We conclude this section by making a connection between fat inflation and the recently

proposed dS conjectures13 [5–7], which require that

rV

V
� c

M
Pl

or (2.30)

min(rarbV )

V
 � c0

M2

Pl

(2.31)

where rV ⌘
p
gabVaVb and c, c0 are some O(1) constants. It was shown in [42] that in

multifield inflation, the first condition can be satisfied, so long as the turning rate ⌦/H is

su�ciently large. This can easily be seen as follows. Generalising the potential slow-roll

parameter (2.15) to the multifield case we have

✏V ⌘ M2

Pl

2

V aVa

V 2

= ✏T +
⌦2

9H2

✏ , (2.32)

that is:

✏V = ✏

✓
✏T
✏
+

⌦2

9H2

◆
. (2.33)

When ✏T ' ✏, one arrives at the relation presented in [42, 43]:

✏V ' ✏

✓
1 +

⌦2

9H2

◆
, (2.34)

and therefore, one sees that in a multifield inflationary model, where ⌦ 6= 0, for su�ciently

large turning rate ⌦/H (and suitable values of ✏), ✏V can be of order one14.

However, (2.34) does not tell us how to achieve large turns given a multifield model of

inflation. We have provided an answer above in eq. (2.21) and (2.18): in order to get large

13One should keep in mind that these conjectures have not been proved, and should therefore be con-
sidered with care.

14Since there is no calculation of the constant c an order one parameter can fall in a large range of
values.
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3.1 Multifield inflation in supergravity

Our starting point is the supergravity Lagrangian:

S =

Z
d4x

p�g

M2

Pl
R

2
�K

i|̄

@
µ

�i@µ�̄|̄ � V (�k, �̄k)

�
, (3.1)

where K
i|̄

is the Kähler metric and W is the superpotential. The scalar potential is given

in terms of the Kähler potential K and the superpotential as

V = eK/M

2
Pl(Ki|̄D

i

WD
|̄

W̄ � 3|W |2M�2
Pl ) , (3.2)

where D
i

W = W
i

+K
i

W . Here �i are complex fields, of which there are generically many.

To study inflation we consider an FLRW 4D spacetime, in which the equations of motion

for the scalars take the form:

�̈i + 3H�̇i + �i

jk

�̇j�̇k +Ki|̄V
|̄

= 0 , (3.3)

with an additional equation of motion for the conjugate field �̄ī. Here the Christo↵el

symbols are computed from the Kähler metric K
i|̄

, with only �i

ik

and �|̄

ı̄k̄

non-zero.

The simplest setup involves a single superfield comprised of two real scalars, so our

previous discussion on two-field inflation immediately applies. In this case, known as

sgoldstino inflation [39, 40], the inflaton and the sgoldstino are aligned. However, inflation

is generally di�cult to realize with a single superfield [35]. In Appendix A we explore the

possibility of sgoldstino inflation in a simple, analytically solvable model.

The next possibility involves two superfields, in such a way that during inflation, only

two of the real fields evolve. In [34] an interesting strategy to realise single field inflation

with any potential along the direction orthogonal to the sgoldstino [35] was introduced.

The model introduces two superfields, which act as the sgoldstino and inflaton respectively.

It was shown that the three additional scalars can always be stabilised by introducing a

suitable Kähler potential. Moreover, in [41] the sgoldstino was eliminated by introducing

a nilpotent condition to the goldstino superfield. Note that in principle one could com-

bine the real fields from the di↵erent superfields to drive two-field inflation. However,

such a configuration will not give rise to the type of attractors in the previous section.

Consequently, we consider the class of orthogonal inflation models throughout this section.

3.2 Rapid-turn attractor in supergravity

We saw in Section 2.3 that slow-roll in the r0 ⇠ 0 attractor implies ✏
T

⌧ 1, which can

be written in terms of V
✓

as in (2.35). In supergravity, this is expressed in terms of the

complex fields � and �̄ as

✏
T

' M2
Pl

2

1

2K��̄

✓
i(V� � V�̄)

V

◆2

, (3.4)

where V is the supergravity scalar potential. The ⌘
T

parameter (2.37) can be written as

⌘
T

' M2
Pl

2K��̄

(2V��̄ � V�� � V�̄�̄)

V
. (3.5)
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LARGE TURNING RATES IN SUGRA INFLATION

Transforming the expression for ! in (2.39) to complex coordinates and neglecting factors

of ✏, we obtain:

⌦

H
' �M2

Pl
i(V� � V�̄)

V

�
K��̄,� +K��̄,�̄

�

(2K��̄)
2

= �MPl
p
2✏

T

�
K��̄,� +K��̄,�̄

�

(2K��̄)
3/2

. (3.6)

From this equation it is evident that large turning rates can be adjusted by tuning the

Kähler potential. Meanwhile, the superpotential can be tuned to ensure slow-roll, i.e.

✏
T

⌧ 1. We will see this in concrete examples below.

Finally, recall that superfields other than the inflaton can be made massive or removed

via a nilpotent constraint. We can then find a simple expression for the eigenvalues of the

mass matrix along the inflaton direction �. Therefore, the mass matrix takes the simple

form:

rar
b

V =

 
K��̄V�̄ � K��̄V�̄ �̄

K�̄�V�� K�̄�V� �̄

!
,

where all derivatives are covariant. The eigenvalues are then

�± = K�1
��̄

⇣
V��̄ ±pV��V�̄ �̄

⌘
. (3.7)

In what follows, we consider large turning rates and fat inflatons in specific supergravity

models. As we have identified above, tuning the Kähler potential and superpotential

suitably can in principle generate strongly non-geodesic inflationary trajectories. In all

these examples, we find no fat fields due to the presence of a tachyonic Hessian element

along the trajectory. These examples also feature an incompatibility between slow-roll and

fat fields. This is possibly a non-trivial manifestation of the ⌘-problem in supergravity.

3.3 Orthogonal inflation

As described previously, we consider two “orthogonal” chiral superfields, the goldstino

and inflaton superfieds S and �, respectively. We denote the scalar components of these

superfields with the same letter. We can now to eliminate S by either introducing a suitable

Kähler potential to stabilise it to S = 0, or by introducing a nilpotent condition S2 = 0

[34, 41].

Consider a general Kähler potential and the superpotential of the form

K(�, �̄;S, S̄) , W = SF (�) , (3.8)

where the Kähler potential is separately invariant under the transformations S ! �S.

This ensures that the Kähler potential is a function of S2 + S̄2 and SS̄; for now we do not

make further assumptions on �. In this case, K
S

= K
S̄

= 0 at S = 0, and derivatives of

the superpotential reduce to:

D
S

W = F (�) , D�W = 0 , (3.9)

The scalar potential then takes the simple form:

V = eK(�,�̄,0,0)/M2
PlK�1

SS̄

(�, �̄, 0, 0) |F (�)|2 . (3.10)

– 10 –
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Assuming that the Kähler potential is shift symmetric in �, such that it is a function of

(�+ �̄) only, we have the simplifications K� = K�̄, K
SS̄

,� = KSS̄

,�̄
, etc. The expressions

for ✏
T

and ! in (3.4) and (3.6) reduce to:

✏
T

= � M2
P l

4K��̄

✓
F�F̄ � FF̄�̄

FF̄

◆2

, (3.11)

⌦

H
' �M2

Pl

i
�
F�F̄ � FF̄�̄

�

FF̄

�
2K��̄,�

�

(2K��̄)
2
,' �MPl

p
2 ✏

T

�
2K��̄,�

�

(2K��̄)
3/2

. (3.12)

From here we again observe that slow-roll is attainable by suitably tuning the superpo-

tential, while large turning rates can be obtained by tuning the Kähler potential. One

can also write the eigenvalues (3.7) in terms of derivatives of K and W , making use of

the slow-roll conditions. However, it is not simple to understand analytically why there is

always a tachyonic direction. The condition for fat inflation, V
NN

> 9H2 ⇠ 3V , expressed

in terms of W and K is also analytically inscrutable; thus, determining why fat inflation

never occurs during slow-roll is highly nontrivial.

3.4 Generating large turning rates in supergravity

We now discuss two models where we demonstrate how to use our discussion above to

generate large turning rates. As we will see, although both models are stable, they always

have a tachyonic Hessian element along the inflationary trajectory.

3.4.1 No-scale inspired model

Let us consider (3.8) with the following Kähler potential:

K = � 3↵M2
Pl log[(�+ �̄)/MPl] + SS̄ , (3.13)

which corresponds to no-scale supergravity for ↵ = 1 [42]. For a general ↵ > 0, the field

space curvature is given by R = �4/(3↵). The potential (3.10) is

V =
M3↵

Pl |F |2
(�+ �̄)3↵

, (3.14)

while the turning rate (3.12) is
⌦

H
' 2

p
✏
Tp

3↵
. (3.15)

As anticipated, choosing an appropriate Kähler potential allows us to generate large turning

rates. This requires a su�ciently small ↵ ⌧ 1, which consequently yields a large negative

curvature. Although we present an example in the next subsection without a large negative

curvature, the turning rate still increases as ↵ ! 0. We have checked that this is the case

for a wide variety of superpotentials F (�). For clarity we now concentrate on the simple

choice 4:

F (�) = p0 + p1� . (3.16)

4The exact form of F (�) is unimportant for supporting inflation, as can be seen in several of the families

of models in Table 1.
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rates. This requires a su�ciently small ↵ ⌧ 1, which consequently yields a large negative
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curvature, the turning rate still increases as ↵ ! 0. We have checked that this is the case
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Before examining inflationary solutions, we first consider whether inflation is fat in this

example. As seen in the previous section, for the attractor with r0 ⇠ 0, V
NN

can be written

as in eq. (2.40). In the small-↵ limit this simplifies to

V
NN

H2
� 9 ' r!

✓

✓
3
p
2� 9
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◆
� 9 +O(↵). (3.18)

The sign of the expression above (3.18) determines the sign of the determinant, and the

number of positive eigenvalues. When ✏ is small as required for inflation, (3.18) is manifestly

negative. Additionally, whenever ✏ is small, ! is large, and ↵ is small, we find that V
NN

<

9H2. This fixes the Hessian’s eigenvalues to have opposite signs, implying the existence

of a tachyonic direction. This also shows that fat inflation is not possible in this model,

which we confirm numerically.

In Figure 1, we show the turning rate for di↵erent values of ↵. For all the values shown,

inflation lasts at least 60 e-folds; we plot the turning rate in the last 60 e-folds. For values of

↵ & 10�2, inflation lasts less than 60 e-folds for the same values of the parameters (p0, p1).

As discussed previously, it is possible to generate strongly non-geodesic trajectories by

tuning ↵, which changes the field space curvature, R = �4/3↵. On the other hand, one of

the masses is always tachyonic along the inflationary trajectory.

Figure 1: We plot the value of the dimensionless turning rate ⌦/H for di↵erent values of

↵. In all these cases, inflation lasts at least 60 e-folds and we plot the turning rate in the

last 60 e-folds. For ↵ & 10�2, inflation lasts less than 60-folds for the same values of the

parameters (p0, p1).

3.4.2 The EGNO model

We now discuss the only supergravity model we are aware of with a dimensionless turning

rate larger than one: the EGNO model of [43]. As with all supergravity models we have
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From here we again observe that slow-roll is attainable by suitably tuning the superpo-

tential, while large turning rates can be obtained by tuning the Kähler potential. One

can also write the eigenvalues (3.7) in terms of derivatives of K and W , making use of

the slow-roll conditions. However, it is not simple to understand analytically why there is

always a tachyonic direction. The condition for fat inflation, V
NN

> 9H2 ⇠ 3V , expressed

in terms of W and K is also analytically inscrutable; thus, determining why fat inflation

never occurs during slow-roll is highly nontrivial.

3.4 Generating large turning rates in supergravity

We now discuss two models where we demonstrate how to use our discussion above to

generate large turning rates. As we will see, although both models are stable, they always

have a tachyonic Hessian element along the inflationary trajectory.

3.4.1 No-scale inspired model

Let us consider (3.8) with the following Kähler potential:

K = � 3↵M2
Pl log[(�+ �̄)/MPl] + SS̄ , (3.13)

which corresponds to no-scale supergravity for ↵ = 1 [42]. For a general ↵ > 0, the field

space curvature is given by R = �4/(3↵). The potential (3.10) is
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, (3.14)

while the turning rate (3.12) is
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As anticipated, choosing an appropriate Kähler potential allows us to generate large turning

rates. This requires a su�ciently small ↵ ⌧ 1, which consequently yields a large negative

curvature. Although we present an example in the next subsection without a large negative

curvature, the turning rate still increases as ↵ ! 0. We have checked that this is the case

for a wide variety of superpotentials F (�). For clarity we now concentrate on the simple

choice 4:

F (�) = p0 + p1� . (3.16)

4The exact form of F (�) is unimportant for supporting inflation, as can be seen in several of the families

of models in Table 1.
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3.4.1 No-scale inspired model

Let us consider (3.8) with the following Kähler potential:

K = � 3↵M2
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which corresponds to no-scale supergravity for ↵ = 1 [42]. For a general ↵ > 0, the field

space curvature is given by R = �4/(3↵). The potential (3.10) is
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while the turning rate (3.12) is
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As anticipated, choosing an appropriate Kähler potential allows us to generate large turning

rates. This requires a su�ciently small ↵ ⌧ 1, which consequently yields a large negative

curvature. Although we present an example in the next subsection without a large negative

curvature, the turning rate still increases as ↵ ! 0. We have checked that this is the case

for a wide variety of superpotentials F (�). For clarity we now concentrate on the simple

choice 4:

F (�) = p0 + p1� . (3.16)

4The exact form of F (�) is unimportant for supporting inflation, as can be seen in several of the families

of models in Table 1.
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surveyed, the EGNO model does not feature fat fields. The original Lagrangian obeys the

symmetries of K(S, S̄) discussed previously, though in principle there is not necessarily a

shift symmetry in �. However, the parameters that yield turning rates larger than one

and long-lasting inflation do admit a shift symmetry. In this region of parameter space,

we can make use of the expressions found in our above analysis of rapid-turn inflation in

supergravity.

The Lagrangian

Setting MPl = 1 in this subsection for simplicity, the Kähler potential and superpotential

for the EGNO model are

K = �3↵ log
h
�+ �̄� c

⇥
(�+ �̄� 1) cos (p)� i(�� �̄) sin (p)

⇤4i
+

SS̄

(�+ �̄)3
, (3.19)

W = SF (�) , F (�) =

r
3

4

M

a
(�� a) . (3.20)

Following our previous discussion, we introduced the parameter ↵, which allows for tuning

to obtain large turning rates. The parameters p, c, a, and M are arbitrary constants.

For p = 0, the Kähler potential and superpotential satisfy the symmetries discussed

previously5. The scalar potential is given by (3.10):

V =
3

4

M2

a2
(�+ �̄)3 (a� �)(a� �̄)

⇣
�+ �̄� c

⇥
(�+ �̄� 1)

⇤4⌘3↵

=
6M2r3

�
2r � c(1� 2r)4

��3↵ �
(a� r)2 + ✓2

�

a2
, (3.21)

where the superfield � is expanded as � = r + i✓. We observe that the potential has a

minimum at (rmin, ✓min) = (a, 0) for any value of ↵.

This model has a non-trivial field space curvature, R, along S = S̄ = 0, which depends

on the value of ↵ and c. When c = 0 we have R = �4/3↵, while for c ! ±1 the curvature

is R = �1/3↵. Additionally, R ! �1/3↵ as r ! 1. Interestingly, the curvature can be

very large and positive or negative depending on the values of c and ↵. In particular, the

↵ = 1 inflationary trajectory in [43] has R > 0 (see Figure 3). Note that although the

curvature changes sign, the metric is always positive.

The EGNO model has ↵ = 1, a = 1/2, c = 1000, and p = 0, which sets the dimension-

less turning rate ! ' 1.5 (see the left pane of Figure 5). For p 6= 0, our scan in Appendix

B found smaller turning rates whenever p is far from a multiple of ⇡ (see Fig. 6).

We emphasize that ! can be increased or decreased by tuning the Kähler potential as

in (3.12). Since it depends on c, we may increase or decrease ! by increasing or decreasing

c. For example, when c = 10, the turning rate drops below one, ! . 1. In Figure 2 we

show the potential and inflationary trajectory for the example in [43] with ↵ = 1, a = 1/2,

M = 10�3, c = 1000, p = 0, and initial conditions as indicated in the figure. The evolution

of the fields r and ✓ for this example is shown in Figure 4.

5In Appendix B we scan over p as a free parameter.
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Figure 2: EGNO potential and inflationary trajectory for the parameters ↵ = 1, a = 1/2,

M = 10�3, c = 1000, and p = 0 as in the original model [43]. The initial conditions are

rini = a, ✓ini = 5a
p
2/3, yielding N

tot

= 87.

Figure 3: Curvature around the inflationary region (right) and during the last 60-efolds

of inflation (left) in the EGNO model for the parameter values given in Figure 2.

It is now evident that in the ENGO model, we can turn on ↵ to generate rapidly

turning trajectories. As a concrete example, in the right pane of Figure 5 we show the

value of ! for a smaller value of ↵ and a larger value of c. The field space curvature

increases for these values, but as in the original model the metric is always positive. Once

can verify that for this and the original EGNO model, one eigenvalue of the mass matrix is

always negative along the inflationary trajectory. This indicates the existence of a tachyonic

direction along the trajectory. It is important to note that this model does not globally

satisfy the conjecture of [5]. Only along the trajectory do we observe rapid-turn inflation

with a tachyonic mode. Away from the trajectory, the potential has neither a large gradient
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Figure 4: Trajectories for r and ✓ in the original EGNO model for the parameters and

initial conditions given in Figure 2.

Figure 5: Turning rate in the original EGNO model for two sets of parameters. On the

left, we use the parameters and initial conditions given in Figure 2 and find !(N
end

) ' 3,

where N
end

is the end of inflation, i.e. ✏ = 1. On the right, we use ↵ = 10�3, c = 105 to

increase the turn rate up to !(N
end

) ' 42.

parameter ✏
V

nor a tachyonic direction. We end by noting that the tachyonic mass rules

out fat inflation in these models, possibly illustrating a non-trivial manifestation of the

⌘-problem in supergravity.

4 Conclusions

Strongly non-geodesic inflationary trajectories in multifield inflation have attracted re-

vived interest recently from theoretical and phenomenological perspectives. However to

date, rapid-turn multifield models in supergravity and string theory are scarce. On the

supergravity side, the only model we are aware of with an order one turning rate ! & 1 is

the EGNO model [43] that we discussed in Section 3.4.2. On the string theory side, the

only available model is the multifield fat inflation D5-brane model introduced in [7].

In the present work we have systematically analyzed rapid-turn and fat inflation in

supergravity as a first step toward understanding multifield inflationary attractors in string
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PART III:  

FAT INFLATION IN STRING THEORY

D5-BRANE FAT INFLATION
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D5-BRANE INFLATION

• Consider a warped compactification in type IIB string 
theory. A probe D5-brane moving in the radial and 
angular directions in a warped resolved conifold

[(Single field) Kenton-Thomas, ’14; 
Chakraborty et al. ’19]

We refer to [25] for further details. The homogeneous solution �h is independent of the

choice of probe brane and it is valid everywhere within the WRC throat, in particular

near the tip. The coe�cients al, bl are undetermined, but small. We keep two independent

solutions (depending only on ✓
2

) to the Laplace equation for (l,m) = (0, 0), (1, 0), so that

�h is given by17

�h = a
0


2

⇢2
� 2 log

✓
1

⇢2
+ 1

◆�
+ 2a

1


6 +

1

⇢2
� 2(2 + 3⇢2) log
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⇢2

◆�
cos ✓

2

+
b
1

2

�
2 + 3⇢2

�
cos ✓

2

, (3.33)

where again, the coe�cients a
0

, a
1

, b
1

are small. In [25] a
1

was taken to be zero. However

we will keep it in our analysis of the inflationary solutions in the next section.

Figure 1. A cartoon representation of the D5-brane embedding in the WRC.

3.3 Moduli stabilisation

We are using the open string moduli associated to the position of a moving probe D5-brane

to drive inflation and are thus intrinsically assuming that all closed string moduli, complex

structure, dilaton and Kähler moduli, have been stabilised and are fixed at their minima.

We briefly outline how this assumption can be realised, as discussed also in [25], but we

do not attempt to implement a full closed string stabilisation mechanism in detail in the

present paper.

In type IIB flux compactifications, closed string moduli are partially stabilized by turn-

ing on suitable RR and NSNS fluxes [46]. This can be seen in a supergravity N = 1

description by the scalar potential induced from the Gukov-Vafa-Witten (GVW) superpo-

tential in type IIB string theory W =
R
G

3

^ ⌦, where ⌦ is the holomorphic (3, 0)-form

of the internal manifold and G
3

is the three-form flux defined above. The GVW scalar

potential depends on the complex structure and the axio-dilaton moduli which can thus

17We take b0 = 0, as this term multiplies HB
0 = 1 and thus gives a small constant contribution to the

potential given by �b0.

16
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16

order perturbation of �� in the large throat limit is a solution to the homogeneous Laplace

equation:

r̃2�h = 0 , (3.7)

while �� is the solution to the Poisson equation arising when we consider the e↵ect of a

non-negligible R
4

:

r̃2�� = R
4

, (3.8)

The solutions to (3.7) and (3.8) depend on the unwarped internal 6D geometry and were

computed in [25] for the RC geometry. These will be relevant for the potential for the

D5-brane positions and will be presented in subsection 3.2.

3.1 The warped resolved conifold

We now consider the warped resolved conifold (WRC) [49, 50] where we study the dynamics

of moving probe D-branes. This resolved conifold (RC) is one of the two smooth versions

of the non-compact Calabi-Yau threefold, the conifold [48], which is a cone over the base

T 1,1 = SU(2)⇥SU(2)

U(1)

, which can be thought topologically as an S2 ⇥ S3. At the tip of the

cone, the volume of both spheres vanishes, and there is a singularity. This can be removed
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here u is the resolution parameter. It is also the natural length scale of the resolved

conifold. We have also defined the dimensionless coordinate ⇢ = r/3u. The warp factor,

H(⇢, ✓
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) is the solution to the Green’s function equation for the Laplace operator on the

15In contrast, the warp factors depend only on the radial coordinate in the case where the internal
geometry is the singular or deformed conifold, and is an assumption usually made for generic warped
throats.
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• The 10D metric for the WRC we consider takes the form

{6D resolved  
conifold metric
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is the pullback of a 10D tensor to the six dimensional brane worldvolume

We take the simple embedding of the D5-brane in the 10D spacetime as in [25, 51]:
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where µ = 0, 1, 2, 3 are the non-compact coordinates. The wrapping of the brane of the
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Having specified the embedding and wrapping, we can now compute the pullback of the
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2 + g✓2✓2 ✓̇
2

2

=

✓
r2 + 6u2

r2 + 9u2

◆
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(gs = string coupling)

(`s = string scale)

p p
q

p = wraping number

[Pando Zayas, Tseytlin, 00;  
Klebanov, Murugan, '07]

V (r, ✓) = �(r) + �(��(r) + �h(r, ✓))

[Kenton-Thomas, ’14; 
Bauman et al.  ’07-10]46



D5-BRANE FAT INFLATION 

for a wide range of values of p consistent with (3.36). We can similarly find a bound

for the brane flux q by noting that it induces a D3-brane charge due to the CS term of

the D5-brane action (3.13). Therefore it contributes to the five form Bianchi identify as

[25]: T
5

⇢pq D5

3

which should be small compared to the D3-brane contribution T
3

⇢N D3

3

, so

we require, similar to (3.35) that
T
5

⇢pq D5

3

T
3

⇢N D3

3

⌧ 1 . (3.37)

Here [25]

⇢N D3

3

= N
�(6)(⌃

0

)p
det g

6

, ⇢pq D5

3

= p q(⇡↵0) sin ✓
1

�(4)(⌃
2

)p
det g

6

. (3.38)

Therefore we arrive at the constraint

pq ⌧ T
3

T
5

N

⇡`2s sin ✓1
=

4⇡N

sin ✓
1

. (3.39)

Therefore, once we choose a value for p that satisfies (3.36), we need to choose q such that

(3.39) holds. As we will see there is a large parameter space where these conditions can be

satisfied, giving rise to a successful period of inflation with large and small turning rates.

4 Fat D5-brane inflation in the warped resolved conifold

We now have all we need to study explicitly the multifield D5-brane inflationary evolution,

where a probe D5-brane moves inside the WRC along the radial and an angular directions:

(r, ✓) (from now on, we drop the subindex 2 in the angular coordinate). Due to the

complexity of the system, we solve all equations numerically.

4.1 E↵ective 4D action and cosmological equations

Our starting action is given by (see eq. (3.24))

S
4

=

Z
d4x

p
�g


M2

Pl

2
R

4

+
1

2
gijv

ivj � V (r, ✓)

�
(4.1)

where the four dimensional metric is the FRW metric (2.2), gij is defined in (3.25) and the

full expression for the scalar potential is given by (see (3.25), (3.31), (3.33)):

V (r, ✓) = V
0

+ 4⇡pT
5

H�1

⇥
F1/2 � `2s⇡qgs

⇤
+ �

⇥
�� + �h

⇤
, (4.2)

where � = 4⇡2`2spqT5

gs and (see (3.24),(3.25))

F =
H
9
(r2 + 3u2)2 + (⇡`2sq)

2 (4.3)
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⇢2 + 162 log (9
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�
)� 9� 160 log(10)
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(4.4)
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• At the end of the day, the 4D action takes the form

As we mentioned above, we turn on a non-zero worldvolume flux F
2

of strength q, along

the wrapped 2-cycle (all other components of Fab are set to zero), so that its pullback has

the following non-zero components

P
6

[F
2
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6

[F
2
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2
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1

. (3.23)

With this we have all information we need to write down the total action for the D5-brane

(3.13). Notting also that P
6

[B
2

] = 0 and C
6

= 0, the action becomes (expanding the

square root)
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where we used (3.4) and (3.6), and we defined:
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Here �� = �� + �h, is the solution to the Poisson equation, while �h is the solution to

the homogeneous equation (3.7) while �� is the solution due to the correction of the Ricci

scalar (3.8). We focus on solutions of the Laplace equation which are invariant under the

SU(2)
1

⇥ U(1) which rotates the (✓
1

,�
1

) and  coordinates of the shrinking S3. The

solutions were presented in [25] and are given by (remember that ⇢ = r/3u)
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where (l,m) denote the other SU(2)
2

quantum numbers of the corresponding isometries

of T 1,1. The independent solutions are given by HA
l (⇢) in (3.12) and

HB
l (⇢) =2

F
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(1� �, 1 + �, 2,�⇢2) . (3.32)
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for a wide range of values of p consistent with (3.36). We can similarly find a bound

for the brane flux q by noting that it induces a D3-brane charge due to the CS term of

the D5-brane action (3.13). Therefore it contributes to the five form Bianchi identify as

[25]: T
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which should be small compared to the D3-brane contribution T
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Therefore, once we choose a value for p that satisfies (3.36), we need to choose q such that

(3.39) holds. As we will see there is a large parameter space where these conditions can be

satisfied, giving rise to a successful period of inflation with large and small turning rates.

4 Fat D5-brane inflation in the warped resolved conifold

We now have all we need to study explicitly the multifield D5-brane inflationary evolution,

where a probe D5-brane moves inside the WRC along the radial and an angular directions:

(r, ✓) (from now on, we drop the subindex 2 in the angular coordinate). Due to the

complexity of the system, we solve all equations numerically.

4.1 E↵ective 4D action and cosmological equations

Our starting action is given by (see eq. (3.24))
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where the four dimensional metric is the FRW metric (2.2), gij is defined in (3.25) and the

full expression for the scalar potential is given by (see (3.25), (3.31), (3.33)):
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As we explained in the previous section, the coe�cients a
0

, a
1

, b
1

are arbitrary, but small

(in [25] a
1

= 0). We have also introduced a constant piece V
0

, which we tune in order

to downlift the de Sitter minimum of the potential to Minkowski. The reasons behind

are twofold. This term encodes any unknown physics that may shift these minima to

Minkowski. For example, due to the explicit stabilisation mechanism of the closed string

moduli, which we haven’t included. Moreover, the recently proposed dS swampland con-

jectures [5–7] exclude dS minima in string theory, if correct, while Minkowski minima are

allowed.

Finally, the four dimensional Planck mass, M
Pl

after compactification is given by (see

(3.1))

M2

Pl

& �2

10

Vol (T 1,1)

Z u

0

y5H(y) ⇠ Nu2

4(2⇡)3gs`4s
. (4.6)

where we used that Vol (T 1,1) = 16⇡3/27 and assumed that most of the volume comes from

the throat, approximating H ⇠ L4/⇢4. For concreteness, for the cosmological solutions we

fix M
Pl

to the lower bound.

Analysis of parameters

Before looking into the full numerical analysis of multifield inflationary solutions to (4.1),

let us pause here to discuss the parameters’ values that we consider, taking into account

our approximations. First of all, for the string weak coupling approximation to be valid we

need gs ⌧ 1. Next, we require a large number of D3-branes N � 1 so that backreaction

of the probe D5-brane is under control. As we mentioned before, in the WRC, the u

parameter is the natural length of the throat, so that we can take [25] rUV = u and it

should be larger than `s, that is u > `s. We also need to keep in mind the hierarchy of

scales that needs to be satisfied in order for our approximations to be valid during 4D

inflation [54, 55]. That is, M
Pl

& Ms & Mc � H, where Mc is the compactification

scale and H is the Hubble parameter defined as H ⌘ ȧ/a. Taking these considerations

into account, we fix the parameters gs, N, u to ensure that this hierarchy holds and vary

the parameters p, q, keeping track of the backreaction constraints (3.36), (3.39). We then

choose the coe�cients a
0

, a
1

, b
1

(⌧ 1) in the potential (4.2) such that the amplitude of the

scalar perturbations matches with observations. As we will see, there is a large range of

values for the parameters p, q, a
0

, a
1

, b
1

giving di↵erent types of inflationary solutions, in

particular, fat slow-roll natural inflation.

As pointed out in [25] we can expect the potential (4.2) to drive single field natural

inflation once the radial coordinate is fixed to its minimum, r = rmin and so long as the

decay constant, f , takes superplanckian values consistent with the approximations above.
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of the probe D5-brane is under control. As we mentioned before, in the WRC, the u

parameter is the natural length of the throat, so that we can take [25] rUV = u and it
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choose the coe�cients a
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scalar perturbations matches with observations. As we will see, there is a large range of
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inflation once the radial coordinate is fixed to its minimum, r = rmin and so long as the
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for a wide range of values of p consistent with (3.36). We can similarly find a bound

for the brane flux q by noting that it induces a D3-brane charge due to the CS term of

the D5-brane action (3.13). Therefore it contributes to the five form Bianchi identify as
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Therefore we arrive at the constraint
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Therefore, once we choose a value for p that satisfies (3.36), we need to choose q such that

(3.39) holds. As we will see there is a large parameter space where these conditions can be

satisfied, giving rise to a successful period of inflation with large and small turning rates.

4 Fat D5-brane inflation in the warped resolved conifold

We now have all we need to study explicitly the multifield D5-brane inflationary evolution,

where a probe D5-brane moves inside the WRC along the radial and an angular directions:

(r, ✓) (from now on, we drop the subindex 2 in the angular coordinate). Due to the

complexity of the system, we solve all equations numerically.

4.1 E↵ective 4D action and cosmological equations

Our starting action is given by (see eq. (3.24))
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where the four dimensional metric is the FRW metric (2.2), gij is defined in (3.25) and the

full expression for the scalar potential is given by (see (3.25), (3.31), (3.33)):
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for a wide range of values of p consistent with (3.36). We can similarly find a bound

for the brane flux q by noting that it induces a D3-brane charge due to the CS term of
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Therefore, once we choose a value for p that satisfies (3.36), we need to choose q such that

(3.39) holds. As we will see there is a large parameter space where these conditions can be

satisfied, giving rise to a successful period of inflation with large and small turning rates.

4 Fat D5-brane inflation in the warped resolved conifold

We now have all we need to study explicitly the multifield D5-brane inflationary evolution,

where a probe D5-brane moves inside the WRC along the radial and an angular directions:

(r, ✓) (from now on, we drop the subindex 2 in the angular coordinate). Due to the

complexity of the system, we solve all equations numerically.

4.1 E↵ective 4D action and cosmological equations

Our starting action is given by (see eq. (3.24))
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where the four dimensional metric is the FRW metric (2.2), gij is defined in (3.25) and the

full expression for the scalar potential is given by (see (3.25), (3.31), (3.33)):
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for a wide range of values of p consistent with (3.36). We can similarly find a bound
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Therefore, once we choose a value for p that satisfies (3.36), we need to choose q such that

(3.39) holds. As we will see there is a large parameter space where these conditions can be

satisfied, giving rise to a successful period of inflation with large and small turning rates.
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We now have all we need to study explicitly the multifield D5-brane inflationary evolution,

where a probe D5-brane moves inside the WRC along the radial and an angular directions:

(r, ✓) (from now on, we drop the subindex 2 in the angular coordinate). Due to the

complexity of the system, we solve all equations numerically.
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where the four dimensional metric is the FRW metric (2.2), gij is defined in (3.25) and the

full expression for the scalar potential is given by (see (3.25), (3.31), (3.33)):
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V (r, ✓)

Parameters and constraints 

๏ String theory models of inflation relay on 
4D LEEFT, weakly coupled, perturbative 
string expansion  

gs < 1 , L/`s > 1

๏ For a 4D effective field theory description to be valid during 
inflation, requires compactification scale smaller than string 
scale       

. MKK . Ms . MPl

๏ Thus we require the hierarchy:

(Lc/`s > 1)

49



D5-BRANE FAT INFLATION 

for a wide range of values of p consistent with (3.36). We can similarly find a bound

for the brane flux q by noting that it induces a D3-brane charge due to the CS term of
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Therefore, once we choose a value for p that satisfies (3.36), we need to choose q such that

(3.39) holds. As we will see there is a large parameter space where these conditions can be

satisfied, giving rise to a successful period of inflation with large and small turning rates.
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complexity of the system, we solve all equations numerically.

4.1 E↵ective 4D action and cosmological equations

Our starting action is given by (see eq. (3.24))

S
4

=

Z
d4x

p
�g


M2

Pl

2
R

4

+
1

2
gijv

ivj � V (r, ✓)

�
(4.1)

where the four dimensional metric is the FRW metric (2.2), gij is defined in (3.25) and the

full expression for the scalar potential is given by (see (3.25), (3.31), (3.33)):

V (r, ✓) = V
0

+ 4⇡pT
5

H�1

⇥
F1/2 � `2s⇡qgs

⇤
+ �

⇥
�� + �h

⇤
, (4.2)

where � = 4⇡2`2spqT5

gs and (see (3.24),(3.25))

F =
H
9
(r2 + 3u2)2 + (⇡`2sq)

2 (4.3)

�� =
5

72

⇥
81

�
9⇢2 � 2

�
⇢2 + 162 log (9

�
⇢2 + 1

�
)� 9� 160 log(10)

⇤
(4.4)

18

V (r, ✓)

Parameters and constraints 

๏ String theory models of inflation relay on 
4D LEEFT, weakly coupled, perturbative 
string expansion  

gs < 1 , L/`s > 1

๏ For a 4D effective field theory description to be valid during 
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scale       
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for a wide range of values of p consistent with (3.36). We can similarly find a bound

for the brane flux q by noting that it induces a D3-brane charge due to the CS term of
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we require, similar to (3.35) that
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Therefore we arrive at the constraint

pq ⌧ T
3

T
5

N

⇡`2s sin ✓1
=

4⇡N

sin ✓
1
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Therefore, once we choose a value for p that satisfies (3.36), we need to choose q such that

(3.39) holds. As we will see there is a large parameter space where these conditions can be

satisfied, giving rise to a successful period of inflation with large and small turning rates.

4 Fat D5-brane inflation in the warped resolved conifold

We now have all we need to study explicitly the multifield D5-brane inflationary evolution,

where a probe D5-brane moves inside the WRC along the radial and an angular directions:

(r, ✓) (from now on, we drop the subindex 2 in the angular coordinate). Due to the

complexity of the system, we solve all equations numerically.

4.1 E↵ective 4D action and cosmological equations

Our starting action is given by (see eq. (3.24))
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where the four dimensional metric is the FRW metric (2.2), gij is defined in (3.25) and the

full expression for the scalar potential is given by (see (3.25), (3.31), (3.33)):
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V (r, ✓)

Parameters and constraints 

๏ String theory models of inflation relay on 
4D LEEFT, weakly coupled, perturbative 
string expansion  

gs < 1 , L/`s > 1

๏ For a 4D effective field theory description to be valid during 
inflation, requires compactification scale smaller than string 
scale       

Minf . H for light inflation. MKK . Ms . MPl

๏ Thus we require the hierarchy:

(Lc/`s > 1)
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for a wide range of values of p consistent with (3.36). We can similarly find a bound

for the brane flux q by noting that it induces a D3-brane charge due to the CS term of

the D5-brane action (3.13). Therefore it contributes to the five form Bianchi identify as

[25]: T
5

⇢pq D5

3

which should be small compared to the D3-brane contribution T
3

⇢N D3

3

, so

we require, similar to (3.35) that
T
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Therefore we arrive at the constraint
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Therefore, once we choose a value for p that satisfies (3.36), we need to choose q such that

(3.39) holds. As we will see there is a large parameter space where these conditions can be

satisfied, giving rise to a successful period of inflation with large and small turning rates.

4 Fat D5-brane inflation in the warped resolved conifold

We now have all we need to study explicitly the multifield D5-brane inflationary evolution,

where a probe D5-brane moves inside the WRC along the radial and an angular directions:

(r, ✓) (from now on, we drop the subindex 2 in the angular coordinate). Due to the

complexity of the system, we solve all equations numerically.

4.1 E↵ective 4D action and cosmological equations

Our starting action is given by (see eq. (3.24))
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where the four dimensional metric is the FRW metric (2.2), gij is defined in (3.25) and the

full expression for the scalar potential is given by (see (3.25), (3.31), (3.33)):
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Parameters and constraints 

๏ String theory models of inflation relay on 
4D LEEFT, weakly coupled, perturbative 
string expansion  

gs < 1 , L/`s > 1

H . Minf �DG���H�?B�"�H?CB. MKK . Ms . MPl

๏ For a 4D effective field theory description to be valid during 
inflation, requires compactification scale smaller than string 
scale       (Lc/`s > 1)
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for a wide range of values of p consistent with (3.36). We can similarly find a bound

for the brane flux q by noting that it induces a D3-brane charge due to the CS term of

the D5-brane action (3.13). Therefore it contributes to the five form Bianchi identify as

[25]: T
5

⇢pq D5

3

which should be small compared to the D3-brane contribution T
3

⇢N D3
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, so

we require, similar to (3.35) that
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Therefore we arrive at the constraint
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Therefore, once we choose a value for p that satisfies (3.36), we need to choose q such that

(3.39) holds. As we will see there is a large parameter space where these conditions can be

satisfied, giving rise to a successful period of inflation with large and small turning rates.

4 Fat D5-brane inflation in the warped resolved conifold

We now have all we need to study explicitly the multifield D5-brane inflationary evolution,

where a probe D5-brane moves inside the WRC along the radial and an angular directions:

(r, ✓) (from now on, we drop the subindex 2 in the angular coordinate). Due to the

complexity of the system, we solve all equations numerically.

4.1 E↵ective 4D action and cosmological equations

Our starting action is given by (see eq. (3.24))
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where the four dimensional metric is the FRW metric (2.2), gij is defined in (3.25) and the

full expression for the scalar potential is given by (see (3.25), (3.31), (3.33)):
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Parameters and constraints 

๏ The parameters      are the D5-brane wrapping and flux 
numbers, and     is the number of D3-branes sourcing the RC 
geometry.  Backreaction constraints require 

๏ The parameter,  , is the natural length of 
the throat, so u > `s

u

๏ The constants                  appearing in the 
potential are undetermined but small. 

(a0, a1, b1)

indep. solutions of the Laplace equation on the RC)
(Coefficients of

(p, q)
N

⇣
H�1/2

min = H�1/2
tip

⌘N � 1 , p ⌧ 12N(2⇡)2H�1/2 `
2
s

r2
, pq ⌧ 4⇡N
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for a wide range of values of p consistent with (3.36). We can similarly find a bound

for the brane flux q by noting that it induces a D3-brane charge due to the CS term of

the D5-brane action (3.13). Therefore it contributes to the five form Bianchi identify as

[25]: T
5

⇢pq D5

3

which should be small compared to the D3-brane contribution T
3

⇢N D3

3

, so

we require, similar to (3.35) that
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Therefore we arrive at the constraint

pq ⌧ T
3

T
5

N
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. (3.39)

Therefore, once we choose a value for p that satisfies (3.36), we need to choose q such that

(3.39) holds. As we will see there is a large parameter space where these conditions can be

satisfied, giving rise to a successful period of inflation with large and small turning rates.

4 Fat D5-brane inflation in the warped resolved conifold

We now have all we need to study explicitly the multifield D5-brane inflationary evolution,

where a probe D5-brane moves inside the WRC along the radial and an angular directions:

(r, ✓) (from now on, we drop the subindex 2 in the angular coordinate). Due to the

complexity of the system, we solve all equations numerically.

4.1 E↵ective 4D action and cosmological equations

Our starting action is given by (see eq. (3.24))
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where the four dimensional metric is the FRW metric (2.2), gij is defined in (3.25) and the

full expression for the scalar potential is given by (see (3.25), (3.31), (3.33)):
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๏  We fix the parameters           to ensure hierarchy of 
scales:  

๏ Vary the parameters   , keeping track of the 
backreaction constraints.  

๏ We then choose the coefficients          such that the 
amplitude of the scalar perturbations matches with 
observations.

(gs, N, u)

(p, q)

(a0, a1, b1)

and the Christo↵el symbols are computed with respect to the scalar metric gij, which we

recall here

grr = 4⇡pT
5

F1/2 r
2 + 6u2

r2 + 9u2

, g✓✓ = 4⇡pT
5

F1/2 r
2 + 6u2

6
. (4.10)

We now look at di↵erent explicit inflationary solutions. As we mentioned before, we

start by presenting an explicit example of fat natural inflation with large turning rate ⌦/H.

4.2 Fat D5-brane inflation with large turning rate

We now present an explicit set of parameters which realises fat slow-roll inflation where

the dimensionless turning rate ⌦/H is large while the dimensionful ⌦ remains small (in

Planck units).

We solve the full equations of motion (4.7), (4.8) numerically19 with the values of the

parameters shown in Table 1. We fixed the flux number q, while we vary the wrap number

p. However, this is not the only possibility and there is a wider range of p, q values that

can be chosen to obtain successful slow-roll fat inflation with the smallest eigenvalue of

the scalar mass squared satisfying � > H2. Note that once we fix (N, gs, u) the string

and compactification scales are fixed. For the values in Table 1, the string scale is Ms ⇠
2 ⇥ 10�3Mp, while the compactification scale is set by V1/6

6

⇠ 13 `s, which gives, for the

parameters in Table 1, Mc ⇠ 1.53 ⇥ 10�4M
Pl

. On the other hand, the scale of inflation

turns out to be H ⇠ 10�5M
Pl

for the 5 choices of p we take (see Table 2).

N gs `s u q a
0

a
1

b
1

1000 0.01 501.961 50`s 1 0.001 0.0005 0.001

Table 1. Parameter’s values for the slow-roll fat inflation example discussed in the text. Note
that `s is given in Planck units.

Although both fields are evolving and thus a decay constant for the angular variable

cannot be defined, we can define an instantaneous decay constant f by

f =
p
g✓✓. (4.11)

It remains approximately constant during the first 60-50 efolds (before the end) of inflation

with f
60

/f
50

⇠ 0.9902 and grows to about f
60

/fend ⇠ 0.8665 by the end of inflation. In

Table 2 we give the values of the (average value between N = (60 � 50)) instantaneous

decay constant for five di↵erent choices of p for the parameters’ choice in Table 1. We

also give the initial conditions for the angular and radial fields as well as the total number

of e-folds achieved. In Figure 2 we show the potential in Planck units for the parameter

19It is convenient to solve the equations of motion (4.7), (4.8) by rewriting them using the number of
e-folds as independent variable dN = Hdt.

21

Mc . Ms . MPl

(Ms ⇠ 10�3MPl, Mc ⇠ 10�4MPl, H ⇠ 10�5MPl)52
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๏ We expect natural inflationary like solutions, but 
predictions to differ from single field, due to massive 
inflatons and thus large turning rates 

๏ Instantaneous decay “constant” can be defined as 

f =
p

g✓✓(r)
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๏ We expect natural inflationary like solutions, but 
predictions to differ from single field, due to massive 
inflatons and thus large turning rates 

๏ Instantaneous decay “constant” can be defined as 

f =
p

g✓✓(r)

values in Table 1. The minima are located at (rmin, ✓min) = (21.414, (2n+1)⇡), n 2 Z and

are independent of the wrapping number p. The minima of the potential are positive and

thus we use V
0

to shift this dS minimum to Minkowski as discussed before.

Figure 2. The scalar potential for the parameter values in Table (1). The value of the minimum
does not change when we change p. The minimum of the potential is located at rmin = 21.414,
✓ = (2n+ 1)⇡, n 2 Z. The potential and r coordinate are given in Planck units.

p f/M
Pl

✓initial Ntot

7 7.49 1.15 90.79
6 6.89 1.10 83.19
5 6.22 0.95 83.47
4 5.51 0.76 84.33
3 4.71 0.55 83.05

Table 2. Instantaneous decay constants (4.11) for di↵erent values of the wrapping number p for
the case study with rmin = 21.414 and ✓min = ⇡, using values of the parameters in Table 1 (here
f is the average value between 60-50 e-folds before the end of inflation). The initial conditions
used for ✓ and total number of e-folds achieved are also given and in all cases rinitial = 4.

In figure 3 we show the scalar fields’ trajectories along the full inflationary evolution

for the case with f ' 6.22 and other parameter values in Tables 1 and 2. The radial field

quickly settles to its displaced minimum at V (✓initial, rdisp) and follows it throughout the

evolution, as the angular coordinate evolves. Both fields eventually reach their minimum

and start oscillating around it. For all values of p, the turning rate ⌦/H > 1 as shown in

figure 4. In all the examples, the dimensionful turn is small and of order ⌦ ⇠ 10�4M
Pl

.

The Hubble parameter on the other hand is of order H ⇠ 10�5M
Pl

as expected for natural

inflation. As we discussed above, the minimum eigenvalue of the mass matrix is larger

than the Hubble scale and for all examples it is �/H ⇠ 10. The slow-roll parameters are

shown in figure 5 for the f ' 6.22 example. We finally show in figure 6 the value of rV/V

22
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‣ Inflationary trajectory 

((2.30)), relevant for the swampland constraints (see discussion in section 2.2), which starts

from around 0.22 at N⇤ ⇠ 60 and grows to about ⇠ 102 at the end of inflation (right plot).

We have therefore an example of a slow-roll inflationary evolution with large turning rate

and only heavy scalar fields. It is easy to check that the values of (p, q) are consistent with

the backreaction constraints discussed in section 3.4.

Figure 3. Fields’ trajectory in the potential (upper plot) and their evolution (lower plots) for
the case f ' 6.22 in Table 2 and parameters given in Table 1.

23

pl1 = ContourPlot[pp3, {r, 20, 29}, {θ, 0.95, 3.3}, LabelStyle → {FontSize → 17},
LabelStyle → {FontSize → 16}, Mesh → None, ContourLabels → False,
ContourLines → True, Contours → 25, FrameLabel → {r, θ, "Last 70 efolds"},
PlotLegends → BarLegend[Automatic, LegendMarkerSize → 180,

LegendFunction → "Frame", LegendMargins → 5, LegendLabel → "V"]];
pl2 = ParametricPlot[{{r[n], θ[n]} /. sol}, {n, s1 - 70, s1},

PlotStyle → {Thick, Black, Solid}, AxesLabel → {r, θ}];
f3d3 = Show[pl1, pl2]
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Printed by Wolfram Mathematica Student Edition

๏ With this set of parameters we have 

‣ Slow-roll parameters

Figure 4. Turning rate comparison during the first 10 e-folds for the examples in Table 2 (left)
and turning rate for the full inflationary evolution for the case f ' 6.22 (right). In these examples
⌦ ⇠ 10�4M

Pl

.

Figure 5. Slow-roll parameter’s evolution for the f ' 6.22 case. Here ⌘' ⌘ � '̈
H'̇ (note that

⌘ = �2⌘' + 2✏).
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๏ Non-Gaussianity 

D5-BRANE FAT INFLATION 

[Kaiser, Mazenc, Sfakianakis, '12]

Figure 7. The (ns, r) plane for the D5-brane multifield fat inflation model discussed in the text
with parameters given in Tables 1 and 2. The shaded regions are the Planck 95%CL regions as
indicated. The single field natural inflation predictions are indicated by the cyan dashed curve,
while the fat D5-brane predictions follow the continuous curve. The e↵ect of the heavy inflatons
and large turns move the predictions to the best fit region, even with cs ' 1 (see main text).

Primordial Non-Gaussianity f local
NL

We now compute the local type non-Gaussianity, f local
NL

, associated with the previous fat

inflationary trajectories 22. We follow the covariant �N formalism of [59] for inflationary

models on a curved manifold, where the non-linear parameter f local
NL

takes the standard

form

f
NL

= �5

6

N,iN,jN
;ij

(N,kN,k)2
, (4.17)

where i refers to {r, ✓}, comma and semicolon denote the partial and covariant derivatives

with respect to the scalar fields {r, ✓} and the scalar-field metric gij. Notice that we have

removed the label local for convenience.

In order to calculate fNL numerically, we use the method of finite di↵erences for the

derivatives (e.g. N,r = (N(r+�r, ✓)�N(r��r, ✓))/(2�r), etc.), and integrate N(r, ✓) from

the horizon crossing of the relevant mode, N⇤, to the end of inflation, Nend, defined where

✏ = 1. We choose modes in the range from N⇤ = 50 to N⇤ = 70 prior to the end of inflation.

Given that the final result for fNL is very sensitive to tiny values of (�r,�✓) at horizon

crossing, we average over a few possible larger values (�r ⇡ O(10�1) and �✓ ⇡ O(10�3)),

making sure that their dispersion is roughly two orders of magnitude smaller than the

resulting fNL. Moreover, we have also checked that slight di↵erences in the definition of

the end of inflation do not change the final value of fNL.

22See [60] where an analytical expression for the equilateral non-Gaussianity for a simple two-field
inflation model is presented.

27

Figure 8. (Left) |fNL| as a function of the number of e-folds N for the five di↵erent cases of
decay constants and initial conditions presented in Table 2, with error bars (as the standard
deviation of the averaged value for fNL using 9 di↵erent combinations of (�r,�✓)) of the order
of 10�2. (Right) |fNL| vs ns for the same decay constants. All values of fNL for these fat inflation
realisations are negative, and deviate from from the single field consistency condition (brown solid
line).

In figure 8 we show the results for fNL for the five decay constants discussed ealier, and

find that they are all negative and of order O(1), falling within the most recent bounds

by Planck, f local
NL

= �0.9± 5.1 [61]. Furthermore, once comparing our fNL results with the

single clock consistency relation fNL = 5

12

(1� ns) [62], they clearly depart from the single

field model (see the right plot in figure 8).

4.3 D5-brane inflation with a light field: small turns

We now present an example of a choice of parameters where the turning rate is smaller

than one and one of the field’s is lighter that the Hubble parameter. That is, a “standard”

hierarchy for the mass of the fields holds: M
1

. H < M
2

. In particular, M
1

/H ⇠ 0.35 at

N⇤ = 60� 50 and in this case, rV/V is slightly smaller than in the fat inflation example

above with rV/V & 0.1 at at N⇤ ⇠ 60 for the f ⇠ 6.54 case (see left plot in figure 6). This

example illustrates the di↵erences between the two types of inflationary evolution that can

arise in multifield models.

The parameters’ values are shown in Table 3. Instantaneous decay constant, initial con-

ditions, and total number of e-folds achieved are given in Table 4. The instantaneous decay

constant in this case remains almost unchanged during the whole inflationary evolution

with f
60

/fend ⇠ 0.9998. In figure 9 we show the turning rates for this set of parameters and

in figure 10 we show the predictions for the spectral tilt and the tensor-to-scalar ratio. As

it is clear from the plot, the multifield D5-brane inflation is indistinguishable from single

field natural inflation at linear order in perturbations. In this example too the mass of the

28
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with these parameters, the masses satisfy standard 
hierarchy                      with 

D5-BRANE LIGHT INFLATION 

๏ For a different choice of parameters, D5-brane model 
gives rise to light inflation with single field predictions 

adiabatic mode is small w.r.t. H, while M � H and Meff ⇠ M , so that cs ⇠ 1. Finally,

the adiabaticity condition (4.12) in this case gives A ⇠ 10�3.

N gs q u `s a
0

a
1

b
1

1000 0.01 70 50ls 501.961 0.1 0.0001 0.0001

Table 3. Parameter’s values. Note that `s is given in Planck units. That is, Ms = 2⇥ 10�3M
Pl

.

p f/M
Pl

rinitial ✓initial Ntot

90 7.07 400 105.873 81.83
77 6.54 410 105.973 79.24
65 6.01 430 106.073 75.62
55 5.52 500 106.173 73.06
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adiabatic mode is small w.r.t. H, while M � H and Meff ⇠ M , so that cs ⇠ 1. Finally,

the adiabaticity condition (4.12) in this case gives A ⇠ 10�3.
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models, where there is a transition from a standard slow-roll trajectory with a light and a

heavy field, to a fat slow-roll trajectory, with both scalar fields having larger masses than

the Hubble scale.

In sections 3, 4, we presented an explicit example of fat inflation using a probe D5-

brane moving in the warped resolved conifold of a type IIB flux compactification. The fat

inflatons correspond to the scalar fields associated to the radial and one angular directions.

The brane is assumed to be fixed along the other two angular directions and we assumed

also that the closed string moduli can be stabilised using a combination of fluxes and

non-perturbative terms. The scalar potential for the two-fields has a cosine dependence on

the angular direction, which can be used to realise natural inflation [25]. We defined an

instantaneous, field dependent decay constant as f =
p
g✓✓(r), which took superplanckian

values realising a fat natural inflation model. The cosmological parameters di↵er slightly

from single field natural inflation as we showed in figure 7. As we discussed, the speed

of sound remains basically one and the di↵erence in the predictions w.r.t. to single field

can be understood by the di↵erent behaviour of the slow-roll parameters (or the potential)

along the inflationary trajectory when fat fields drive inflation. For comparison, we also

presented an example of a set of parameters which gives a standard hierarchy of masses

in 4.3. In this case, the predictions coincide with the single field case as shown in figure

10 and thus would be impossible to distinguish between the two cases using only (ns, r).

In both examples, fat and standard inflation, the inflationary trajectory deviates from a

geodesic, which is measured by the turning rate ⌦/H (see section 2) which is order one

for the standard case and order ten in the fat case (see figures 4, 9). The scalar curvature

is negative and large in the fat and standard examples (R ⇠ �104M�2

Pl

, R ⇠ �102M�2

Pl

respectively). However no geometric destabilisation is triggered. In both examples too,

the mass of the entropic mode is well above the Hubble scale.

We have used the results in [59] to compute the local non-Gaussianity, which would be

a useful tool to distinguish multifield model predictions from the single field case. For the

fat inflationary case, we found that the non-Gaussianity is of order one (see fig. 8) and

can therefore constitute a powerful tool to distinguish this model from single field, which

predicts a negligible level of non-Gaussianity. The standard example with small turning

rate on the other hand gives a much larger value for the fNL parameter (see fig. 11) and

would be ruled out by current bounds. Although we do not have a clear intuition for this

result, it has been shown in [59] how di↵erent trajectories can give completely di↵erent

values for the non-Gaussian parameter. Although the inflation model studied in [59] has

tiny turning rates (O(10�3 � 10�4)), it holds that also in that case, for the trajectory with

larger value of ⌦/H, the non-Gaussian parameter is smaller and viceversa. It would be

interesting to study this behaviour in more detail, as it could be important to distinguish

among single and multifield models of inflation.

Let us finally comment on the challenges of the D5-brane model. As we have discussed,
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[(p, q)KT = (0.22, 5929)]

Figure 8. (Left) |fNL| as a function of the number of e-folds N for the five di↵erent cases of
decay constants and initial conditions presented in Table 2, with error bars (as the standard
deviation of the averaged value for fNL using 9 di↵erent combinations of (�r,�✓)) of the order
of 10�2. (Right) |fNL| vs ns for the same decay constants. All values of fNL for these fat inflation
realisations are negative, and deviate from from the single field consistency condition (brown solid
line).

In figure 8 we show the results for fNL for the five decay constants discussed ealier, and

find that they are all negative and of order O(1), falling within the most recent bounds

by Planck, f local
NL

= �0.9± 5.1 [61]. Furthermore, once comparing our fNL results with the

single clock consistency relation fNL = 5

12

(1� ns) [62], they clearly depart from the single

field model (see the right plot in figure 8).

4.3 D5-brane inflation with a light field: small turns

We now present an example of a choice of parameters where the turning rate is smaller

than one and one of the field’s is lighter that the Hubble parameter. That is, a “standard”

hierarchy for the mass of the fields holds: M
1

. H < M
2

. In particular, M
1

/H ⇠ 0.35 at

N⇤ = 60� 50 and in this case, rV/V is slightly smaller than in the fat inflation example

above with rV/V & 0.1 at at N⇤ ⇠ 60 for the f ⇠ 6.54 case (see left plot in figure 6). This

example illustrates the di↵erences between the two types of inflationary evolution that can

arise in multifield models.

The parameters’ values are shown in Table 3. Instantaneous decay constant, initial con-

ditions, and total number of e-folds achieved are given in Table 4. The instantaneous decay

constant in this case remains almost unchanged during the whole inflationary evolution

with f
60

/fend ⇠ 0.9998. In figure 9 we show the turning rates for this set of parameters and

in figure 10 we show the predictions for the spectral tilt and the tensor-to-scalar ratio. As

it is clear from the plot, the multifield D5-brane inflation is indistinguishable from single

field natural inflation at linear order in perturbations. In this example too the mass of the
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Figure 11. Left image shows the value of |fNL| vs the number of e-folds N for the five di↵erent
cases of decay constants and initial conditions presented in 4. The right image shows |fNL| vs ns

for the same decay constants. All values of fNL for these model are negative.

5 Discussion

We have shown that a successful period of slow-roll inflation can be achieved in multifield

scenarios even when the masses of the scalar fields are heavier than the Hubble scale, that

is, H < Minf , where Minf is the mass of the “lightest” field. We call this attractor fat

inflation to stress that it is the masses of all the scalar fields, which are heavier than the

Hubble scale, rather than the masses of the quantum fluctuations. Indeed, in terms of

the masses of the fluctuations, the mass of the adiabatic mode is given in terms of the

slow-roll parameters, and therefore it is always smaller than H during slow-roll, while the

isocurvature mass(es) might be heavy or light, with di↵erent cosmological implications

[18, 19, 21, 29, 39].

This is a non-trivial result, as it is commonly believed that large contributions to the

masses of the inflatons might spoil slow-roll inflation, a phenomenon that goes under the

name of ⌘-problem. However, we have seen that large contributions to the masses do not

necessarily spoil multifield slow-roll inflation. We showed that this scenario unavoidably

has large turning rates ⌦/H, and therefore non-geodesic trajectories. Fat inflation thus

evades the ⌘-problem with large turns in multifield scenarios. Fat inflation opens up a new

possibility for multifield inflation in which large turns and thus non-geodesic motion are

unavoidable, with interesting implications for the dS swampland conjectures and possible

cosmological implications that may be testable in the forthcoming years. As we discussed

in the explicit D5-brane example (sections 3, 4), the cosmological predictions di↵er from

single field and may be distinguishable from it via non-Gaussianities.

In appendix A we collected examples of field theory multifield models in the literature,

which happen to belong to the fat slow-roll attractor. These include a recently discussed

three field model in [63] (APR) where the lightest field is sixty times the Hubble scale,
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Figure 10. The (ns, r) plane for the D5-brane multifield inflation model with small turning rate
with parameters given in Tables 3 and 4. The shaded regions are the Planck 95%CL regions as
indicated. The predictions fall exactly along the single field natural inflation curve (cyan dashed
curve).

We finally compute the non-Gaussianity parameter for this example following the same

procedure as before. The results are shown in figure 11 (the value of fNL we find is negative

also in this case). In this case, as it is clear from the plot, although the predictions for

(ns, r) are indistinguishable from single filed, the non-Gaussianity parameter is large and

falls outside the most recent constraints from Planck. It is interesting that for smaller

turns, the non-linear parameter turns out to be much larger. We do not have an intuition

for this result and would be interesting to explore this further. Let us note only that in

[59], it was found that very di↵erent values for fNL are obtained as the trajectory of the

inflatons changes.
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Figure 10. The (ns, r) plane for the D5-brane multifield inflation model with small turning rate
with parameters given in Tables 3 and 4. The shaded regions are the Planck 95%CL regions as
indicated. The predictions fall exactly along the single field natural inflation curve (cyan dashed
curve).

We finally compute the non-Gaussianity parameter for this example following the same

procedure as before. The results are shown in figure 11 (the value of fNL we find is negative

also in this case). In this case, as it is clear from the plot, although the predictions for

(ns, r) are indistinguishable from single filed, the non-Gaussianity parameter is large and

falls outside the most recent constraints from Planck. It is interesting that for smaller

turns, the non-linear parameter turns out to be much larger. We do not have an intuition

for this result and would be interesting to explore this further. Let us note only that in

[59], it was found that very di↵erent values for fNL are obtained as the trajectory of the

inflatons changes.
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adiabatic mode is small w.r.t. H, while M � H and Meff ⇠ M , so that cs ⇠ 1. Finally,

the adiabaticity condition (4.12) in this case gives A ⇠ 10�3.
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77 6.54 410 105.973 79.24
65 6.01 430 106.073 75.62
55 5.52 500 106.173 73.06
46 5.05 380 106.373 80.70
37 4.53 410 106.473 75.64

Table 4. Decay constants for di↵erent values of the wrapping number p for the case study with
rmin = 456.797 and ✓min = 33⇡, using values of the parameters in Table 1. The initial conditions
used for (r, ✓) and total number of e-folds achieved are also given.

Figure 9. Turning rate comparison during the first 10 e-folds for the examples in Table 4 (left)
and turning rate for the full inflationary evolution for the case f ' 6.54 (right). In these examples
⌦ ⇠ 10�5M
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values in Table 1. The minima are located at (rmin, ✓min) = (21.414, (2n+1)⇡), n 2 Z and

are independent of the wrapping number p. The minima of the potential are positive and

thus we use V
0

to shift this dS minimum to Minkowski as discussed before.

Figure 2. The scalar potential for the parameter values in Table (1). The value of the minimum
does not change when we change p. The minimum of the potential is located at rmin = 21.414,
✓ = (2n+ 1)⇡, n 2 Z. The potential and r coordinate are given in Planck units.

p f/M
Pl

✓initial Ntot

7 7.49 1.15 90.79
6 6.89 1.10 83.19
5 6.22 0.95 83.47
4 5.51 0.76 84.33
3 4.71 0.55 83.05

Table 2. Instantaneous decay constants (4.11) for di↵erent values of the wrapping number p for
the case study with rmin = 21.414 and ✓min = ⇡, using values of the parameters in Table 1 (here
f is the average value between 60-50 e-folds before the end of inflation). The initial conditions
used for ✓ and total number of e-folds achieved are also given and in all cases rinitial = 4.

In figure 3 we show the scalar fields’ trajectories along the full inflationary evolution

for the case with f ' 6.22 and other parameter values in Tables 1 and 2. The radial field

quickly settles to its displaced minimum at V (✓initial, rdisp) and follows it throughout the

evolution, as the angular coordinate evolves. Both fields eventually reach their minimum

and start oscillating around it. For all values of p, the turning rate ⌦/H > 1 as shown in

figure 4. In all the examples, the dimensionful turn is small and of order ⌦ ⇠ 10�4M
Pl

.

The Hubble parameter on the other hand is of order H ⇠ 10�5M
Pl

as expected for natural

inflation. As we discussed above, the minimum eigenvalue of the mass matrix is larger

than the Hubble scale and for all examples it is �/H ⇠ 10. The slow-roll parameters are

shown in figure 5 for the f ' 6.22 example. We finally show in figure 6 the value of rV/V
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models, where there is a transition from a standard slow-roll trajectory with a light and a

heavy field, to a fat slow-roll trajectory, with both scalar fields having larger masses than

the Hubble scale.

In sections 3, 4, we presented an explicit example of fat inflation using a probe D5-

brane moving in the warped resolved conifold of a type IIB flux compactification. The fat

inflatons correspond to the scalar fields associated to the radial and one angular directions.

The brane is assumed to be fixed along the other two angular directions and we assumed

also that the closed string moduli can be stabilised using a combination of fluxes and

non-perturbative terms. The scalar potential for the two-fields has a cosine dependence on

the angular direction, which can be used to realise natural inflation [25]. We defined an

instantaneous, field dependent decay constant as f =
p
g✓✓(r), which took superplanckian

values realising a fat natural inflation model. The cosmological parameters di↵er slightly

from single field natural inflation as we showed in figure 7. As we discussed, the speed

of sound remains basically one and the di↵erence in the predictions w.r.t. to single field

can be understood by the di↵erent behaviour of the slow-roll parameters (or the potential)

along the inflationary trajectory when fat fields drive inflation. For comparison, we also

presented an example of a set of parameters which gives a standard hierarchy of masses

in 4.3. In this case, the predictions coincide with the single field case as shown in figure

10 and thus would be impossible to distinguish between the two cases using only (ns, r).

In both examples, fat and standard inflation, the inflationary trajectory deviates from a

geodesic, which is measured by the turning rate ⌦/H (see section 2) which is order one

for the standard case and order ten in the fat case (see figures 4, 9). The scalar curvature

is negative and large in the fat and standard examples (R ⇠ �104M�2

Pl

, R ⇠ �102M�2

Pl

respectively). However no geometric destabilisation is triggered. In both examples too,

the mass of the entropic mode is well above the Hubble scale.

We have used the results in [59] to compute the local non-Gaussianity, which would be

a useful tool to distinguish multifield model predictions from the single field case. For the

fat inflationary case, we found that the non-Gaussianity is of order one (see fig. 8) and

can therefore constitute a powerful tool to distinguish this model from single field, which

predicts a negligible level of non-Gaussianity. The standard example with small turning

rate on the other hand gives a much larger value for the fNL parameter (see fig. 11) and

would be ruled out by current bounds. Although we do not have a clear intuition for this

result, it has been shown in [59] how di↵erent trajectories can give completely di↵erent

values for the non-Gaussian parameter. Although the inflation model studied in [59] has

tiny turning rates (O(10�3 � 10�4)), it holds that also in that case, for the trajectory with

larger value of ⌦/H, the non-Gaussian parameter is smaller and viceversa. It would be

interesting to study this behaviour in more detail, as it could be important to distinguish

among single and multifield models of inflation.

Let us finally comment on the challenges of the D5-brane model. As we have discussed,
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and the Christo↵el symbols are computed with respect to the scalar metric gij, which we

recall here

grr = 4⇡pT
5

F1/2 r
2 + 6u2

r2 + 9u2

, g✓✓ = 4⇡pT
5

F1/2 r
2 + 6u2

6
. (4.10)

We now look at di↵erent explicit inflationary solutions. As we mentioned before, we

start by presenting an explicit example of fat natural inflation with large turning rate ⌦/H.

4.2 Fat D5-brane inflation with large turning rate

We now present an explicit set of parameters which realises fat slow-roll inflation where

the dimensionless turning rate ⌦/H is large while the dimensionful ⌦ remains small (in

Planck units).

We solve the full equations of motion (4.7), (4.8) numerically19 with the values of the

parameters shown in Table 1. We fixed the flux number q, while we vary the wrap number

p. However, this is not the only possibility and there is a wider range of p, q values that

can be chosen to obtain successful slow-roll fat inflation with the smallest eigenvalue of

the scalar mass squared satisfying � > H2. Note that once we fix (N, gs, u) the string

and compactification scales are fixed. For the values in Table 1, the string scale is Ms ⇠
2 ⇥ 10�3Mp, while the compactification scale is set by V1/6

6

⇠ 13 `s, which gives, for the

parameters in Table 1, Mc ⇠ 1.53 ⇥ 10�4M
Pl

. On the other hand, the scale of inflation

turns out to be H ⇠ 10�5M
Pl

for the 5 choices of p we take (see Table 2).

N gs `s u q a
0

a
1

b
1

1000 0.01 501.961 50`s 1 0.001 0.0005 0.001

Table 1. Parameter’s values for the slow-roll fat inflation example discussed in the text. Note
that `s is given in Planck units.

Although both fields are evolving and thus a decay constant for the angular variable

cannot be defined, we can define an instantaneous decay constant f by

f =
p
g✓✓. (4.11)

It remains approximately constant during the first 60-50 efolds (before the end) of inflation

with f
60

/f
50

⇠ 0.9902 and grows to about f
60

/fend ⇠ 0.8665 by the end of inflation. In

Table 2 we give the values of the (average value between N = (60 � 50)) instantaneous

decay constant for five di↵erent choices of p for the parameters’ choice in Table 1. We

also give the initial conditions for the angular and radial fields as well as the total number

of e-folds achieved. In Figure 2 we show the potential in Planck units for the parameter

19It is convenient to solve the equations of motion (4.7), (4.8) by rewriting them using the number of
e-folds as independent variable dN = Hdt.

21
⌦/H ⇠ 10 ⌦/H ⇠ 0.4

R� 3⇥ 104M�2
Pl

fNL ⇠ O(10)fNL ⇠ O(1)

Fat natural inflation Light natural inflation 

��/H
2 ⇠ 10 �1/H

2 ⇠ 0.1
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FINAL COMMENTS 

Multifield inflation allows new inflationary attractor with 
(strong) non-geodesic trajectories.  
Light fields are not needed, all fields can be heavy. 
Avoid $-problem  

Large-turns in supergravity rare and tachyonic, SdSC 
satisfied, but theoretically unmotivated 
Fat D5-brane model has challenges that would need 
to be addressed in a more complete model (moduli 
stabilisation, heaviest inflaton too heavy ) 
Transient large turns induced from transient slow-roll 
violations in sugra. Rich phenomenology  
Fat trajectories in D3-antiD3-brane multi-field inflation?

 [Bhattacharya, Chakraborty, IZ, in progress]
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 [Bhattacharya, IZ, in progress]
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61



PART IV:  

CHIRAL GRAVITATIONAL WAVES IN STRING 
INFLATION?

(SPECTATOR) CHROMONATURAL KÄHLER 
INFLATION 
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PRIMORDIAL GRAVITATIONAL WAVES AND THE 
LYTH BOUND

φφi φf

δφ

slow-roll inflation
V (φ)

��

[Garcia-Bellido, Roest, Scalisi, IZ ’14]

��

MPl
& O(1)

⇣ r

0.002

⌘1/2

V 1/4 ⇡ 1.8⇥ 1016GeV
⇣ r

0.1

⌘1/4
⇠ 10�2MPl

In scalar single field inflation, r is related to field 
displacement and scale of inflation: Lyth bound 

[Lyth, ’96; Boubekeur-Lyth, ’05]
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SOURCED PRIMORDIAL GRAVITATIONAL WAVES

h00
ij + 2Hh0

ij �r2hij = 2a2⇡T
ij

[Adshead-Wyman, ’12; 
Dimastrogiovanni, Peloso, ’12 

Adshead, Martinec, Wyman, ’13]

• However if spectator fields are around during inflation, 
can have interesting effects.  

• E.g. in chromonatural inflation originally proposed to 
relax need for super-Planckian decay constant. A 
spectator SU(2) sources tensor fluctuations: 
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A modified version, compatible with observation recently 
proposed, spectator CNI (SCNI): [Dimastrogiovanni, Fassiello, Fujita, ’16; 

Fujita, Namba, Tada, ’17]

JCAP01(2017)019

Let us consider for simplicity a single-field inflaton sector with a generic potential. The
Lagrangian (2.1) is then modified as

S =

∫

d4x
√
−g

[

M2
Pl

2
R−

1

2
(∂φ)2 − V (φ)−

1

2
(∂χ)2 − U(χ)−

1

4
F a
µνF

aµν +
λχ

4f
F a
µνF̃

aµν .

]

(3.1)
We present below the evolution for the background and for the linear fluctuations. In our
calculations, we assume a standard axion potential U(χ) = µ4 [1 + cos(χ/f)]. For illustrative
purposes, in section 3.1–3.3 we adopt the following parameters:

g = 1.11× 10−2, λ = 500, χ∗ =
π

2
f = 6.28× 1016GeV, (3.2)

H∗ = 1.28× 1013GeV, µ = 1.92× 1015GeV,

where asterisk ∗ denotes the value at the horizon crossing of the observed mode and µ is the
overall amplitude of the axion potential. In section 4, predictions for two more examples,
respectively with a lower energy scale and a smaller coupling constant λ, are presented.

3.1 Background evolution

Let us explore the background dynamics of our model. The 00 component of Einstein equation
is given by

3M2
PlH

2 =
φ̇2

2
+ V (φ) +

χ̇2

2
+ U(χ) +

3

2

(

Q̇+HQ
)2

+
3

2
g2Q4 . (3.3)

The momentum constraint reads ϵH ≡ −Ḣ/H2 = ϵφ+ ϵχ+ ϵB + ϵE , with ϵφ ≡ φ̇2/(2H2M2
Pl).

As one would expect, the background evolution of χ and Q is described by the same equations
as in CNI, (2.5) and (2.6).

For Λ ≫
√
2 and Λ ≫

√
3/mQ, the slow-roll solutions in (2.7) and (2.8) apply for the

gauge field and the axion. We set up the initial conditions for the background evolution in
a regime where the above conditions on Λ are satisfied.7 We also assume that the inflaton
potential dominates the total energy density of the universe and its quantum fluctuations are
the most important contributions to the curvature perturbations in the CMB observational
window (we will return to the latter point in section 3.3, where we check the consistency of
this assumption within our parameter space). In this case, one can keep track of the evolution
of ϵφ by assuming ηφ ≡ M2

PlV
′′(φ)/V (φ) is constant and ϵφ ≃ ϵH . Under these premises,

one can show that ϵ̇φ = (4ϵφ − 2ηφ)Hϵφ and that the scalar spectral index ns is given by
ns − 1 = −6ϵφ + 2ηφ. ϵφ then satisfies

ϵ̇φ = (4ϵφ − 6ϵφ∗ + 1− ns∗)Hϵφ, (ηφ = const.) (3.4)

where the central value for the spectral index reported by the Planck mission is 1 − ns∗ ≈
0.032 [5]. In this way, we can keep the analysis as general as possible letting the inflaton
sector unspecified. It is straightforward to generalize our study to account for specific models.

In figure 1, we plot the evolution of the axion χ, gauge field Q and the energy density
of the each component. In the left panel, one sees that χ monotonically increases by slowly

7We stress here that in CNI these initial conditions are a necessary requirement for the axion to be able
to drive a sufficiently long phase of slow-roll inflation. While, for the sake of simplicity, we adopt the same
set of initial conditions in our model, we are not strictly bound to this choice and it would be interesting to
also investigate different ones.

– 6 –
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➠ Successful cosmological evolution requires    
MPl

f
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g ⌧ 1

[Agrawal, Fan, Reece, '18]
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sector unspecified. It is straightforward to generalize our study to account for specific models.
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➠ Successful cosmological evolution requires    
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[Agrawal, Fan, Reece, '18]

➠ Backreaction from the amplified tensor fluctuations 

➠ Theoretical control is problematic 
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CNI-like PGW enhancement in supergravity and string 
theory? [Dall’Agata, 18; McDonough, Alexander, 18] 

[See also Obata-Soda, ’16]
[Holland, IZ, Tasinato, ‘20]67



condensing group degree

KÄHLER INFLATION AND SCNI 

Kahler inflation

CY
3

p−3
p−3

4d

Dp Dp

φ

 

φ

(open string inflation)

D−brane inflation

(closed string inflation)

SU
(N
)

F
A
µ⌫

(p-3)-cycles wrapped 
by Dp-branes

We consider a modified Kähler inflation (          ) model as 
host with multiply wrapped magnetised D7-branes, as 
spectator CN sector. 

r . 10�7

[Conlon-Quevedo, ’05; 
Bond et al, ’06; Blanco-Pillado et al., '09]

➠ This set-up contains three parameters 
that we can use to realise SCNI

(N,M,n)

➠ From SU(N) ☞ (N/2)SU(2) [Caldwell, Devulder, '17-18]

n =

M =

N =

D7-brane magnetic flux
D7-brane wrapping number 

[Similar set up to: Long, L. McAllister, and P. McGuirk, ’14;  
Ben-Dayan, F. G. Pedro, and A. Westphal , ’15;   
McDonough, Alexander, 18]

{stringy 
parameters

[Holland, IZ, Tasinato, ‘20]

68



KÄHLER INFLATION AND SCNI [Holland, IZ, Tasinato, ‘20]

configuration cartoon
69



We aim at realising three goals when choosing the 
parameters of the model: 

KÄHLER INFLATION AND SCNI 

๏ A successful cosmological background evolution 

๏ A sufficiently large enhancement of the tensor 
fluctuations which become chiral and potentially 
detectable by future experiments 

๏ A controllable backreaction from the tensor gauge 
fluctuations

[Holland, IZ, Tasinato, ‘20]
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gauge kinetic function 

Kähler moduli

non-Abelian D7-brane gauge field

Ti =

F = dA�A ^A

fA(Ti) =

scalar manifold metric } Scalars and gauge 
field not canonically 

normalised

gauge coupling g2 = 1/Re(fA)

M2
Pl = 4⇡VM2

s /g
2
s

The four dimensional %=1 supergravity effective action  
including gauge fields is given by

[Holland, IZ, Tasinato, ‘20]

S =

Z
d

4
x

p
�g


M

2
Pl

2
R�Kij̄@µT

i
@

µ
T

j̄ � V (T k)� Re(fA(T i))

4
F

A
µ⌫F

Aµ⌫ +
Im(fA(T i))

4
F

A
µ⌫ F̃

Aµ⌫

�

Kij̄(Ti, T i) =

[Holland, IZ, Tasinato, ‘20]

KÄHLER INFLATION AND SCNI 
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that a third parameter present in the model is needed, specifically, a non-trivial wrapping

of the spectator D7-brane stack.

• In section 5 we summarise and discuss our findings, the viability of the parameters’ values

to realise the three goals above and possible future directions.

2 Gauge fields in general multifield inflation

We start by introducing the general set-up that arises when considering SU(N) gauge fields

coupled to an axion in a general multi(scalar)field inflationary system, and then study in detail the

requirements for successful inflationary dynamics. Our aim is to determine general conditions that

a successful model of slow-roll inflation has to satisfy in the general set-up we study. Moreover,

when specialising to the case spectator chromonatural inflation, we show that our formulas require

large Chern-Simons couplings between the axion and gauge fields (as discussed around eqs. (1.1)

and (1.2)).

The action describing the system we are interested in consists of multiple scalar fields inter-

acting with a gauge field. It reads8

S =

Z

d4x
p�g



M2
Pl

2
R� �ab(�c)

2
@µ�

a@µ�b � V (�a)� f(�a)

4
FA
µ⌫F

Aµ⌫ +
h(�a)

4
FA
µ⌫F̃

Aµ⌫

�

,

(2.1)

where �ab(�c) is the metric of the scalar manifold spanned by the scalar fields �a, and V (�c) is

the scalar potential, which is generally not separable; that is, the scalar fields generically interact

via the kinetic and/or potential terms. The scalar sector with a = 1, . . . n scalars, contains the

axion as well as the inflaton(s), which may be constituted by one or more fields, non-trivially

coupled to one another. The coupling of the scalars (inflaton(s) and axion(s)) to the gauge sector

is dictated by the functions f(�a), h(�a), which generically depend on the scalar fields9.

The gauge group is in general SU(N) and the gauge field strength, FA
µ⌫ , is given by

FA
µ⌫ = @µA

A
⌫ � @⌫A

A
µ � fA

BCA
B
µA

C
⌫ , (2.2)

where fABC are the structure functions of SU(N), and the dual, F̃Aµ⌫ , is defined as F̃Aµ⌫ =

✏µ⌫↵�FA
↵�/(2

p�g) with g the metric determinant. Let us stress that at this stage the gauge field

is not canonically normalised. Thus, there is no gauge coupling, gA, appearing in the definition of

FA, nor in the action. The gauge coupling is field-dependent and it is given by g2A = 1/f(�a) once

the scalar field �a, coupled to the gauge field, has been stabilised. However, while the scalar is

evolving, we can define an instantaneous gauge coupling at a fixed time, t0 as, g2A,0 = 1/f(�a(t0))

as will be the case in our string theory set-up.

We now discuss the cosmological background evolution and slow-roll dynamics of the system.

Specifically we are interested in the case where two scalar fields couple to the gauge field via the

8In [29], a generalisation of CNI was presented where the canonically normalised inflaton – driven by a dilaton

– and the axion, are both coupled to a canonically normalised SU(2) gauge field. In our notation, they had a flat

scalar metric, �
ab

= �

ab

, f(�a) a function of the inflaton and h(�a) = �

f

�, where � denotes the axion.
9As can be inferred from the introduction, and as we will discuss below, they are related to the real and

imaginary parts of the gauge kinetic function.

6

The action in terms of the real fields relevant for inflation is 

Scalars and gauge field not canonically normalised

function) determines the coupling to FAF̃A. However, in this case it is clear that the required

large coupling between the axion and the gauge field cannot be achieved (see eqs. (2.22), (2.24)).

We therefore introduce a suitable spectator sector, while the real part of T2 (⌧2) drives inflation

and its axionic partner (b2) is stabilised as in the original model of Kähler moduli inflation [42].

3.1.2 Spectator sector

The spectator sector we introduce arises from a multiply-wrapped magnetised D7-brane stack

along a 4-cycle parameterised by a fourth Kähler modulus T4. In this case, the gauge kinetic

function becomes [37, 38, 58–60]

f4 = n

✓

T4 + AbcG
bfc +

Abc f
bfc

2gs

◆

, (3.7)

where n is the wrapping number, Abc are intersection numbers, fc is the D7-brane magnetic

flux and Ga is given by16 Ga = 1
g
s

ba + ica, where ba and ca are the axions descending from

the B2 and C2 forms present in the theory. The Kähler coordinate T4 is shifted by G as T4 !
T4 � g

s

4 
A
bcG

b(G + Ḡ)c [58–60]. The magnetisation of the D7-branes also contributes to the D-

term for the D7-brane gauge theory [59, 60]. In general this can receive contributions from matter

fields living on the D7-branes. Here we assume that these have been stabilised at a high scale

together with the complex structure moduli and the axiodilaton. Furthermore, we assume that

the D-terms also contribute to the stabilisation of the B2 axion at b = 0 [37, 38].

Finally, for a successful stabilisation of ⌧4 consistent with our generalised SCNI scenario, we

introduce a second stack of unmagnetised D7-branes wrapping the same cycle as the spectator

brane, which gives rise to a second non-perturbative contribution for the modulus T4. That is,

the superpotential in (3.5) includes two terms for the spectator sector given by

W (s)
np = A4e

�a4T4 +Ae�af4 , (3.8)

where

f4 = n (T4 + iM b) , (3.9)

where T4 = ⌧4 + ib4 and we have denoted the magnetic brane flux with M and renamed the C2

axion as b.

Let us summarise the configuration and parameters we have and compare them to the phe-

nomenological DFF model [30, 34]. The spectator sector’s action takes the following form:

L � �f(⌧4)

4
FA
µ⌫F

Aµ⌫ +
h(b)

4
FA
µ⌫F̃

Aµ⌫ , (3.10)

where17

f(⌧4) = ⌧4, h(b) = Mb, (3.11)

and we have absorbed the wrapping number n into the gauge field AA, whose field strength is

now given by F2 = dA� gA ^A with the e↵ective gauge coupling redefined as

g = 1/
p

nN/2, (3.12)

16Where we have assumed that the axiodilaton imaginary part has been fixed to zero.
17We have ignored here the shift in Imf4 due to b4, which will be stabilised during the cosmological evolution.

We do this because the required value of the magnetic flux M � hb4i and thus will not change the results.

13

F = dA� gA ^A ,

[Note that   is not the gauge coupling, which is given by              ]g

n =

M =

N = condensing group degree
D7-brane magnetic flux
D7-brane wrapping number 

�a = MPl(⌧2, ⌧4, b)

small contribution from the spectator part V4 so that inflation can proceed as expected with the

important inflationary terms given in V2. With this in mind, A4, a4, Ã, ã are chosen to be small

relative to A2, a2. In addition to this, we would like the stabilisation of ⌧4 and b4 to be dictated

by the terms
8(a4A4)2e�2a4⌧4p⌧4

3↵�4V +
4W0a4A4e

�a4⌧4 cos (a4b4) ⌧4
V2

, (3.22)

which is why Ã is taken to be small relative to A4. Ensuring the terms involving b are much

smaller than the terms in (3.22) ensures that the b4 axion will be minimised at hb4i = ⇡
a4
, which

in turn ensures that ⌧4 is stabilised at a much smaller value than ⌧1
20. We are then left with

some freedom in choosing a and M , which are chosen phenomenologically to lead to a successful

enhancement of the PGW spectrum.

The global minimum of the potential for this set of parameters is found to be at:

⌧1 = 2554.50, ⌧2 = 4.77523, ⌧3 = 2.65081, ⌧4 = 14.8743, V ! 10135.3 , (3.23)

while the axions’ minima lie at bi = ⇡/ai. This is a relatively small-volume example for Kähler

modulus inflation, however it is still consistent with the large volume approximation. With this

value for the 6D volume, the string scale results Ms ⇠ 3⇥ 10�4MPl.

Displacement of ⌧1, ⌧4 and b away from this minimum leads to a negligible shift in the values

of ⌧3 and V at the new local minimum. Therefore, for numerical simplicity, we set ⌧3 and V,
as well as the b2, b3 and b4

21 axions to their minima without loss of generality, so that we are

considering a three-field system (⌧2, ⌧4, b) with real-space field metric given by

�ab =

0

B

B

@

3↵�2
4
p
⌧2V 0 0

0 3↵�4
4
p
⌧4V 0

0 0
2g

s

p
⌧4p

�V

1

C

C

A

. (3.24)

We now have all the ingredients of the low-energy action describing the dynamics of the

inflaton and spectator sector fields. The equations of motion were discussed in Section 2, and

are given in equations (2.8)-(2.13). The initial conditions for ⌧4, b, and Q, as well as the values

of the parameters are chosen phenomenologically to lead to a large (observable) enhancement of

the gravitational wave spectrum (see section 4) without leading to excessive backreaction from

the gauge tensor perturbation (see section 4.4). With this in mind, besides the parameters in

(3.21) we take g = 1
2000 , which fixes the last parameter, namely, n.

The initial conditions are taken as:

⌧2 = 80.17, ⌧4 = 10, b = 0.4
⇡

a
, Q = 8⇥ 10�4MPl . (3.25)

20Recall ⌧4 must be a ‘small’ blow-up modulus, and a minimum at low values of ⌧4 is achieved through the terms

in the potential of (3.22). The minimum can be ruined if the terms involving the b axion are too large and ⌧4 can

be destabilised to very large values, ⌧4 & 103.
21We explicitly checked that the b4 axion is indeed stable at ⇡

a4
despite the extra terms in the potential that

involve both b and b4. This is because these extra terms are chosen to be much smaller than the term proportional

to cos(a4b4), which successfully stabilises the axion at ⇡

a4
.

16
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3.2 Background evolution and cosmological parameters

The inflationary potential can be found from the superpotential and Kähler potential
through (3.4), (3.8). The scalar manifold metric at leading order in 1/V can be computed
from (3.5) to be

KT
i

T
¯

j

=
3↵�i

8Vp⌧i
M2

Pl�ij̄ , (3.14)

while for the C2 axion it has the form [60, 61]18

Kbb̄ =
gs
V

p
⌧4p
�
M2

Pl , (3.15)

where � is a model dependent constant. The potential for ⌧i and bi at large volume takes
the form

V =
eKcs(gsMPl)4

8⇡



V2 + V4 +
3⇠W0

4V3
+

�

V2
+ V3

�

, (3.16)

where

V2 =
8(a2A2)2e�2a

2

⌧
2

p
⌧2

3↵�2V +
4W0a2A2e

�a
2

⌧
2 cos (a2b2) ⌧2

V2
; (3.17)

V4 =
8ã2Ã2p⌧4
3↵�4V e�

2ã
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16ãÃa4A4
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4ãÃW0⌧4
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+
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4

p
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3↵�4V
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4W0a4A4e
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4

⌧
4 cos (a4b4) ⌧4

V2
(3.18)

where we defined

ã ⌘ anm, Ã ⌘ A

m
; (3.19)

the term proportional to � in (3.16) is an uplift term, taken to be of the form Vuplift = �/V2

as in [44]; and V3 comes from the stabilisation of the T3 modulus and it is given by:

V3 =
8(a3A3)2e�2a

3

h⌧
3

iph⌧3i
3↵�3V � 4W0a3A3e

�a
3

h⌧
3

ih⌧3i
V2

, (3.20)

with b3 set to its minimum, hb3i = ⇡/a3. The small cycle ⌧3 acts as a stabiliser for the
potential at large volume V so cannot be shifted far from its minimum. However ⌧2, ⌧4 and
b4 can be displaced away from their minima leading to an e↵ective three-field inflationary
model. We have explicitly checked that the T3 modulus stays at its minimum with hb3i = ⇡/a3
during the cosmological evolution in this case. The b2 axion can be started away from its
minimum and its e↵ect on the inflationary evolution — in particular, with b2 well away from
its minimum — is to slow down ⌧2 further and inflation proceeds for longer. However, as
shown in the original Kähler inflation scenario [44], b2 can be set to its minimum, b2 = hb2i =
⇡
a
2

, where it is stable.

18The general form is given by K

a

¯
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= gs
V 
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↵

where t

↵

are 2-cycle volumes and are related to the 4-cycle

volumes via ⌧
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. Here
we assume that the there is an orthogonal basis such that ⌧

4

/ (t4)2.
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that a third parameter present in the model is needed, specifically, a non-trivial wrapping

of the spectator D7-brane stack.

• In section 5 we summarise and discuss our findings, the viability of the parameters’ values

to realise the three goals above and possible future directions.

2 Gauge fields in general multifield inflation

We start by introducing the general set-up that arises when considering SU(N) gauge fields

coupled to an axion in a general multi(scalar)field inflationary system, and then study in detail the

requirements for successful inflationary dynamics. Our aim is to determine general conditions that

a successful model of slow-roll inflation has to satisfy in the general set-up we study. Moreover,

when specialising to the case spectator chromonatural inflation, we show that our formulas require

large Chern-Simons couplings between the axion and gauge fields (as discussed around eqs. (1.1)

and (1.2)).

The action describing the system we are interested in consists of multiple scalar fields inter-

acting with a gauge field. It reads8

S =

Z

d4x
p�g



M2
Pl

2
R� �ab(�c)

2
@µ�

a@µ�b � V (�a)� f(�a)

4
FA
µ⌫F

Aµ⌫ +
h(�a)

4
FA
µ⌫F̃

Aµ⌫

�

,

(2.1)

where �ab(�c) is the metric of the scalar manifold spanned by the scalar fields �a, and V (�c) is

the scalar potential, which is generally not separable; that is, the scalar fields generically interact

via the kinetic and/or potential terms. The scalar sector with a = 1, . . . n scalars, contains the

axion as well as the inflaton(s), which may be constituted by one or more fields, non-trivially

coupled to one another. The coupling of the scalars (inflaton(s) and axion(s)) to the gauge sector

is dictated by the functions f(�a), h(�a), which generically depend on the scalar fields9.

The gauge group is in general SU(N) and the gauge field strength, FA
µ⌫ , is given by

FA
µ⌫ = @µA

A
⌫ � @⌫A

A
µ � fA

BCA
B
µA

C
⌫ , (2.2)

where fABC are the structure functions of SU(N), and the dual, F̃Aµ⌫ , is defined as F̃Aµ⌫ =

✏µ⌫↵�FA
↵�/(2

p�g) with g the metric determinant. Let us stress that at this stage the gauge field

is not canonically normalised. Thus, there is no gauge coupling, gA, appearing in the definition of

FA, nor in the action. The gauge coupling is field-dependent and it is given by g2A = 1/f(�a) once

the scalar field �a, coupled to the gauge field, has been stabilised. However, while the scalar is

evolving, we can define an instantaneous gauge coupling at a fixed time, t0 as, g2A,0 = 1/f(�a(t0))

as will be the case in our string theory set-up.

We now discuss the cosmological background evolution and slow-roll dynamics of the system.

Specifically we are interested in the case where two scalar fields couple to the gauge field via the

8In [29], a generalisation of CNI was presented where the canonically normalised inflaton – driven by a dilaton

– and the axion, are both coupled to a canonically normalised SU(2) gauge field. In our notation, they had a flat

scalar metric, �
ab

= �

ab

, f(�a) a function of the inflaton and h(�a) = �

f

�, where � denotes the axion.
9As can be inferred from the introduction, and as we will discuss below, they are related to the real and

imaginary parts of the gauge kinetic function.
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function) determines the coupling to FAF̃A. However, in this case it is clear that the required

large coupling between the axion and the gauge field cannot be achieved (see eqs. (2.22), (2.24)).

We therefore introduce a suitable spectator sector, while the real part of T2 (⌧2) drives inflation

and its axionic partner (b2) is stabilised as in the original model of Kähler moduli inflation [42].

3.1.2 Spectator sector

The spectator sector we introduce arises from a multiply-wrapped magnetised D7-brane stack

along a 4-cycle parameterised by a fourth Kähler modulus T4. In this case, the gauge kinetic

function becomes [37, 38, 58–60]

f4 = n

✓

T4 + AbcG
bfc +

Abc f
bfc

2gs

◆

, (3.7)

where n is the wrapping number, Abc are intersection numbers, fc is the D7-brane magnetic

flux and Ga is given by16 Ga = 1
g
s

ba + ica, where ba and ca are the axions descending from

the B2 and C2 forms present in the theory. The Kähler coordinate T4 is shifted by G as T4 !
T4 � g

s

4 
A
bcG

b(G + Ḡ)c [58–60]. The magnetisation of the D7-branes also contributes to the D-

term for the D7-brane gauge theory [59, 60]. In general this can receive contributions from matter

fields living on the D7-branes. Here we assume that these have been stabilised at a high scale

together with the complex structure moduli and the axiodilaton. Furthermore, we assume that

the D-terms also contribute to the stabilisation of the B2 axion at b = 0 [37, 38].

Finally, for a successful stabilisation of ⌧4 consistent with our generalised SCNI scenario, we

introduce a second stack of unmagnetised D7-branes wrapping the same cycle as the spectator

brane, which gives rise to a second non-perturbative contribution for the modulus T4. That is,

the superpotential in (3.5) includes two terms for the spectator sector given by

W (s)
np = A4e

�a4T4 +Ae�af4 , (3.8)

where

f4 = n (T4 + iM b) , (3.9)

where T4 = ⌧4 + ib4 and we have denoted the magnetic brane flux with M and renamed the C2

axion as b.

Let us summarise the configuration and parameters we have and compare them to the phe-

nomenological DFF model [30, 34]. The spectator sector’s action takes the following form:

L � �f(⌧4)

4
FA
µ⌫F

Aµ⌫ +
h(b)

4
FA
µ⌫F̃

Aµ⌫ , (3.10)

where17

f(⌧4) = ⌧4, h(b) = Mb, (3.11)

and we have absorbed the wrapping number n into the gauge field AA, whose field strength is

now given by F2 = dA� gA ^A with the e↵ective gauge coupling redefined as

g = 1/
p

nN/2, (3.12)

16Where we have assumed that the axiodilaton imaginary part has been fixed to zero.
17We have ignored here the shift in Imf4 due to b4, which will be stabilised during the cosmological evolution.

We do this because the required value of the magnetic flux M � hb4i and thus will not change the results.
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small contribution from the spectator part V4 so that inflation can proceed as expected with the

important inflationary terms given in V2. With this in mind, A4, a4, Ã, ã are chosen to be small

relative to A2, a2. In addition to this, we would like the stabilisation of ⌧4 and b4 to be dictated

by the terms
8(a4A4)2e�2a4⌧4p⌧4

3↵�4V +
4W0a4A4e

�a4⌧4 cos (a4b4) ⌧4
V2

, (3.22)

which is why Ã is taken to be small relative to A4. Ensuring the terms involving b are much

smaller than the terms in (3.22) ensures that the b4 axion will be minimised at hb4i = ⇡
a4
, which

in turn ensures that ⌧4 is stabilised at a much smaller value than ⌧1
20. We are then left with

some freedom in choosing a and M , which are chosen phenomenologically to lead to a successful

enhancement of the PGW spectrum.

The global minimum of the potential for this set of parameters is found to be at:

⌧1 = 2554.50, ⌧2 = 4.77523, ⌧3 = 2.65081, ⌧4 = 14.8743, V ! 10135.3 , (3.23)

while the axions’ minima lie at bi = ⇡/ai. This is a relatively small-volume example for Kähler

modulus inflation, however it is still consistent with the large volume approximation. With this

value for the 6D volume, the string scale results Ms ⇠ 3⇥ 10�4MPl.

Displacement of ⌧1, ⌧4 and b away from this minimum leads to a negligible shift in the values

of ⌧3 and V at the new local minimum. Therefore, for numerical simplicity, we set ⌧3 and V,
as well as the b2, b3 and b4

21 axions to their minima without loss of generality, so that we are

considering a three-field system (⌧2, ⌧4, b) with real-space field metric given by

�ab =

0

B

B

@

3↵�2
4
p
⌧2V 0 0

0 3↵�4
4
p
⌧4V 0

0 0
2g

s

p
⌧4p

�V

1

C

C

A

. (3.24)

We now have all the ingredients of the low-energy action describing the dynamics of the

inflaton and spectator sector fields. The equations of motion were discussed in Section 2, and

are given in equations (2.8)-(2.13). The initial conditions for ⌧4, b, and Q, as well as the values

of the parameters are chosen phenomenologically to lead to a large (observable) enhancement of

the gravitational wave spectrum (see section 4) without leading to excessive backreaction from

the gauge tensor perturbation (see section 4.4). With this in mind, besides the parameters in

(3.21) we take g = 1
2000 , which fixes the last parameter, namely, n.

The initial conditions are taken as:

⌧2 = 80.17, ⌧4 = 10, b = 0.4
⇡

a
, Q = 8⇥ 10�4MPl . (3.25)

20Recall ⌧4 must be a ‘small’ blow-up modulus, and a minimum at low values of ⌧4 is achieved through the terms

in the potential of (3.22). The minimum can be ruined if the terms involving the b axion are too large and ⌧4 can

be destabilised to very large values, ⌧4 & 103.
21We explicitly checked that the b4 axion is indeed stable at ⇡

a4
despite the extra terms in the potential that

involve both b and b4. This is because these extra terms are chosen to be much smaller than the term proportional

to cos(a4b4), which successfully stabilises the axion at ⇡

a4
.
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3.2 Background evolution and cosmological parameters

The inflationary potential can be found from the superpotential and Kähler potential
through (3.4), (3.8). The scalar manifold metric at leading order in 1/V can be computed
from (3.5) to be

KT
i

T
¯

j

=
3↵�i

8Vp⌧i
M2

Pl�ij̄ , (3.14)

while for the C2 axion it has the form [60, 61]18

Kbb̄ =
gs
V

p
⌧4p
�
M2

Pl , (3.15)

where � is a model dependent constant. The potential for ⌧i and bi at large volume takes
the form

V =
eKcs(gsMPl)4

8⇡



V2 + V4 +
3⇠W0

4V3
+

�

V2
+ V3

�

, (3.16)

where

V2 =
8(a2A2)2e�2a

2

⌧
2

p
⌧2

3↵�2V +
4W0a2A2e

�a
2

⌧
2 cos (a2b2) ⌧2

V2
; (3.17)

V4 =
8ã2Ã2p⌧4
3↵�4V e�

2ã

m

⌧
4 +

16ãÃa4A4
p
⌧4

3↵�4V e�(a4+
ã

m

)⌧
4 cos
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+
4ãÃW0⌧4

V2
e�

ã
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4 cos
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+
8(a4A4)2e�2a

4

⌧
4

p
⌧4

3↵�4V
+
4W0a4A4e

�a
4

⌧
4 cos (a4b4) ⌧4

V2
(3.18)

where we defined

ã ⌘ anm, Ã ⌘ A

m
; (3.19)

the term proportional to � in (3.16) is an uplift term, taken to be of the form Vuplift = �/V2

as in [44]; and V3 comes from the stabilisation of the T3 modulus and it is given by:

V3 =
8(a3A3)2e�2a

3

h⌧
3

iph⌧3i
3↵�3V � 4W0a3A3e

�a
3

h⌧
3

ih⌧3i
V2

, (3.20)

with b3 set to its minimum, hb3i = ⇡/a3. The small cycle ⌧3 acts as a stabiliser for the
potential at large volume V so cannot be shifted far from its minimum. However ⌧2, ⌧4 and
b4 can be displaced away from their minima leading to an e↵ective three-field inflationary
model. We have explicitly checked that the T3 modulus stays at its minimum with hb3i = ⇡/a3
during the cosmological evolution in this case. The b2 axion can be started away from its
minimum and its e↵ect on the inflationary evolution — in particular, with b2 well away from
its minimum — is to slow down ⌧2 further and inflation proceeds for longer. However, as
shown in the original Kähler inflation scenario [44], b2 can be set to its minimum, b2 = hb2i =
⇡
a
2

, where it is stable.

18The general form is given by K
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are 2-cycle volumes and are related to the 4-cycle
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that a third parameter present in the model is needed, specifically, a non-trivial wrapping

of the spectator D7-brane stack.

• In section 5 we summarise and discuss our findings, the viability of the parameters’ values

to realise the three goals above and possible future directions.

2 Gauge fields in general multifield inflation

We start by introducing the general set-up that arises when considering SU(N) gauge fields

coupled to an axion in a general multi(scalar)field inflationary system, and then study in detail the

requirements for successful inflationary dynamics. Our aim is to determine general conditions that

a successful model of slow-roll inflation has to satisfy in the general set-up we study. Moreover,

when specialising to the case spectator chromonatural inflation, we show that our formulas require

large Chern-Simons couplings between the axion and gauge fields (as discussed around eqs. (1.1)

and (1.2)).

The action describing the system we are interested in consists of multiple scalar fields inter-

acting with a gauge field. It reads8

S =

Z

d4x
p�g
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R� �ab(�c)

2
@µ�

a@µ�b � V (�a)� f(�a)

4
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Aµ⌫ +
h(�a)

4
FA
µ⌫F̃

Aµ⌫

�

,

(2.1)

where �ab(�c) is the metric of the scalar manifold spanned by the scalar fields �a, and V (�c) is

the scalar potential, which is generally not separable; that is, the scalar fields generically interact

via the kinetic and/or potential terms. The scalar sector with a = 1, . . . n scalars, contains the

axion as well as the inflaton(s), which may be constituted by one or more fields, non-trivially

coupled to one another. The coupling of the scalars (inflaton(s) and axion(s)) to the gauge sector

is dictated by the functions f(�a), h(�a), which generically depend on the scalar fields9.

The gauge group is in general SU(N) and the gauge field strength, FA
µ⌫ , is given by

FA
µ⌫ = @µA

A
⌫ � @⌫A

A
µ � fA

BCA
B
µA

C
⌫ , (2.2)

where fABC are the structure functions of SU(N), and the dual, F̃Aµ⌫ , is defined as F̃Aµ⌫ =

✏µ⌫↵�FA
↵�/(2

p�g) with g the metric determinant. Let us stress that at this stage the gauge field

is not canonically normalised. Thus, there is no gauge coupling, gA, appearing in the definition of

FA, nor in the action. The gauge coupling is field-dependent and it is given by g2A = 1/f(�a) once

the scalar field �a, coupled to the gauge field, has been stabilised. However, while the scalar is

evolving, we can define an instantaneous gauge coupling at a fixed time, t0 as, g2A,0 = 1/f(�a(t0))

as will be the case in our string theory set-up.

We now discuss the cosmological background evolution and slow-roll dynamics of the system.

Specifically we are interested in the case where two scalar fields couple to the gauge field via the

8In [29], a generalisation of CNI was presented where the canonically normalised inflaton – driven by a dilaton

– and the axion, are both coupled to a canonically normalised SU(2) gauge field. In our notation, they had a flat

scalar metric, �
ab

= �

ab

, f(�a) a function of the inflaton and h(�a) = �

f

�, where � denotes the axion.
9As can be inferred from the introduction, and as we will discuss below, they are related to the real and

imaginary parts of the gauge kinetic function.
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function) determines the coupling to FAF̃A. However, in this case it is clear that the required

large coupling between the axion and the gauge field cannot be achieved (see eqs. (2.22), (2.24)).

We therefore introduce a suitable spectator sector, while the real part of T2 (⌧2) drives inflation

and its axionic partner (b2) is stabilised as in the original model of Kähler moduli inflation [42].

3.1.2 Spectator sector

The spectator sector we introduce arises from a multiply-wrapped magnetised D7-brane stack

along a 4-cycle parameterised by a fourth Kähler modulus T4. In this case, the gauge kinetic

function becomes [37, 38, 58–60]

f4 = n

✓

T4 + AbcG
bfc +

Abc f
bfc

2gs

◆

, (3.7)

where n is the wrapping number, Abc are intersection numbers, fc is the D7-brane magnetic

flux and Ga is given by16 Ga = 1
g
s

ba + ica, where ba and ca are the axions descending from

the B2 and C2 forms present in the theory. The Kähler coordinate T4 is shifted by G as T4 !
T4 � g

s

4 
A
bcG

b(G + Ḡ)c [58–60]. The magnetisation of the D7-branes also contributes to the D-

term for the D7-brane gauge theory [59, 60]. In general this can receive contributions from matter

fields living on the D7-branes. Here we assume that these have been stabilised at a high scale

together with the complex structure moduli and the axiodilaton. Furthermore, we assume that

the D-terms also contribute to the stabilisation of the B2 axion at b = 0 [37, 38].

Finally, for a successful stabilisation of ⌧4 consistent with our generalised SCNI scenario, we

introduce a second stack of unmagnetised D7-branes wrapping the same cycle as the spectator

brane, which gives rise to a second non-perturbative contribution for the modulus T4. That is,

the superpotential in (3.5) includes two terms for the spectator sector given by

W (s)
np = A4e

�a4T4 +Ae�af4 , (3.8)

where

f4 = n (T4 + iM b) , (3.9)

where T4 = ⌧4 + ib4 and we have denoted the magnetic brane flux with M and renamed the C2

axion as b.

Let us summarise the configuration and parameters we have and compare them to the phe-

nomenological DFF model [30, 34]. The spectator sector’s action takes the following form:

L � �f(⌧4)

4
FA
µ⌫F

Aµ⌫ +
h(b)

4
FA
µ⌫F̃

Aµ⌫ , (3.10)

where17

f(⌧4) = ⌧4, h(b) = Mb, (3.11)

and we have absorbed the wrapping number n into the gauge field AA, whose field strength is

now given by F2 = dA� gA ^A with the e↵ective gauge coupling redefined as

g = 1/
p

nN/2, (3.12)

16Where we have assumed that the axiodilaton imaginary part has been fixed to zero.
17We have ignored here the shift in Imf4 due to b4, which will be stabilised during the cosmological evolution.

We do this because the required value of the magnetic flux M � hb4i and thus will not change the results.
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small contribution from the spectator part V4 so that inflation can proceed as expected with the

important inflationary terms given in V2. With this in mind, A4, a4, Ã, ã are chosen to be small

relative to A2, a2. In addition to this, we would like the stabilisation of ⌧4 and b4 to be dictated

by the terms
8(a4A4)2e�2a4⌧4p⌧4

3↵�4V +
4W0a4A4e

�a4⌧4 cos (a4b4) ⌧4
V2

, (3.22)

which is why Ã is taken to be small relative to A4. Ensuring the terms involving b are much

smaller than the terms in (3.22) ensures that the b4 axion will be minimised at hb4i = ⇡
a4
, which

in turn ensures that ⌧4 is stabilised at a much smaller value than ⌧1
20. We are then left with

some freedom in choosing a and M , which are chosen phenomenologically to lead to a successful

enhancement of the PGW spectrum.

The global minimum of the potential for this set of parameters is found to be at:

⌧1 = 2554.50, ⌧2 = 4.77523, ⌧3 = 2.65081, ⌧4 = 14.8743, V ! 10135.3 , (3.23)

while the axions’ minima lie at bi = ⇡/ai. This is a relatively small-volume example for Kähler

modulus inflation, however it is still consistent with the large volume approximation. With this

value for the 6D volume, the string scale results Ms ⇠ 3⇥ 10�4MPl.

Displacement of ⌧1, ⌧4 and b away from this minimum leads to a negligible shift in the values

of ⌧3 and V at the new local minimum. Therefore, for numerical simplicity, we set ⌧3 and V,
as well as the b2, b3 and b4

21 axions to their minima without loss of generality, so that we are

considering a three-field system (⌧2, ⌧4, b) with real-space field metric given by

�ab =

0

B

B
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⌧2V 0 0
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⌧4V 0
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1
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A

. (3.24)

We now have all the ingredients of the low-energy action describing the dynamics of the

inflaton and spectator sector fields. The equations of motion were discussed in Section 2, and

are given in equations (2.8)-(2.13). The initial conditions for ⌧4, b, and Q, as well as the values

of the parameters are chosen phenomenologically to lead to a large (observable) enhancement of

the gravitational wave spectrum (see section 4) without leading to excessive backreaction from

the gauge tensor perturbation (see section 4.4). With this in mind, besides the parameters in

(3.21) we take g = 1
2000 , which fixes the last parameter, namely, n.

The initial conditions are taken as:

⌧2 = 80.17, ⌧4 = 10, b = 0.4
⇡

a
, Q = 8⇥ 10�4MPl . (3.25)

20Recall ⌧4 must be a ‘small’ blow-up modulus, and a minimum at low values of ⌧4 is achieved through the terms

in the potential of (3.22). The minimum can be ruined if the terms involving the b axion are too large and ⌧4 can

be destabilised to very large values, ⌧4 & 103.
21We explicitly checked that the b4 axion is indeed stable at ⇡

a4
despite the extra terms in the potential that

involve both b and b4. This is because these extra terms are chosen to be much smaller than the term proportional

to cos(a4b4), which successfully stabilises the axion at ⇡

a4
.
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3.2 Background evolution and cosmological parameters

The inflationary potential can be found from the superpotential and Kähler potential
through (3.4), (3.8). The scalar manifold metric at leading order in 1/V can be computed
from (3.5) to be

KT
i

T
¯

j

=
3↵�i

8Vp⌧i
M2

Pl�ij̄ , (3.14)

while for the C2 axion it has the form [60, 61]18

Kbb̄ =
gs
V

p
⌧4p
�
M2

Pl , (3.15)

where � is a model dependent constant. The potential for ⌧i and bi at large volume takes
the form

V =
eKcs(gsMPl)4
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m

)⌧
4 cos



a4b4 � ã

✓

b+
b4
m

◆�

+
4ãÃW0⌧4

V2
e�

ã

m

⌧
4 cos



ã

✓

b+
b4
m

◆�

+
8(a4A4)2e�2a

4

⌧
4

p
⌧4

3↵�4V
+
4W0a4A4e

�a
4

⌧
4 cos (a4b4) ⌧4

V2
(3.18)

where we defined

ã ⌘ anm, Ã ⌘ A

m
; (3.19)

the term proportional to � in (3.16) is an uplift term, taken to be of the form Vuplift = �/V2

as in [44]; and V3 comes from the stabilisation of the T3 modulus and it is given by:

V3 =
8(a3A3)2e�2a

3

h⌧
3

iph⌧3i
3↵�3V � 4W0a3A3e

�a
3

h⌧
3

ih⌧3i
V2

, (3.20)

with b3 set to its minimum, hb3i = ⇡/a3. The small cycle ⌧3 acts as a stabiliser for the
potential at large volume V so cannot be shifted far from its minimum. However ⌧2, ⌧4 and
b4 can be displaced away from their minima leading to an e↵ective three-field inflationary
model. We have explicitly checked that the T3 modulus stays at its minimum with hb3i = ⇡/a3
during the cosmological evolution in this case. The b2 axion can be started away from its
minimum and its e↵ect on the inflationary evolution — in particular, with b2 well away from
its minimum — is to slow down ⌧2 further and inflation proceeds for longer. However, as
shown in the original Kähler inflation scenario [44], b2 can be set to its minimum, b2 = hb2i =
⇡
a
2

, where it is stable.

18The general form is given by K

a

¯

b

= gs
V 

↵

ab

t

↵

where t

↵

are 2-cycle volumes and are related to the 4-cycle

volumes via ⌧

↵ = 1

2



↵��

t

�

t

�

, while the volume can be written in terms of the t

↵

’s as V = 1

3



↵��

t

↵

t

�

t

�

. Here
we assume that the there is an orthogonal basis such that ⌧

4

/ (t4)2.
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RESULTS

M = 10000, N ⇠ 105, n ⇠ 25

For the following parameters’s values:
✓
g =

1

2000

◆

We achieve our three objectives:

๏ Successful cosmological evolution

๏ Large enhancement of tensor spectrum and 
๏ Controllable backreaction
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The modulus ⌧4 is shifted slightly from its minimum while the axion, b, is well away from its

minimum, but as can be seen in FIG. 2, as b approaches its minimum hbi = ⇡
a , ⌧4 approaches its

own h⌧4i = 14.9. The evolution of ⌧4 is thus quite trivial. The important spectator scalar

field is of course the axion, b, which moves slowly towards its minimum as can be seen in

FIG. 2. The axion’s, b, evolution is slowed considerably by its coupling to the gauge field, Q,

which backreacts on it through the term on the RHS of (2.12), �3 g �ab h,bQ2
⇣

HQ+ Q̇
⌘

=

�3 g M
2⇡

p
�V

2g
s

p
⌧4

Q2
⇣

HQ+ Q̇
⌘

. This term almost completely cancels with the potential term

�abV,b =
p
�V

2g
s

p
⌧4

@V
@b as can be seen in FIG. 3. This “slow-roll solution” is the situation described

and expected in chromonatural inflation [17] and more generally in models with a spectator axion

coupled to a gauge field [30, 37] where the gauge field, Q, has an attractor solution such that

it forces the axion to roll slowly. This slow evolution of the axion leads to the gauge field, Q,

being sustained for a large period of time during inflation as is shown in FIG. 4. The evolution

for Q satisfies 2g2Q3 ⇠ gHQ2⇠h as can be seen in FIG. 5. Left unchecked, the term 2g2Q3 will

quickly send Q to zero. The term in eq. (2.13) due to the coupling between the axion and gauge

field almost cancels 2g2Q3 and therefore Q is supported for a sizeable duration of the inflationary

period. The evolution of the inflaton, ⌧2, as of ⇠f , ⇠h and the slow-roll parameters, ✏, ✏�, ✏B, ✏E
as well as fc are shown in FIGs. 1-9. Notice in particular that as we discussed in section 2,

⇠h & ⇠Q, where in the present example ⇠h = Mḃ
2⌧4'̇

p

2✏' and one can check that the condition

(2.23) is satisfied.

Notice also that ✏B ⇠ ✏ > ✏' in the early stages of inflation. This is a similar but less dramatic

situation to that described in [34] and is consistent as long as the scalar perturbations of the

gauge field are very small relative to the inflationary perturbation and therefore the scalar power

spectrum can be taken as H2

8⇡✏
'

, which we discuss in section 4.3.

Figure 1. The evolution of the inflaton, ⌧2 during the last 60 e-folds of inflation (left) and during the last
few e-folds (right).
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Figure 2. The evolution of the spectator modulus, ⌧4 and its axion partner b. Both fields reach their
minima well before the end of inflation.

Figure 3. The contributions of (left) the term �3 g M
2⇡

p
�V

2gs
p
⌧4

Q2
⇣

HQ+ Q̇
⌘

provided by the gauge field,

Q; and (right) the term
p
�V

2gs
p
⌧4

@V
@b provided by the potential, to the equation of motion for b given by the

form in (2.12). The contribution from the gauge field almost exactly cancels the contribution from the
potential leading to a slow-roll evolution for b.

Figure 4. The evolution of the gauge field, Q (left) and ⇠Q = gQ
H (right) during the last 60 e-folds of

inflation. The evolution of Q is tied to the evolution of b.
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Figure 4. The evolution of the gauge field, Q (left) and ⇠Q = gQ
H (right) during the last 60 e-folds of

inflation. The evolution of Q is tied to the evolution of b.
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Figure 8. The evolution of the magnetic and electric components of the slow roll parameter, ✏E (left
figure) and ✏B (right figure) respectively during the last 60 e-folds of inflation.

Figure 9. Left figure: Comparing ✏B with the overall slow-roll parameter, ✏. ✏B provides the largest
contribution to ✏ for the majority of the last 60 e-folds of inflation. Right figure: Plot of the instantaneous
decay constant, fc =

p
�bb

aMn , during the last 60 e-folds of inflation.

We turn now to the inflationary predictions of the model dictated by the inflaton ⌧2. Let us

start discussing the scalar spectral index:

ns = 1� 2✏� ⌘' , (3.26)

with ⌘' = d (ln ✏') /dN . This form for ns arises under the assumption that the power spectrum is

well-approximated by PS = H2

8⇡2✏
'

instead of PS = H2

8⇡2✏
. Since in the model described, ✏ ⇠ ✏B � ✏'

for much of inflation, this is an important distinction. This assumption is well-justified if the

scalar power spectrum receives a negligible contribution from the gauge field scalar perturbations

on super-horizon scales [34] (see 4.3) and is therefore the same power spectrum that would arise

in this model if the gauge fields were ignored, i.e. eq. (3.26), while the expression for r is

r = PT /PS = 16✏' . (3.27)

This model gives the following inflationary predictions, at 60 e-folds before the end of inflation:

✏' = 2.80⇥ 10�8, ns = 0.964, rb = 4.48⇥ 10�7,

�' = 0.190MPl, Hinf ' 7⇥ 10�8MPl , (3.28)

where �' =
R N

e

N⇤

p

2✏' dN with Ne the end of inflation and N⇤ = Ne � 60, ns is the scalar

spectral index, and r = 16 ✏' is the non-sourced estimate for the tensor-to-scalar ratio. As we

can see, the predictions for r are well below the observational target of r ⇠ 10�3.
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Figure 5. The two dominant terms in the equation of motion for Q, (2.13), satisfy 2g2Q3 ⇠ gHQ2⇠h.
The term introduced through the coupling to the axion almost cancels 2g2Q3, a term that sends Q to
zero. In this way the axion-gauge coupling supports the gauge field.

Figure 6. The evolution of the e↵ective coupling constants of ⌧4 and b to the gauge field, ⇠f (left) and ⇠h
(right) during the last 60 e-folds.

Figure 7. The evolution of the slow-roll parameter, ✏ (left), and the proportion of ✏ made up by ✏',
during the last 60 e-folds of inflation.
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inflaton saxion axion

gauge field

instantaneous  
decay constant 

1 + ⇠2Q ' ⇠h⇠Q � ⇠f , ⇠f ⌧ 1

fc = MPl

p
�bb(⌧4)

M na
,

We now define a second small slow-roll parameter as follows:

⌘ ⌘ ✏̇

H✏
= 2✏H � 2

✏'
✏H

�' + ⇠f (✏B + ✏E) + 2
✏E
✏H

�E + 4
✏B
✏H

�B ⌧ 1 , (2.18)

where we introduced the quantities

�' ⌘ � '̈

H'̇
, �E ⌘ (Q̇+HQ)̇

H(Q̇+HQ)
, �B ⌘ Q̇

HQ
, (2.19)

which are small during inflation (to ensure that ⌘ is small barring cancellations), as well as the

small parameter

⇠f ⌘ MPl
f,a�̇

a

2f '̇

p

2✏' . (2.20)

Notice that the slow-roll conditions defined above do not involve the coupling between the axion

and the gauge field, h. Therefore, this coupling can be large during inflation.

Dropping all terms with time derivatives except on the RHS of the equation for Q, (2.13),

which transfers part of the scalar sector kinetic energy to the background gauge field, we get the

relation

2H2Q+ 2g2Q3 ' gQ2h,a�̇
a

f
�HQ

fa�̇
a

f
. (2.21)

Introducing the key parameters

⇠h ⌘ MPl

f

h,a�̇
a

2'̇

p

2✏' =
h,a�̇

a

2fH
, ⇠Q ⌘ gQ

H
, (2.22)

eq. (2.21) becomes

1 + ⇠2Q ' ⇠h ⇠Q � ⇠f . (2.23)

As we saw, the slow-roll conditions imply that ⇠f ⌧ 1, while no condition is required for ⇠Q, ⇠h,

which can be significant, and given (2.23), we have, ⇠h & ⇠Q. Stability analysis in CNI have shown

that scalar perturbations are stable for ⇠Q >
p
2 and therefore ⇠h & ⇠Q >

p
2 [17, 18, 31, 53].

Then ⇠h > 1, which implies
MPl

f

h,a�̇
a

2'̇
>

1
p

2✏'
. (2.24)

This is the first important constraint on the background field evolution that any successful model

of inflation described by action (2.1) should satisfy. Note that this relation depends on the ratio

between the gauge field coupling to the scalars via h,a/f and has non-trivial implications for their

values as we now discuss.

9

⇠h =
M ḃ

2⌧4H
⇠f =

⌧̇4
2⌧4H

๏ Successful cosmological evolution

(g2 = 1/⌧4 ⇠ 1/15)
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define the tensor power spectrum as25:

Ph =
H2

⇡2M2
Pl

�

�

�

p
2k x R

�

�

�

2
(4.22)

and evaluate this with the freeze-out value (x ⌧ 1) for
�

�

�

p
2k x R

�

�

�

2
, with horizon-crossing, x = 1,

taken to be 60 e-folds before the end of inflation.

Figure 14. The evolution of the (right-helicity) tensor modes for the gauge field, tR, and the gravity
sector,  R for example 2 plotted against x = k/aH.

Comparing this to the example given in [30] where the freeze-out value of
p
2kx R . 10 (FIG.

4), we see that the amplification factor in our model is much larger. This is of course necessary

because we wish to amplify the tensor-to-scalar ratio to observable values r & 10�3. In the

example given in [30], rb ⇠ 10�3 whereas in our example, rb ⇠ 10�7 meaning we require a much

greater enhancement. This does not come for free and the larger enhancement leads to larger

backreaction (see section 4.4), which can be compensated for by reducing the value of g, and in

[30], g = 1.11⇥ 10�2, compared to our value of g = 5⇥ 10�4.

We have shown both with an analytic approximation and using a full numerical solution that

it is possible to greatly amplify the tensor power spectrum of Kähler moduli inflation. In the

case of the full numerical solution, we have shown that it is possible to amplify the tensor power

to observable values, r & 10�3. In the next two sections, we will demonstrate that first the

scalar perturbations are under control, and second that this great enhancement does not lead to

excessive backreaction.

4.3 Scalar perturbations

We now discuss the scalar perturbations in this system. As we mentioned above, we use, as a

matter of convenience, a di↵erent formalism for the metric to the one used above for the tensor

perturbations. Using this formalism, we will show that the scalar metric perturbations have no

impact at linear order, and can therefore be neglected in the evolution. Our starting point is the

25This is not the same as (4.18), which accounted only for the sourced contribution to the tensor power spectrum.

The following is defined through the full numerical solution and is therefore the full tensor power spectrum.

28

Figure 13. The amplification factor, F2, of the tensor power spectrum for right-helicity modes in our
analytic estimate plotted against the e↵ective mass of the gauge field, ⇠Q. The left figure uses ⇠f =
7.85 ⇥ 10�3 and the right figure shows two cases, ⇠f = 7.85 ⇥ 10�3 and ⇠f = 0 demonstrating that ⇠f is
too small to have any e↵ect on the tensor perturbations.

We define the total tensor spectrum as r = rb + rs where rb is the background inflationary

tensor spectrum rb = (2H2/⇡2)/PS and rs = Ps
h/PS with PS = 2.1 ⇥ 10�9 where Ps

h is the

sourced part of the tensor power spectrum and is calculated through (4.18). For this example,

60 e-folds before the end of inflation we have rb = 4.48 ⇥ 10�7 and rs = 2.86 ⇥ 10�3 leading to

an overall estimate for the tensor-to-scalar ratio of r = 2.86⇥ 10�3.

It is interesting to stress that the resulting tensor spectrum is fully chiral, since only the right-

helicity tensor modes get amplified. On the other hand, the resulting tensor-to-scalar ratio is at

least one order of magnitude too small for detecting chirality by cross-correlating T , E and B

spectra with future CMB experiments – see e.g. [61] for a detailed analysis.

4.2.2 Numerical results

We now discuss the full numerical solution for the tensor perturbations of the model discussed in

section 3. We consider the full equations of motion without employing the slow-roll approximation

and normalise our solutions in the Bunch-Davies form tR(xin) =  R(xin) = 1/
p
2k, t 0

R(xin) =

 0
R(xin) = i/

p
2k where xin should be some relatively large number that we take to be xin =

2 ⇥ 104, numerically approximating infinity, and k = k⇤ = 0.05Mpc�1. The evolutions of tR
and  R are plotted in FIG.14. With no enhancement to the gravity sector, |p2k x | ! 1 at

super-horizon scales, x < 1, but as we can see  R freezes out at super-horizon scales with an

enhanced value due to a transient instability experienced by tR just before horizon-crossing even

as tR decays. The freeze-out value of |pk x R|2 is the amplification factor for the tensor power

spectrum. Evaluating the tensor-to-scalar ratio, r = Ph/PS with this freeze-out value leads to a

similar enhancement to that predicted by our analytic estimate above, giving an enhancement of

rb = 4.48⇥ 10�7 �! r = 2.29⇥ 10�3 (4.21)

an amplification of 5113 for the example shown in section 3. The value of r = 2.29 ⇥ 10�3 is

slightly smaller than our analytic estimate (2.86⇥ 10�3) but still large enough to be potentially

observable at next generation detectors such as CMB-S4 [6] and many others [4, 5, 7–9]. We
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h0|@z t̂R @z t̂L|0i =
Z

d3k

(2⇡)3
k2|tR|2

h0|@z t̂L @z t̂R|0i =
Z

d3k

(2⇡)3
k2|tL|2 ⇠ 0

(4.40)

With these in hand, we can find equation of motion for Q, (2.13), including the backreaction

from tR:

Q̈+ 3HQ̇+Q
⇣

Ḣ + 2H2
⌘

+ 2g2Q3 � 2gQ2H ⇠h + 2H ⇠f

⇣

QH + Q̇
⌘

+
g

3 a2

Z

d3k

(2⇡)3
k

a
|tR|2+g ⇠hH

3 a2

Z

d3k

(2⇡)3
|tR|2 = 0 (4.41)

These additional terms are completely equivalent to the backreaction terms in [30] and to make

an estimate of their magnitude in terms of the e↵ective mass of the gauge field, ⇠Q, we follow [30]

by defining:

T Q
BR ⌘ g ⇠hH

3 a2

Z

d3k

(2⇡)3
|tR|2 + g

3 a2

Z

d3k

(2⇡)3
k

a
|tR|2' gH3

12⇡2
(⇠h �1(⇠Q) + �2(⇠Q)) (4.42)

where

�1 (⇠Q) =

Z x
max

0
dx x

�

�

�

i�x⇠fW�,↵ (�2ix)
�

�

�

2
, (4.43)

�2 (⇠Q) =

Z x
max

0
dx x2

�

�

�

i�x⇠fW�,↵ (�2ix)
�

�

�

2
(4.44)

where we have used the analytic solution for tR given in (4.11), and used the same cut-o↵ described

in [30], xmax ⌘ ⇠Q+ ⇠h+
q

⇠2Q + ⇠2h which encompasses the main region for which tR is enhanced

by the transient instability near x = 1. FIG 18 shows the evolution of the backreaction term,

TQ
BR, plotted with the leading contributions to the equation of motion for Q. TQ

BR is indeed small

relative to the largest contribution given by 2gQ2H ⇠h.

Figure 18. The evolution of the leading terms in the equation of motion for Q (4.41), 2gQ2 H ⇠h (blue),
2g2 Q3 (orange), 2H2 Q (green) and the backreaction induced by the gauge tensor perturbation, TQ

BR (red)
for the example shown in section 3 plotted against x = k/aH.
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๏ Large enhancement of tensor spectrum

๏ Controllable backreation
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The values of the parameters however, represent a 
challenge for the string model construction

M = 10000, N ⇠ 105, n ⇠ 25

Considering Fibre inflation as host, it is possible to 
improve on these values with a potentially observable 
chiral spectrum

M = 500, N = 5000, n = 1

r ⇠ 10�3 ! r ⇠ 10�2

RESULTS
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FURTHER DISCUSSION SLIDES ON 
MULTI-FIELD INFLATION
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D5-BRANE DOUBLE INFLATION 
than in the second ✏

2

< ✏
1

and thus it can potentially give rise to e�cient production of

primordial black holes. Unfortunately for the r coordinate to drive inflation, it has to start

o↵ outside the throat in the WRC, rinitial > rUV . Moreover, since inflation is driven by

a quartic power, the predictions for CMB scales would lie outside the current observable

bounds. It is still interesting to show how such a scenario could arise in a D-brane model.

N gs q u `s a
0

a
1

b
1

1000 0.01 70 50`s 501.96 0.00025 10�5 10�5

Table 7. Parameter’s values for the double inflation model discussed in the text. Note that here
`s is given in Planck units.

q p rinitial ✓initial Ntot

72 53 149.414 105.773 62.85

Table 8. Case study with rmin = 1.06656 (in Planck units) and ✓min = 93⇡ using the parameters
in Table 7.

Figure 13. Hubble horizon (left) and ✏ (right) evolution for the double inflation example dis-
cussed in the text.
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๏ For a different choice of parameters one could have a 
double inflation model. Interesting phenomenological 
implications 

๏ However initial condition for r is inconsistent with 
approximations. 

[Chakraborty, Chiovoloni, Loaiza-Brito, Niz, IZ, ’19]
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DYNAMICS OF LINEAR PERTURBATIONS 

๏ The dynamics of the linear perturbations and cosmological 
predictions will depend on the hierarchies of the adiabatic 
and entropy modes’ masses relative to each other, the 
Hubble parameter and the turning rate Ω.

[Sasaki, Stewart, '96; Gordon, Wands, Bassett, Maartens, '00;  
Groot Nibbelink, van Tent,'01; Langlois, Renaux-Petel, '08]

[Renaux-Petel, Turzynski, '15]

๏ The curvature of the scalar manifold ℝ may also play an 
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[Achucarro, Gong, Hardeman, Palma, Patil, '10;  
Achucarro, Atal, Cespedes, Gong, Palma, Patil, '12;  

Cespedes, Atal, Palma, ’12 …]
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DYNAMICS OF LINEAR PERTURBATIONS 

Let us also point out that when more than two fields are present, one can define a turning

rate associated to every normal direction and they will contribute to the total turning rate

(see appendix A for an example (APR)). In appendix A we outline the construction of

the simplest field theory model for two fields leading to the fat inflaton attractor with

large turning rate and we present a collection of field theory models with large and small

turning rates that have been discussed in the literature and demonstrate that those with

large turns belong to the fat slow-roll class.

Note that large turning rates ⌦/H do not imply large dimensionful turns, ⌦. Indeed,

since ⌦ has dimensions of mass, it is measured in Planck units and thus we expect ⌦ . M
Pl

in a consistent model. Let us finally note that the geodesic displacement is measured by

|DtT | = 0. The departure from a geodesic can be thus measured by the dimensionless

⌦/H through |D
N

T | = ⌦/H, where we have changed to derivatives w.r.t. the number of

efolds dN = Hdt. We therefore see that fat inflation trajectories follow highly non-geodesic

trajectories. Moreover, geodesic inflationary trajectories require very small turning rates

⌦/H ⌧ 1. In table 5 in appendix A we list a multifield inflationary example of this type

(racetrack).

Dynamics of the linear perturbations.

In multifield inflation, it is standard to decompose the linear perturbations in terms of the

adiabatic and entropic modes QT , QN , defined as the projection of the field fluctuations

Qa in spatially flat gauge [33–36]. The dynamics of the primordial linear perturbations

about the inflationary background for the adiabatic and entropy modes is given by the

equations [33, 35, 36]:

Q̈T + 3HQ̇T +

✓
k2

a2
+m2

T

◆
QT = (2⌦QN)

˙�
 
Ḣ

H
+

VT

'̇

!
2⌦QN , (2.23)

Q̈N + 3HQ̇N +

✓
k2

a2
+M2

◆
QN = �2⌦

'̇

H
Ṙ (2.24)

where QT = TiQi, QN = NiQi, Qi are the field fluctuations in spatially flat gauge, R
is the comoving curvature perturbation and it is directly proportional to the adiabatic

fluctuation:

R =
H

'̇
QT . (2.25)

The adiabatic mass squared m2

T is given by

m2

T

H2

⌘ �3

2
⌘ � 1

4
⌘2 � 1

2
✏⌘ � 1

2

⌘̇

H
, (2.26)
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and the entropy mass M is given by

M2

H2

=
VNN

H2

+M2

Pl

✏R� ⌦2

H2

, (2.27)

where VNN = N iN jrirjV and R is the scalar manifold’s Ricci scalar. At superhorizon

scales, (2.24) becomes

Q̈N + 3HQ̇N +
�
M2 + 4⌦2

�
QN ⇡ 0 , (2.28)

and one can define an e↵ective entropy mass as M2

eff = M2 + 4⌦2. The relative size of

this mass scale, plays also an important role as it is related to the speed of sound for the

adiabatic perturbations via the relation [18–20]

c�2

s =
M2

eff

M2

. (2.29)

The dynamics of the linear perturbations and cosmological predictions will depend on the

hierarchies of the adiabatic and entropy modes’ masses relative to each other, the Hubble

parameter and the turning rate ⌦. The curvature of the scalar manifold R may also play

an important role if negative and large, as it may trigger geometric destabilisation of the

entropy modes [37].

Notice that the adiabatic mode will be light (w.r.t. H) as long as slow-roll is satisfied

(see (2.26)), which is the case in the fat field inflation scenario we are discussing. On the

other hand, the mass of the entropic mode will depend on the size of ⌦/H, the curvature

of the scalar manifold R and VNN/H2. For example, if besides M � H, the hierarchy

Meff � M holds, the speed of sound (2.29) can be reduced, with observable consequences

[18, 19, 38]. Other possibilities can arise as discussed in sidetracked inflation [29] and

orbital inflation [39, 40] where the mass of the entropic modes is (much) smaller than H.

Let us see what possibilities may arise in the heavy inflation model. Note first that we

can take Na as a unit vector instead of T a as we did above to write an analogous inequality

to (2.20) in terms of VNN , that is �  VNN . Imposing (2.21) also implies that H2 ⌧ VNN ,

which could dominate or not over the other terms in the entropic mass (2.27).

If the scalar manifold curvature is negative and very large, M may in principle become

small or even tachyonic. On the other hand, note that for the e↵ective entropic mass to

be much larger than M , (Meff � M) thus having a smaller than unity speed of sound, it

is necessary that ⌦2 be larger than M2, which implies that 5⌦2 � VNN +H2✏R.

2.1.1 Fat Inflation and the ⌘-Problem

Let us briefly comment on the relevance of the heavy field inflationary attractor we have

discussed for the so called ⌘-problem. As we have shown, fat inflation has the unusual

hierarchy of masses H ⌧ Minf , where Minf corresponds to the mass of the “lightest” field

8
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๏ The equations for the adiabatic and entropy modes is 
given by (            are the projections of the fluctuations     )

[Sasaki, Stewart, '96; Gordon, Wands, Bassett, Maartens, '00;  
Groot Nibbelink, van Tent,'01; Langlois, Renaux-Petel, '08]

✓
R =

H

'̇
QT

◆

where:

QN , QT Qa

(R = scalar

0
s manifold curvature)

at superhorizon scales:

{

M2
eff

        is related to the adiabatic  
perturbations  speed of sound 
M2

eff

[Achucarro et al. 10-12]82



LARGE TURNING RATE WITH SMALL ℝ

[Anguelova, ’20]
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[See also Ketov, ’21]

LARGE TURNING RATE WITH SMALL ℝ

85


